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l" trndroduction

I,et ,1 : (ø¡i) be a real nL x 1ø 111atrix (rvith rank-4 .: n) and ó a real
il¿-climensional' õolunn vector. lVe design by 6¡i - (a,r, {t'¡2, Ø¡,),

n.i .: (ø1¡, &zj, . . . ., a,,j)T row and co1úmu vectors of -4 respectively'
'lhe optimization problern :

(l) min {/(ø)lAx < b},

u,hele

I ht \ l/,,

(¿) /(r) : lÐ tr' - n¡ x¡r)

is cailed best lineal oue-sided Zr-approximation,
SLrcir problelns occ11f freciently in analysis as it rvas indicated by

rì. BOJÀNrc aucl ll. DIì ]/olìD [1]. On
discretizated one-sided continuous Z
b1. geirer-alized polynotlials (see for i

As it is knorvn, iu thc case / :
valent to a linear ptograrrrming pro
a con\¡ex programming problenl, lvit
aLe several methods which can be us
c. Â. wATSoN [6] gave some numsli
the gradient projection method of ¡.
method of n. wor,nn [7] in solving
volve one-dimensional minimization
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Then øå+1 ist_he step at each iteration. rn order to avoid this, usually a linear or qua-
dratic interpolation is used.

rn this paper we propose the application of the methocl of chebyshev
gg1tgLs-of- A. JU. r{EvrN [3] and s. r. zuuovrcr{rr - x{. E, pRrMAr< [B] to solve
(1). This is a special cutting plane method which involves at each iteration
to solve.a linear prograurming problem. Beeing an interior points method,
no step-length calculation is needed.

_ 
Before proceeding, we note that the problem (1) rnay be simplified by

replacing the objective function/ by its þ-fhpower ; ciearly, the samì solution
z* solves both problems. Thus, we wiÍ deal with the problem :

(3) min{F'(r)lAx < b},

whe¡e

Assume lhat xt, x2, .,., få u'ere already calculated
Chebyshev center of the sYstem

øi'x < b¡, i : 1, 2, " ', ilx, tnll, " ', m -l h

rvhere

qrx!k,' : ôÍ(xu), bnt+h: ô.f (xh)xh,

1. e.

(6) n'nx {aí'xÉ-tr - ór} : mio max {aíx - b¡\: Po '0'l<i<r¡+Ë- t=Àt¡ l<i<ør+À

By iutroducing a new variabl e x*+t, .!he min-max problem (6) can

be reduced to thJ following equivalent linear program:

Pe: min {x,,-,-rløt'x - b, 4 %,,¡f i: l'2'" " m !h'\'

Number - p¿ is called Cheb)'sher- racliris of the system [B]

(7) ûix <br, i-7,2, "',mlh'
In [8] the follorving convergence theorem for the chebyshev centers

method is proved.

,rr{EoRErf L If the chebysh,eu rad,íus of the slsten't' (7) tend's to zeto,

i.e.

{øi'x-ó¡}:P¿*0,

thett, tkeve is a subserlttence (xþ;) of (xo) such' thøt

f (xhi ,¡ Zf (xhi¡, i:1,2,...,

ayd, eøclø timit þoint of (xht¡ is øn oþtimøl solutiott, to the þroblem' (5).

rHBoRElr 2. Tltc algorit,fun of clrcbysheu centcrs ,lþþli¿cl I'o Lhc þrob-
tent, (3) is aluøys cotnergenl to the oþtimal' sol'ttt'ion oJ þ)'

fn the proof of this theorem we will use:

Lem ma. For eack xo = Oo: {x e RlAx Sb}, tlte set

M:{x eOolF(ø) .F(øo)},(8)

uhere

F(x) :D tr, - a.¿'x)Þ, þ > I
i-l

is bound'ed',

(4) F(x) :Ð þ, - øi x)Þ, þ > L
i:1

*. ÞIethod of Chebyshev centers

Consider a convex programming problem :

(5) min{f (x)lax < b}

rv-here/is assumed to be convex and possessing a subgradient at each point
of the set

Qr: {x - R,lAx < b},

with intf)o # @. I,et us denote by Af@) a subgradient of the function
./ in the point ø, i.e.

af@)(t,-- x) <fbÒ -'f(x), Vy e R'.

The algorithrn of Chebyshev centers for the problem (5) consists in
the following steps.

First a feasible solution of the problem (5) is selected, assume xr e
€ Oo. Then Chebyshev center x2 e Oo is determined of the system of

inequalities :

Ax<b
ørt+t.,X S brt+t,

where

&'n+ t, : 0Í (x'), b,n+t : âf (x1) xL,

max {ai'xz - å¿} : min max {o''* - ó,} : p, ( 0
1 <i<rr+ I x- Rtt l<i<ø+1

mln Ílax
re Rtc 1<i,<n+h

1.e
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. Proof. Assume that M is not bounded. Then since .¿J,l is convex, it hasat least one recesslve directiorr, i.e. ther-e are y e oo ancl d ¿ Il;,'rt;-;,such that y 1- 
^d 

€ M, Vt > 0.

Because y -l- 
^d 

€ Oo, it follon-s :

b¡ - ct,.y - l,ai.d, >_ 0, i - 1,2, ...., tu, V7. > 0,

i.e. øi'd, < 0, i 1,2, ..., 11t,, and. clearly there is ?u = {1, 2, ,..., nt}sttch that ci". d 0 (since rank A : rL).

Norv if rr'e cousider x:1t ! )d,, then u.e harre

,Þ(x) : Ð tr, - &i.x)þ :>.,(0, - øi.It - ),aìr!,\þ :
i-l 

'-i'

- ,, l('1. ( b¡ - o' 1, . .\P\- 
^" là\ï _ n,o) ), n(*o)

for À ) 0 sufficicntly large, rvhich coirtradicts the Tact that x e. À[.
. ^Proof 

of TJ'tcoreut,2. From l,emm¿r it folloq,s that Ì4 js a co¡vex corupact
set for e9clt Þ >-t.1.. 'rlo rrro\¡c the co'r,erge'cy of the method or 

-cne¡i-åü",,
centers it is sufficient to shorv, accorclin"g Tlieorern l, thal the scquencc áf
Chebyshev centcls tencls to zero.

Assurre the contrary, therr there is p < 0 such th¿r,t i:¡, S p, þÆ, e Àr.

Btrt from tire defirrition of thc subgradient ðI''(x) and p¿, \\,e have

âF(xt)(xj - xi): (L),ti,(il -,:vi) < p¡ < ? <0, V jSt:.,

of

ôF(tcr)(xi - xí) ) -- p > 0, Vf > i
So, since âF(x) is obviously boundecl oir tLe colnpuct sct )t1 , n,e harre

0 < - p < l-âF(xi)(xi - xi)i a ¡l ôtt(xi )ll .il,r'-- ¡'ii <
< I{llxi - xì ll, V/ > L

ïherefore for each subsequeuce (øo)

lix'P - x'cll ¿;rt = O, l' :, q

rvhicir is a contradiction, because xk e arl , /¿ e À., and, Àr[ is a compact
set,

This means that po n 0, h â 6 , and. from Theoreru. l, it follows thatthe method of chebyshev centers is converge't to the qptimat ,áirriiàrìto (3).

Remørl¡' 1. sínce in our case (l < lt <oo) the lu'ctiou .É is differ-cn-
tiable at each point, rve have

ðF(x) : Vlt(r) : grad F(x)
it rvas shorvn in [B] it is possible
during the procedure of the algor
ecreasing to zero seqllence (S¿) of
ave p,r ) - 8r, then we defirre th

for. s,hiclr 
It' - {1'',z' " ' " ltt' 111' I 1' " '' it')

1lI1n
::eoo

ntax {ai,x -- lL.l - t. \ ¡, rtt
1e l

(e)

1Uq 1naï {a;'x .- Ò,} ( p,,, V1 ; 1,,.
t=Q"t.Ii,\ {i)

,\t the ncxt step "l 11t-" algorithtr u'e keeP orrl1'r'cstrictions ø,.x, - tt, -,:

< 0, for z, e 1¡, to u'hich r¡'é add a ne\ ¡ rcstriclion

AIì Øí') )r 4 A[; (xi') xi,.

:\ ncrv scaliug oI reriundant restrictions ivi11 be done r¡,hen r,r,e obt¡lin
xz - I,,l) {m ), i,1, ..,, t;t. ), i"} such that pi, } _ 92, ancl so on.

r\s it l,as shon'n in 
f Bl 8o: ll/k, l¿ e, ly' is o¡e of the goocl seclrierr-

ces fol ollr put'pose.
Rettt'arlt,3. lJecause at each itcratiorr n'e adcl only one nerv restriction,

in.ordert to l¡eep the negativit¡' n1 tn" obiective functiåu rou,in tfre simptei
tablean, it is i'dicatecl to use the rlrrai simplex ¿rlqol-ithm.

3" Staternent of the algoritllm

ilhe results of the prcvious,section are llow irrcorpora'ced rnto the foll9,
wing algorithrn for tlie best one-sicled 27,-approxirnation, based on tire
Chebyshev ccnters method.

stcþ 0. cornpute a basic fe¿rsible solutio' rr of the sr.ster.r

(10) .Ix < tt

b)' thc.pr:im:1l simplex algorithnr. lf (10) is inconsistent then terrninate.
Otlrerr,vise pú. Ìt : 7, 1,, == {1,2, . . . ., ut}, F¡, : 8r,, and g;o to Step i,

Stcþ 1 . Calculate

elil+k'' : AF@h), bn,+k: âF(x*)xr,.

\te'þ 2. Ilind Chebyshev center xhtl. of the systeru

øLx < b,, i e IoQ {nt,lh}
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by solving linear programming problem

(11) p¿: min {x,,*laí'x - xx.tt 4 b,, i = Iu U {m lk})
by dual simplex method.

. Steþ 3. IÌ po ( -[¿¿, then 1u*, : Iþl) {nr,lk}, F¡+r: Ð¡, otherwise
put

Io*r: {ilùxn+t - b¿: po}, p¿+, : à*+r.

Steþ 4. P:ul k,: : h * 1 and go to Step l
'Ihe procedure will be continued till lp,,l (., lor a given e ¡ 0.

subject to

\* xr-xt4l

-\l xr-xt{2

-xL -fr(0
x2-- *3 <0

xr-3xr-tr(0.
Starting from the simplex tableau:

-xr -xz -x3 1

4, Example

1o illustrate the algorithm we consider the following small example:
minimize

F(x) : (l -- *, - xr), + (2 + %,. - xr), I x! ¡ xl:
: 3xï -F 3x? l2x, - 6x, ! 5

subjet to

Jr-
Jz-
N^:

J4-

1 I -11 1 -1
10--l
0--1 -11 -3 -1

1

2

0

0

0

P- 0 0 -1 0xrlxr4l
_xt*xr{2

(12) -rr(o
-- .r, ( 0.

Steþ 0. x': (0,0) is a b.f.s. to (12).

1, : {1, 2,3,4}, Fr : àr : 1

Steþ /.
es' : yF(xr) : (2, -6).

Steþ 2. To find Chebyshev center of the systern

xr)_ xr4I

-%tl xr42

-xr < 0
xr40

xr-3xr<0
\^/e solve the program

fra + min

after five Gauss-Jordan (G-J) steps rn'e get the tableau:

-!t -!a -!s I

( 13)

J2 -
x2:
xs:
XI:

J6 -

-rl3 213 -413rl3 -213 113

-113 -113 -113rl3 rl3 -213rl3 -B/3 413

P- -r13 -r13 -r13 -1

i.e. x2 : (713, 113), pr: -113.
Steþ 3. pr ) ¡r,, - -1, so llr: llclZ,

I2: {1,3, 4}.

Steþ /.

1

513

113

113

113

ø6' : VF(xz) : (4, -4)
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Ste'þ 2. We have to find Cheb).shey celter xB of t1-Le systerl
ørf:Vr{1

-xt <0
-rr(0

rr-_rr<0.
But lrorn (13) it folloq,s

cheby.shev center "',:ï,1';*::' ,:::.t:' ,rr'roi'rí r,s 
"o ço,z+; 0,5)'l'he exact solution of tlre problem is 

' ** : (0, í) \ -

EJf iciencl,
in this paper
As it rvas expe
tion method is
large scale problerns the metocl of
efficient than Rosen's algorithm.

1

.1'r - 1,, - .Ua : - ,- 1,, -
J.o
-i¿*-"1'"-.-çg3' 3'" 3 -

So q'e will solve by clual simplex algorithrn thc problem

-_\,r -j'a -_1's I

_ùl 
-
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'\fter one (i-J s;tep u'c get

-r'1 --l 6 -\,e 1

:tr::
xs-
.1, :,

-Ì'4 -

1 l'¿

-114
It3
1 4

-12
- 1 4

1 4

-314

0
1 l¡ 

'

12

-112
Ul.iueysitøtea Babeç - Bolya
Facultalc& tlc Il,Iatematicri

Cluj-Noþoca
p -114 -114 _112

So rs : (114, 112), ps : -ll,f .

Stcþ' 3. P: ) - v-z -= - òr-: - llJT, so v": tlnß, and. -tr:{1,3, 6}.

" ,.A'othcr approximate solutio' r,i,ill be otained as chebyshev centerof the svstetrr

xr!xr{l
--x,7 < 0

xt-xr<O

t13

-1i3

1

-1

r13

t3
113

113

-213
-113

13

-4ls

r13

- 113

-- Jl,)

'213

-113 - 113 - 1t3

1

I

I

I

4

l2
l4

l4


