
1i6 MART]N BAL¡,ZS
+ MATFIEIIATICA - RD\;UE D,ANAITYSE ]\'I]I{ÊRI QUE

Dî DD THEORIT' DE I/'APPROXIIÍAI'ION

L',Ä]{¡\LYSE NUÀ{EIÌIQUE ET L,T Tr{ÉOnåfit x}E t,AÏrË}Roxl}Ä,aTroni
Tome 6, No 2, X97?, ¡rp. 1\'¡-I2g

ITIT}ìRATUR

u-ing the equal.ions i.n Jjan.aclt. sfiaccs. Strrciia
70).

ardei Ia rczoluarea ccua.liilor i,nl.egra.le ncl inia.rt.
971 )
llte a.þro*.i,tnaltue soluin.g tlt.e iittegral. ec1u.atiotts.

n). Sibirsk. I,rat. J. p, 2S2 _289 (1961).
Receitcd 6, \' 1977.

U tt i'¿ e¡ s it atc a fJ al¡ c s - if r¡l t, a i
.þ'actillclrq de Mikntatit,i

Ctuj-Naþoca

OI{ TI{E CONTINUII'\' Otr CON\¡ËX iVTAPPINGS
b¡'

\\¡C)I¡FGÅNG \\¡. RRfìlCKNÐIÌ and GHEORGHE ORlt.4.N

(C1uj-Napoca)

LeL l[ be a non-empty co11\-cx subset of thc ]jrrcliclean r¿-clirnensional
lirrear space -f'l't, and let Rp be the Eucli 1

endo$¡ed \\'ith the usual (coo1'dirrateu'ise) 11

for exallrple lREcKNrìii \\i. \\,-. [], pp.
mappiltg frour il,I into .R/ is continuous Ã
it is natural to ask u¡hether this rcsult reillailrs trLrc if the space 7?, is rc-
placecl b)' att orde¡ed topological linea¡ sp.îce 1'. An a:Êlirinatir.e ansr,ver'
to this a¡gslior1 has been given b1' rroprls prNTo Å J. ß. [5, p. 260,
Corollary 3.1.21in the case r'vlien Y is assumecl to be ordérecl by'a closccl
1lormal generating cone. fn th.e present note we shall shoin, t1r¡rt a morc
gcrleral result holcls: any corì\¡cx rnaPping .f : i1,,1 -, Y is coutinuons on tJrc
iní.erioi'of ,41 erren iI thc lange space 1'h¿is oul-r'thc Ìroundeclness propcr.t,r'.

X" Iìuntlalnoutal elefinitioirs

frr order to lix the tertninolog¡'ii.e rccaii in this sectiolr solne l.¡¿r.sic
defiuitions from thc thcorv of olclered topological lincar str)i:ì.ces. 1,'or detail-
ed infortnation ou orclercd topological liric:ri'ipaces ot'" ..lf"r the read.er 1q;

JAIIDSON c. [3] arld to \\¡ONC; \--C ancl xr.; r<-ln. t0l.
By au ot'clare d, littcur sþøce \' \\'e n1c¿rl1 a ïcal iinc¿'.r space ]' on n'hicrr

there is <lelined a binary relatioll < sllch that for all x,, 1t, z e Y the follori.-
ing conclitions ¿ì.rc satisfied :

(i)
(ii )
iii)
irr)

^. < xi
); < y and y < e irnpl¡' n < z;
); < )) implies x 1-,! < ! I z;
x < .), irnplies q2í < (¿! fol a,11 real numbelri ø > 0

:
(

I

i
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* $orne rilriters use the term coÉe iqstead of we¿lge.

The ordered topological linear space obtained in this way has the bounded-
l1ess property, but it is not locally fu1l. Indeed , if x : (xt, xz) and y :: (y', yz) are arbitrary elements of the space such tlnat x < y, w" have

llrll < llz - tcll + llxll = 
z1 - x,r * zz - tí2 f lløll <3Y'+!2-x7--x'+llxll

for all z: (zr, zz) e lx,y]. Herece the order-interval lx, yl is bounded.
Therefore otlr space has the bou.ndedness property. - Consider now the
seçlüences x, : (:ry, 0), !r: (n, n). Ihey have the properties o 1 r,, 1!,
and lim ln: o.Since (ø,,) does not converge to o, a characteristic pröperty
of the locally full ordered topological linear spaces (see woNc v.-c. and
Nc K.-F. [6, p.48, Theorem 5.1]) is not satisfied. Thus the space is uot
locally full.

9. T'he eontinu.iúr' thcolen-l

I,el l,'t be a non-empty convex subset of a leal or complex linear space,
and 1et Y be an ordered. linear space. A mapping f : M -" Y is said to be
conuex if

f(n* + (r - a)y) < af(x) + (1 - a)f(y)

for every real number ã e ]0, 1[ and every x, y e M.It is an elementary
exercise to verify that f : M -> Y is convex if and only if

'(7;.,',) 
=f on-r(*,)
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The conditioirs (i) ?lg.(ii) e-xpress that I is att orclering, v|.lle (iii) and
(iv) e:<press the compatibility of the ordering with the lineai structuie'of l'.

"lhe þos,itiae ued,ge of an ordered linear space Y is the set Y+ of all
elernents x e Y such that o 1 x, '¡'here o denotes the zero-element of
Y. rt is easily seen that Y+ is a rvedge*, i.e. a non-empty convex set closed
under multiplication try non-negative real numbers-.

conversely, ff Z is a wedge in a real linear space Y, the binary relation< defined by

(1.1) x<y||y-x,ez
v_erifies conditions (i) - (iv) for ali x, !, z e Y, and in consecluence makes
Y into an ordered linear space *'hose positive wedge is exãctly Z. Tlne
relation < defined bV (1.1) is called the ord,eritog ind,uced. by Z.

ff ]'is a' ordei'ed linear space and x and y ãre elernenis of Y, the set

L*,yl:þ=Y:x<zandz<yj
is called the ord'ev-inieruø1, ttet¡,een x and y. c1ear1y, lx, y) is non-empty
if and only if x < y.

r.et M be a subset of an orderecL linear space. M is called ot'd,er-bound,cd,
if it is containecl in some order-intervaT. M is said lobefwU (ar ord,er-coroucti)
iÎ fx, yl ç l,[ for all x, ! e L[.

An ord,ered' toþolog'ical' Iineør sþncc is defiled to be an ordered linear
space rvhich is also a real topologic:rl linear space. rt should be noted that
no relation ís postulated between topology ãnd orclering except that ari-
sing indirectly through their rnutual relationship ri'ith tñe lineãr structure
of the space.

- Ar ordere^d topological lineal spacc is said to be locøuy fu,tt, (or locøll1t
ord,er-conaex) if it admits a neighbourhood-base at o consisting of'full setã.
A wedge Z in a real topological linear space Y is said to be nortnøt, if ti'e
ordering iuduced bt, Z nakes Y irrto a locally full ordered topological
linear space.

We shall say that an ordered topological linear space Y has the botntd,ed,-
nes.s þroþerty iÎ eucry order-boundecl subset Ã[ of Y is bouncled, i.e. for everl'
neighbourhood Uof o there exists a real number ø>0 suchthat M -aù,
obviously, an ordered topological line:rr space has the boundedness pro-
perty if and onlf if er¡ely order-interval is bounded. rn particular, 

"ri"t}'locally full ordered topological .linear space has the boundedness propert¡,.
'rhe conversc of this assertion is not true as the following simple^""änpi"
sholvs.

. Ð.* a rn p 1 e. co'sider the real li'eal spnce Rz equipped with the usual
(coordinatewise) orderi'g and lvith the toirõlogy iuduceã^by the semi-norm
ll.ll : R2 -' R, defined by

lløll : lx, - xrl for all * : (*r, x2) e Rz.

ì
I

for ali real numbets ctr,...,Øn2 0lvith ot*... ïrL,: I and, all ele-
ments %t, .,,, x1t = M.

FoL-conr.ex'mappings defined ol1 convex subsets of Hausdorff topo-
logical linear spaces of finite dimensions whose values lie irr an ordeied
topological linear space the follorving theorem holcls :

THDoRÐM l. Let fuI be a. non-cntþty clnr)etí stlbsct of a teøl or comþlex
Høusd,orff toþolog,icø.l linem sþace X of d,im,ensio?L n > \, and let Y be att.
ot'clercd toþologicø|, lineør sþøce høaing tl,te bownrJed,ness þroþe,rly. Th,en any
conue)í ttt,øþþing f : M -"Y is cou,titouous 011 tltc intcrior of I[.

Proo¡'.I.et I{ be the real number field if X is a real linear space, respec-
tir.el)'the complex number field if X is a complex linear spacé. By a well-
known result (see for example KOTHE G. ta, p. 15a, (1)l) there exists
an isomorphism ,4 between X and the topological linear space .If, in its
natlrral (product) topology. On the set A(M), which obviously is convex,
we define the mapping g by

g(x) -f(A-r(x)) for all x e A(A[).

This mapping is convex. We prove tlnat it is continuous on the interior of
A(M).
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(2.2)
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, I,et xo t-of ÁlI arbitrary ¡eigh-
ltourhood o Qhoosc, ,."ot .,u*t"ir;uitt tirc open ch that here Il clenotesthe set o[ t, ., x property

lr'l * ... l- lx"l < rr,
artd, on the other hand, a balauced neighbourhood. l',,,*, of the origin oIY such that
(2.1) I/,,-rtI.,.+v,,,.rzcI.r,

11t + 2 tetnl's

I3y a rvell-knol'r,n result (see for example HorrlfEs rt. n, [2, p, 82, I,emma
bl) ;v is a convex cornbination of at most rt, f 1 points oÌ ext I7, i,e. there
exist li, ¡r I leai nnutltcrs ot, ..:,4n,¡1 2 0 with a. -l- ... 4- ø*+t: I
ancl ut, f 1 points xt, . . ., ttt+7 oI ext llz such that

8@o -- "r') : e a,(rc, -- x,)

I &nt+t%m+t,

fl+1

'm+r

2) u,g(*o -- x¡),
i:r

)t - (Ifir -l
Iletrce we have

,q(so'l- y) : g

(,Ë

l'Ð

)=

)=rllrere ltr : IL if x is 
-a 

rea_l lincar space ancl tn : 2n. iI x is a complex
linear space_. Sir.rce Y has the boundèd.ness propert5. ancl the set ext TZ oI
all extrernal points of I4l is finite, trere existJ a ieal nnmber. y e 10, t.¡!such that the follos'ing trvo properties holcl :

rril 
I

,, D (g(ro +- 
^,í) - 2S@o) f g(rn -.x,))l = t,,,,_,

i.,- t "" 
1

r

Together rvith (2.7) these inequalities imply
n'1- 1

r )) øo@@o) -- s(xo -- x,)) < s(x) - s(xo) <

til+7

= , Ð 
q,k@u I x¡) .- g(xo)),

ø,(xo ! x,) f,a'ng@o I x,)

ilt+l

for all xt, . . ., xrt+t e ext I.l¡;
(2.3) r(g(xo) - g(xo - r)) - 1t1,,,,, fot all ,r e ext II,'.

lg!.to} U :.r, * yl,l¡. 'l'his sct is a nciehbo,rhood oi' .vn contained in
,I(ì'1), \\¡e clairn that

(2.4) g(¡) - g(xo) ,= I/ lot all :r e [i.
lrrdeecl, if .r: is au arbitrary elcmeut of Li, it urust be of the forttt x :

I ivn | r), lor a suitable elcnrcrit \t .= I4't. ,\ccordin{¿ to the convexit¡' of e.
the cc¡ualitl'

r: =-, ¡(1,, j, 1,) i_ (l , r)xu

irnplies

(2.5) s@) < rg(xo -r ù + (t -.y)g(x,).
t\nalogously,

t)t+7

(2,8) o < g(x) -g(ro) -r f a¡(g(xo)-E@o- x,)) <
i:l

,¡l_l

< r I a,(g(xo + xi) -- 27(xu) 1- g(xo * x,)).
t.-. 1

Since,ør3l ando <.g@nl x¡) -2g(xo) *g(,vu-:r,) for all i:1,...,
nt, | 7, we get frorn (2.8)

,r +l
S@) - g(xu)-- r lan@(xo) - g(xo - r,)) *

| ,+{ 
i-'r

= rlo,'î k@, t x¡) - 2g(xò f g(ro -- ,,))l .

L -d-t 
- "'l

Taking (2.2) into accolrnt, it follor,vs then that
,il+7

e@)- e@o) _ r)-ani6@o) --g(¡u - x,)) € V,,¡2,
i: I

whence

and so rve obtairr

I_.x
l ir

implies

(2'6) s(xò < í;,,st*, - !) + ¡i,s{4.
From (2,5) and (2,6) e obtain
(2.7) ,(s(xo)--E(xo-l)) < g(x) -g(xo) <r(s(xo+ù-g(xo). e@) - {(xo) e Vuo+z * r \øn@@o) - S@, - n)).

l
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By (2,3) aú. (2.1) we have then

S@) - g(xò = trln,+z * ... + V,,+z c V

6 I ON T}JE CONTINUITY 723

m ! 2 tetns

be the real restriction of Y. The ord,ering induced by
{"1 into an ordered toporogical linearl.pu"" -fii"rrl, r;"ñífu1 follows then by aþplyirg corollar.j 2 to the -"ppi"!f:

em 1 we rnade use of the fact that
gical linear space of dimension ø > I

space K" irr its natural (product)
deduced by applying coiôllari, 3.
3 and the above-rnentioned result

on the isomolphisrn of the finite-dimensional topological linear spaces arc
equivalent.

So p.{ Is proved.
Since Z was an arbitrary neighbourhood of the origin of Y, (2.4) shows

that g is continuotrs at xo. I-fence g is continuoüs or1 the whole intedor of
A(M). It follows then that / is contirrllous o11 the ínterior of 1t1. g

Remørh 1. fn theorem 1 the hypothesis llnat X is a Haosdorff space
cannot be dropped as showtr by the following example. I.et X be the topo-
logical linear space considered in the exa.mple given in the first section.
The mapping f : X -' R defined by f(x) =- xr for all x: (xt, x') - X is
linear, hence convex, but not continuous.

Remayh 2. In theorem l the hypothesis that Y has the bouncledness
property cannot be dropped either. 'lo sholv this, set X : R and Y --: CzlLl2, 1], where C'zll12, 1] clenotes the ordered normed linear space of
all twice continuously dífferentiablc functions y: ]12, 1] -'R with the
110f 111

ll.Ylì : f; ,nn', r:'Ytt)(t)l :l e [172, ll]
r:.= 0

and u,ith the pointu,ise ordering. Y does not he.ve the boundedness property,
since the order-interval bebween the or.igin and the function y: 1712, il-'R,
clefined AV y(t):l for a77 te[I12, ll, is not bounrlecl. Put IVI: [-1, ll.
l'he mapping f : A,I * Y, rlefined by
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(f(x))(t) :
Utti.ueysitatea,,Babeç- Bolyai", -

lì acultale a tle M ate.ø¿aticä,,
C u[cd,ya tl.e Anql izc'i,

Cluj-Naþoca
{or all ¡ e 1112, 11, is convex, but it is not contintlotls at the point øo: Q.

'l'he latter a-ssertion follorvs from the ineclualit-v

,Í@) __ r(x,)¡ = lry o _ nff u 
l

:1--x'>!-
4

valid for att x e l-112, 1/21\{0}.

coRorrriaRy 2. Let M be a. non-enxþty conuefr subset of ø real or comþlex
Høusd,orff toþol,ogical, linear sþøce X of d,imens'ion n ) 1, and, let Y be a lo-
cally ful,l ord.ered, toþologicøl l'inear sþace. Then øny conaex noøþþirog f: M*Y
is cont'inuoots on tke interior of M.

coRorrr{aRv 3. Let X ønd' Y be veøl or comþl,ex toþologicøl' I'in'ear sþaccs
oaer the søme field, aíth, X Høusd,o(f ønd, finite-d,it¡t,ensionøl,. Tlzzn øny línear
møþþing f : X +Y is continuous.


