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l" Infroduel,ion.

I'et0(u(x) e Z be a rveight lunction defined on --oc<t{ co for
u'ich all monrerrts

Ø

(1) P.,"(wt) : xn'lp) (x)d x (n.:0, 1, ...)
-ùJ

a uniquely defined secplence tþ,,(*; r)] of pc,ly-

lii :"":-"îåi? i,ö ï':"0 Li.:I# 
"l'åî "*;::ol þ,,('u; x) are all real ancl simple (see e.g. [3]) ; we denote them in c1e-

creasing order by xh*(a) (le :1,2, . . . ., n).In the present srlrvay of results
and problems we ale interested in the case ¡n'hen the support of a d.x is not
compzrct. We are going to reveiw ottr investigations in the last five years
ancl complete it with soÍle more recent observations. the only wellknorvn
cases ¿rre if the rveight is

uoþv) :
x'e-' (r>o)

(r<o)(2)
0

(o"> -1)

* Ilecture delivered at the Colloqium on Constructivc l'heory o{ FLrnctions, Cluj, Septem-
be:¡ 1973. The origiual title of the lecture was,,Recent results corrcerniug othogonal polynomials
over the whole real line".
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ând

(3) uB@):lxle6-" (co<x<@;p>-1).
The orthogonal poiynomials þ,(ao; x) are equal, appart from constant

factors, to the classical l,agu^erre polynomials lvich have a welldeveloped
theory (see e.g. c. szEGé [12]).

. The polynomials þ,(zao; x) - the socalled Markov-Sonin polyno-
mials - can be reduced by the formulae
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where

(11) q,(€) : -J:.0, 
I 
, (6= O¡.

ên-elT+nî
As an extension of this result we define the class * or ,,near to Her-

rnite" weights by the following properties : w e x ¡tt zø is even and

-- +,(,ì)e Â. setins

2

(4)

and.

(s)

_ For.9:__0, þ,(,uo; x) is a constant multiple of the Hermite orthogorial
p_olynomial .11,,(x). Ilaving the transformations (4) and (5) in mind also
theory of the polynomials J>*(aø; x) can be considered as. settled but not
much was known for cases if the n'eights are not knor,vn by explicit analy-
tic formulae.

þr*lwBi x): þ,,(as-ti x2), xpn(up- ) : lxe,2,(wB)fz
oo

Or,*t1uø;\, x) : x þ,,(ug+i x2), xo,,(aø.,-r) : lxo,r,+r(uø)l' _f / 1ì

a(x) : a '*l*'), v(x)
I
2:!( w % (*>o)

I(r2)

we have

2. ,rNear ûo F,aguerre" anrl ,enear fo Í{ormifere polynourials

fn our first investig'ation we treated the class -À of ,,near to l,aguerre,,
weights. A weight zø belongs to À iff w(x):01or x j0 andther"e exist
two positive numbers q, y so that for every pair 0 < x7 < ø, lr,e have

(6) e,'a(xr) S ae,"w(xr)

and

(7) x1,er,w(xr) 2 xl'e',w(xr).
We proved in our paper [4] (see also [5]) that

(B) x,u(w)<4n*o("+) @eL)
and

(9) cr(u)n-L S xn,,(w) 3 cr(w)n-L (w e 1t).

I,et further x,,,,(u) < q < xr,(w) and Ì¡, an integer for r,vich

xo,,(w) > C > xo+r,u(u),

then we have

(10) c"(u)q,(l) s x,,,,(tø) - xr,r,,(b) < co(u)ç,(E) (rø = L),

(13) þrn(w; x) : þ*(a; xz), þr*rrlu; x) : x þ,(V ; x)

(see e.g. [3], problems I.13 and I.l4).

By this transformation formulae we obtain

'THEoREM I. We høae for euery * = jC

^lz* 
t- o("- +)

and. for eaery l4l < x,.,(u)

(15) xn+u,(a)SqSth,þt))

imþlies

(16) Cu(w)@,({) í Xo,@) - Xorr,,(*) < Cuþu)A*ft),

uhere

(r7)
1

Q*(E) : 12"-11 +n 3

pRoBrrÐ r A (Unsolved). Let w e X; wloen d.oes the li,nt,it

(18) ¡^foúÙ- ¿tuþù.
n+û O"(€)

ex'ist for euerl' f,ixed. Ç?
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P¡oblem A is a seemingly accessible special case oÏ a 11lore general
unsolved problem posed at the end of our book [3]. The only case wich can
be settled directly is w : ws applying the known properties of the zeros
of I,aguerre polynomials we obtain by (a) anci (5) that the lirnit (18) exists
and is equal to æ for every fixed value of 4.

S" Ìlstimation of thc glealcs[ zero
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Lemma 3

r{,fu) :^(k-t(w) sailsJy
n\ 

It(ø)

(26)

th,etø zae ltaae

(27)

(see t9 ] ) , Lct lu b)' e'ü ell , øtt'd' let th'e sequence

Iim 4t-'ß!-
¡ra6 cl¡r(u)

1

1i¡¡ xt^Fo) - ,
,r*æ (l¡,-1ø)

f.et

(19) wç(x) : e-Qk\,

rvhere Q@) is an even differentiable fonction for rvich x'Q'@) (r;' 0) is
an increasing function for some p < l.

Defining q,, as the uniclue positive solution of the eclnation

(20) ct,Q'(q,) : n

we proved in [7] that
(21) cr(wc)rl, ! xr,,(wq) 

= 
c,(tuòq,,.

Special cases of (21) where provedearlyer in [6] and byc.p. Nnvar[11].

The estimate (21) can be combinecl with the following

Lemma I (see lB]). If wrancl u)zarc euenweights øu,cl A, Bs0,
(22) Aw,r(x)<ar(x) < Bwr(x) (-co < x{ æ),

Lemma 3 can be combined rvith thc follot'ilrg

pRoBrrrJ¡,r B (conjectured in l9))' Let usr(x) -
< co; p > -1, P ) 0), tl't'en

lxloe- t,te ç- oo <. jl, {

n- o d,,(tpøn) :
f(r,-l 1))

I

(2.9) iirn
1L+Ø

"{;l "i;. ')

(28) ii'as provecl b,\'tts in [9] for.p;2' -l arrcl ( arrcl arbitrary P > -1'
ùt e'cr,"r (28) is tr,r" fi.å. iti pårti.ufui'fu, ?:2, L aricl 6) *'c infer from

I,elntna 3 that

lint n- i x nþuso) -- 2 I
l'(p r 1¡

(2e)

"(;) "i; ,)

then ue køae

(23)

Irrthecasestlrat-loga(x)irtcre¡rsessubstantiallyrnorerapidly
then ¿r power: of r ätï u*vi"tptoilL '¡ .r,,A'i was setlecl by the follorving

rrrnorìrìrr 2 (r'. nnrós l-11)' I-ct'rtt,r(x):exP {-11(r)}' tet for e'aery e70

X 
*r,(*r) 3 r,,,,(tgr,,) S 2 xr,,(ar) (30)

nn tl, lct

(31)

tltctt ruc l'ta'oe

1l(y) > 2R(r) (l-vl > (1 l- ' )l'l > r-o(R; e))

'iun(|*) :2 " (i" > 0)'If a, is not necessarly euen (23) kolds on,l.v aJter reþløcing xr,,(zur)by
X,(wr): max {*r,(*r) - x,,,,(zar)}.

The proof of Ql) is based on

I, em tri.a 2 (see [6]). We høuefor eaely eaerî, zaeigltt ru

l,_r(u) S xr,(u) 521,,_r(w),
(32) linr -Y, u (rn) 

r

-- I

(24)

zakere

(25)

1t4 Q

Ilu(zø) : ,nut 1-t=-'(')
Þ(v ^(h,\ta)

4. The tlistalce oI conseclrfive zeLo

I,eL \ e 1x,,,,(ta), )íb(11))'1,

xn*('u)Z'ç>x6r,u(w)

L"(zø; \): xo"(a) --tc¡-¡1'n(za)'

In Q\ neither the lower estimate can be improved by a factor greater
then one nor is the upper estimate valid in general if [2] is replaced by a
smaller factor (see [6]). But we found recently that if T*_rhnvaries in a
regular manner then the upper estimate ín (24) is assymptotic:

(33)

and
(34)
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rHEoREnr 3. Let wç(x) : exP {- Ç(ø)}
tiqble conaexfunct'ionfor akich,l < Ò' a8'Qx)
be d,efined. by (20) then Q'@)

(35) L,(wo; '4) 
= 

C,o@o)? (61 s C,,(wo)q*).

We hope to return to the proof of Theorem 3 elsewhere.
pRoBr,ÐM C. Is (35) aa.l'id, uith Cro(wd reþIøced. óy Cro(ò, utç) for euery

à>0 ønd. l1l S(1 -8)xr,,(za())?The answer to Problem C is affirmative for the u'eights defined bV (3) ;
no other case seems to be setled.

pRoBrrENr D. Do tlte cotcclitions of Tloeoreuo 3 irmþly tkøt

(36) L,,(utç; 1) Z Cr,(ao)% ?

We know the.t the answer to Problcru. I) is ,,yes" for a rather extented
classe of weights, in particula.r for the rveights uoo(x) (defined in Prob-
lem B) rvhenever p > i. W'e conjecture that the answer to Problem D
is affirmative in general.

Special cases of Theorem 3 as well as of Problen l) rvhere treated by
c. P. Nov,q.r [10].

5. Tho clistliì¡¡lúåcn funcfion of the zeros

I.'or a 0 < tl < 1 ..ve define v,,(w', n) as the number of the zeros of
þ,(w) wich a.re greater 'chen xr,,(w) - 41x,,,,(ta) - x,,(ut)]. The distribution
function of the zeros is defiued a-s

(37) 7tm-1 v,(w; vl) :,f(l)

rn our book [3] *" ."i;; i¡. ottention to the ømsolaed, þroblentto give
cond,'itions for th,e ex'istence oÍ "fh).

ft is rvelknown that the zeros of the classical Jacobi polynomials have
the distribution function

(38) Íoh):!-arcsin^rt.
This can be interpreted that the numbers ]30, : arcsin xo," are equidistri-
buted in H. Wely's sense. p. ÞRDOs [1] discovered that also the zeros of
þ,,(wo) have the distribution function (38). Here ao ia a weight wich satis-
fies the cond.itions of Theorem 2. p. nn¡Os [1] also remarkecl that the
weights uoo (see l28l) can not have the distribution function (38) for any
p > 0. A proof of this fact is published in our joint paper [2],
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Applying the Plancherel-Rotach assyrnptotic lorrnula (see-e.g' G. SZEG0

l12l) iîis eaîy to t"á litàt the l{errnité oi't}togttal polynomials have the

di=tíibution ./t(l) delirrccl bv

(39) /, (cos tÞ): 
+-(2o - sin 2o)'

The Markov-Sonin polynomials þ,,(ws) h¿rve the same distribution
f unction (39).

prìoBrrEM E. CkcLracterize tke we'igh'ts w dor wich' the d'istribution func-
tion of þ*(u) is (39).

pRoBrrp1,r F. Determine tlce d,i,stri toct'ion oÍ t!, roots of þ,(*or)
*n'i-'*Jij : ""p {-l"l'} a't leøst 0. ( p t.2' ..

Let us note thai not' ôven the of tlLe distlibutiou function

for thecases 01p* 2isProved.
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where Q is an caen cl'ifferen-

1 0 ønd, let the sequence {q,}
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