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'Ihe aim of this paper is to investigate some convergence properties
for sequences of linear operators L*, n:1,2,..., which p?eserve a
certain cone 1(,,, - I{*lct, bl, that is L,(K,,,) Ç R,,. fn the following we
shall consider that K,,la, ól is the cone of ai1 functions from Cla, b) o"hicft
are convex of thc ordet nt on la, bf, m :0, 1, . . .

Def inibiott 1, Afunction.f :la, ól -,R is callecl øbsolutely conti-
nuous of 7rxttr orcler, if for euery þartit'ion

ú<tr|<x\<...<
... < rö < xi <... <

uith

f þk*,- øf¡ < 11.¡
h-O

one /tøs

v

D I t"ß, xl . . ., xk+t| f1l@k*, - *t) < "h:0

The space of all functions/:fa, bl -o R which are absolutely continuous
of m'h order is denotecl by AC,, - AC* lø, bf.

. ^ I" ll_].it is_shown fhat a function f :lø, bl * R beloirgs to Úre space
AC,nlø, bl if and only if f l.as on lø, q á aerivative of tlr, order o"¡i"1,
is absolutely continuous on this interval, In l2l it is proved t]nat ÁC,,fa, bf
is a-linear subspace of the space BV,,,lø, bf-o:f. all firnctions with böuäáe.í
variation of the order m,
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Orr the space AC,,,lø, b) let us define the functional ll'11,, by

(1) ilfll,,, : lÍþ)l + lÍ'@)l + . . . ¡ ¡¡ua@)l -t vu,@, b ; f),
rvhere I/,,,(ø, b;/) is the nott'total variation of the function./,
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Therefore rve rnust shorv that the equality

(6) 
,lim ll(L,,f)t'"-t1) - ftffi+ltlluro,q : 0

is valid, Our hypothesis enables us to asserl tlnat

,lim ll(L*eo)t'¡+1) - tf'*'tll,-,ro,ot : 0,

for h, :0, 1, ., rn + 3, as well as that the sequences ((L,,f)(,,+r|)n:t,2, ...,
and ((L,,eo)(^+tl¡,:1,2,.,,, h :0, 1, . . ,, nt' t 3, are uniformly bounded,
In conclusion, if rve show that (6) is valid fc.ir every ¡ e ÇÞ"+ttlø, b)
than, by means of the Banach-Steinhaus theorem, our proof will be com-
plete,

I.et f e: Çtn'r't¡lø,b): i.e. for any e ¡ 0 there is a positive number
8 : ò(a) so that for every x, t e lct, bf, lx - tl q 8, one has

1¡t 
t+rt(x) - ftn rrt(t)l { e.

I1 g(t, x) : (t - x)tt':3, x, t e la, b), then

(l) sl"n''t(x, t) : W:-!L-!- : C(t - x),
La¿Dt +t

rvith C > 0, From (7) one concludes that the inequality

lJ'þh+3)(x) -fttr+rt1¡¡l < u * C(t - x¡z

is verified for any x, t f.rom la, bl witt' lø - ll < ò-

ff q,e put g:1,n1¡.r,,,,r, the above iirecluality may be rvritten as

-eg@+r)(t) -- Cgtùr't)(x, t) 1ft",'rr¡@)9ø'+tt(t) -- fan+rt(t)1
q egt"t+r)(t) + Cgþn+l)(x, t),

which implies

-u(L,,g)t'+u - c(L,,g)(tr-r-r) < fatrtt@)(L,g)0,+ri - (L,¡¡t"+tt I
.1. e(L,;p)a"+t) -l C(L,,g)tn+t\,

It, : l, 2, .... Therefore

¡¡r. +-r)(x)(L,,9)(D-r-ri _ (L,,.f)t,r 1)l < e (L,,9)U,-t-r.t )_ C(L,,g)i",ttt,

Tor.r¿ : i,2, ... ; t, x e la, blancl ll - rl < ò.

çs$r, lor x-tone ol¡tains

(B) l(L,,f)þ,+1)(x, -¡ø,+tr(r)l (

l(L,,r)u,'-tt(r) - ¡rn+r)(x)(L,,t){,+t)(r) | -l-

2

ft mav be proved (see [1] and [a]) that ll'l
BV,,lø, ó]. l'{oreover, the linear normed space 13

space.

is a norm on the space
,,1e, b) becomes a Banach

lf ef initio n 2. Ato oþerator L: ACn,lø, b) * AC,,,lø, bl is cqlled'

trt,-þositiae 'ífÍ L(K,,,) Ç K,,, where K,,: ACo,lo, b) ) I(,,1a, L)).

1'rlDoRElr L An oþerøtor L: AC,ola, bf - AC,,,lø, b) is ttt-þos'it'iuc
.,.f.f 

"fo, eaery J u ACn,lø, b) w'itlt, ¡r'n+rt(x)Þ 0 a..e. x e lq,, bl i,t follows tkat
(Lf){,.+t¡ (*) > 0 alrnost eüeyylukere on lø, bl.

Proof. I,et us consicler that L is a nt-positive operator. It is kuorvn
tlnat a function .f - R,, if and only if the derivative fuu. r) exists almost
et'etyrvlrere on la, ó], and Íþn+t) > 0. Taking into account that Lf e I(,,,
it follorvs (Lf){"+tt )0 almost everylvhere or fø, b).

l|he converse statement may be proved in a similar rvay.

'[]he rnairr result ol this paper is the following :

'rHllol.Elr 2. Let L,,: AC,,,lø, b) + AC,,,lø, bl, 11,:1,2, ..., be a

seclxLelxce of linear ut-þositiue oþeralors zahiclr aeri,fy :
a) tlrcre exists ø þosiiiue nunt,ber M suck tlutt.for il :1.,2, ...

llLnll,,, 1il| ;

b) Jor euer\t f e À.C,,,1ø, b)

(2) lim I(¿,,/)(È)(o) - l@þ.)l:0, li :0,7 2, ..., rt'u.

IJ eo(t): tk, lt:0, 1, ..., t e la, bf, atr,d,

(3) lirr' llL"eo - et,ll,,: 0

for Ìe:0, 1, . .., ltL.+3, tlten for euery f e AC,,,l.ø, bl

(4) ,tu llL,,¡ -.f,1,,,:0.
ProoJ. F'rom (1) and (2) it follows that is sufficient to pr-ove

(5) ,,*_v,,,rn, b; (L,,Í - Í) :0,

rf s e AC,,,ln, ð] then the total variation of nt'tt'order is given b1'

V(ø, b;g) : ¡ fvn-rtt(t)ldt

l^
V

þ
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+ | Í(n + tt (x) (I,,9) t- + tr 
1 
x) - frn + u th) e(n' 

+rt (,cll <
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1a(L;p)t*+t)(r) +C(L,,g)t*+rt1*)+rop,olf("'+tt(x)l.l(I"9)i'+tt1x)-pv"+rt(x)l
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By using the hypothesis quoted in this theorem it follows that

(I) M Kf",p)r,'+tt(tr) - ftm+t\(x)l :0 a.e. y e lø, bf i

(II) lim l(L"$r^+t)(r)l : 1 a.e. y e lø, bli

(III) l@+1) attains its extreme values on la, bf.

On the other hand Z,g e Cle, Ó] and

(L"s) : Arc\(-r)h(Lne"'ae-n)' t' Y e la' bl'

Choosing t: fi we find

(L,g)l''+rt(x) :

which furnishes

n rc1 l\Èeo@)@nen,¡s-¡)("' +tt)(x), x e lø, bl,

'1* 
('' g)(ø+t) : o'

fu conclusion, the right-term in (B) converges to zero and the theorem is
proved.

fn the particular case rn :0, a similar result was obtained by
s. srADr,ER l5].

þxamples of ør-positive linear operators are: the S. N. Bernstein.
operators, [3], ancl ihe operators ^f,, :CPlø, bl -CPlø, b), definecl as

b

(1,fl(x) : 
5*,Urr@ 

| t)rtt.

Here, CPla, bl denotes the subspace oI Cla, ó] u'hich includes the periodic
functions whose periode is ó - ø. I'ikervise, N,, e Cla, b] and. N,, l0
on lø, bl.

For these operators lve observe that
I)

lxr, xr, , , .¡ xnt,rz; Ir, .ff : N,,(t)lxr, frr, ..,.¡ frm*z; f@ -f t)) dt

(l

holds for every distinct points xr, )c2, . . . .¡ xmr-p ftom la, å], which ena-
bles us to assert that they are øz-positive.


