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I t. Let {rl, K, PI
' A and let Ar, A2,...

be.a probability space generated by a experiment
, A* be the possible autcomes of r.andom- experi-

ment A.
ff the set

O, then [2], t f,îl 
nr, '. '., t!*\ formes a partition II for the sure eveut

(1.1) Ë(n) : H(x): _p

rvhere

(1.2) þ¡: p(A) > 0, í,:1,2,..., N

\\l-r 'þ 7og"þ

^r
Ð Pt: 7, /t' :7og, e,

represents the amount of informati shed
The quantity (1.1) is called f the

sures either the rrncertainty of t A, if
trlerforned or the amount of in he ex
periment has been performed. Also, we can speak as well that the quantity
(1.l)_represents the amount of inforrnation cõntained by the rancloir varia-
ble X generatecl. by the experiment l,

2. Application of Taylorrs series to evaluation of II(X)
I'HEoREM l. If X is ø discret rønd,om uøríøble tkeu,

(2,t) H(x): - :[, - N)- n.rog,* +fÐ*a i cll-no),
ryhere n is a natural number.
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(2.2)

Proof. Consicler

iolr vlHc¡c

then rvhen .1 . <= (0, 1)

2

Becarrse the Tunction 1og, /, is infinite derivable in thc nriit;hbonrhoocl
Iof thc poirìt : , it follos's that thc function

g ,rhE pRoBLEMs oF cALcuLUS ß7

Remørl¿ 1.2. Because the series (2.5) is convergent both for lnæ,1 < l
and Ior %T¡: l, it follows that the îayl'or's series ivhich correspond ib tl"
lunction log"þ,, will be convergent if. p, e
convergent for þ, e (0, 1] only if n :2.

Corollar y 2.1. If n :2, then H(X) høs tke form

(2.t0) H(x) : t - LI,, -Ð +å å + cie2þ),1

utkere l¿ :Log¿e.

Retnørk 2,2. According to the Rernark 2.1 it seems that the formula
(2.9) is available only for-n :2, then when y'; = 10, t].

rf rvc have in view the cordition (1.2) it follows.that among the pro-babilities þr, þr, ..,., þ* exist al the ùrost a protalitiÇ p, soiï,X-þ', ¿
I ,-, (¡/ > 2).

11,

1P,: n, 1- -
11.

9 N, g,2 This series will be

N

\Ynerc ñi e 11
t¿ t1

11

(2.3) f (torc,): los, f", + 1l : tog,1t I n¡r¿) - 7og,+t
I 11 )

achnits the expansion in the polver series

(2."t) f@'rc,): - \og,n r @n,) -(nn¡)' * 
(r¿n¡)'

2 ' 3 ""'

rr'herc the polver series

(2 5) lo9;"(l -l- nn,) - (ttn,) - 
(r¡r¡)'zn ..,. + (-l)'-t!l"t)'J- ..t' 2 ' ,

is corrvergent lor.. lnnnl { 1, respectively, for | æ, | ç J .

therefoie, the lunctio n þ,logþohas the follorving 
"'lp"nrror,

(2.6) .þ,Iog,þo : - ll-lllog,n I t f,n,+ Ð

'r,herc 
yot - w(K - ,¡t. - zl .... (x-]"tn I).

Flaving in vieu' that

. Il lfq probability_/,,^ is suffigþnt 
'ear 

to one, then, evident, the othersprobabilities .þ¡, 'i: l-,'2,,..., ¡/, i + k, will bã situât"á sufficient neaito zero. fn other r,vo¡{¡, if. þ,, -, l, therr is possible to find a na¿¡¡raT nurnber
n, so that all probabilities p¡, i: l,Z, .1.., N; i + k, to be situate in
the intervat (0,ïl

. c o-I911a r y 2.2. If x is a d,iscret rarudont, aaviøbre ur.rick søtisfiestlte conditions
i (øzr¡)s

t2ìs''
þ,:> 0, i: I,2, N;D1,: r

(2.7) Dnþr: tt''- N

(2.8) (-1)"(øæ,)' : (t - nþ,)' :fiC',(-n1t,:I,

and the development (2,6), we obtain for II(X) the lollorving l'orrn

,(
(2.9) Ë1(X) - - 

t' 
l@ -. N) - n .tog"n, Inl

and if
ro þt,:nax {þr, þr,....,þn},þt,= ll -E, l], .>0,
2o th,ere is & natowat number n so tkqt y'i = (0, 11,"0: r,r,i + h, then., for tlre meøsut,c H(X), ue høuc tke foitowirig forrn

H'Ií) :- lltr - Ð + nþ,,tog,þ, I rr,(r - þ) ltus"u - tj +, l''
(2.11)

Na
5- \-LJ LJ
i :l s:2

(r) Ð,'"t-'o ''l Nøs
-r-F\- I Yr| /-r ¿-/ --ìú Lr:l s:2 s. , !:0

c!(-nþ,),s
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CorollarY 2.3.
d,iscret rønd,om a øriøbl'e

form

(2.12)

If n : N, N - tke number of thc þos9lble.aalues of
i, thm túe ørnount of informøtion, H(X), has the

H(X):logrN-'4{ DD
i -l s:2 å Ð c'"(-Nþ')' I

I

THEoREM 3.1. Let X be ø d'isc et rønd'om aøriøble. Tken the tneasuØe,
H(X), of the anount of informøtíon of X, kas the form

(3,3) H(X) : H.(X) -l R.(nn,),

where

(8.4) H^(x): - +lø - N) - n rosun {åÐ (-t)"%},

(3.s) R^(næ,) (-l)' u f@n,)**r[t - -+ .+:Y-],
nlTt " lm mll lf 0ør¡J'

0 < 0 11, ønd' ?trlt¡: nþ¡ - l.

Proof. As an application of the formula (3.1), let us expand into the
power series the function þ¿logrþ¿.

We have

(3.6) þ¡log,þ; -L-l 
n"¿1o',n -f 1 ("- ' (nn¿)' (nn¡\"

l;,TrE':':X-ffi+
\tn - L) 'rn j

where

(3.7) 7o@r'r): (- r)ñ-t(næ,)*.'[; - # #r#)
The expansion (3.6) with the remainder (3.7), give us just the form

(3.3) of the measure H(X).

Corollary 3.L. Becøuse nrc¿:nþ¿-1, it fol,l.ows that the meø-
søre H(X) lras ønd, tke form

(3,s) H(x) : - *lr- N) - nrog"n I

More,ifX,isarandomva¡iableuniformlydistributed,thenH(X|):
: log¿ N.

Coro llary 2.4. For any randotn tøríøble X' we haae

(2,rs) H(X) < log,N:H(X,)'
where X, is ønifonnl'y d'dstributed"

Pyoof,lhis corollary is a fundamental prolerty oT the measure H\x)'

tll. i;";';.^;;;";lh";i"ár "r 
the inequatity (t.13) to came back to shov,

tlratDZ0,where

(2.14) D: Ë å +È clt-¡¿p,)': å å t-1)'l+# '

Indeed, the sign of D depends by the sign of porver series

Ë t- l)'Ir'ir 's:2 s('z)

which, for lNæ | < 1, is convergent and consecluently' his sum' S(N' æ')'

satisfies the condition

0 < S(Næ¡) (

This last inequality proves Colallaty 2'4'

3. The Aproximation ot II(X)

Itisknorvthatifthefunction)hasthederivatestelltheorder
nt, * | inclusively, in the vcciuity of 'point øo' then it is expandable in

Taylor series t3] and we have

(3.1) f@) :Í(*,) + + l'@o) +- "' -l- g# f"(xù + r*(x)'

where

(3.2) r^(x) :t'l-Ï'/(+r)[r + 0(* - xòf, 0 < 0 < 1'

is Lagrange's form of the remainder'

(N*l)'
t,2

uhere

clt-*þ),l1-R^(nþ,-L)
NflN

rf \- I 5rI Ll ¿-l ttr Lt
i:l s*2 tr-' ¡:0

N 1n+1

DD
d:l l:0

(3.9) R*(nþi- 1) : - 
o Ct,,*r(-nþ¡)t nþ¿

m mtr tl0(nþ¡-t)
0<0<l

Remørh 3.1. If X is a random variable uniformly distributecl, then
H(X), given in the relation (3.8), to came return to H(X) : logz N.

I
It
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c o r o I I a r y 3.2. Tke relatiou, (3.3) giae us tke þossibil'ity to aþþroxi-
mate the Inea'su're H(X) i'n tke fol,lowing form

, I N r¡ 
, r, (r^¡)rì, 

.(3.10) H(x)xH,,,(x): - +\Vr-nl-n,1og,'riD,:,Ð t- 'I) - rØ !

7
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Tlte error in lhis case is ju,st the uølue of tke rent,øind.er (3.5).

Remarh 3.2. Tine remaind.er R,,þncn), given in the relatiou (3.5),

can be rvrite in the following form

.[1] I.'e i rr s t c i n, lI., I;ott'nrlaliott's of àttfotmaliott theoty, Ne¡r' Yrxk, 1968''iZj C "iag¡, S., Theodoresc i, R., 'feori.a nraleìt¿aticd a infonnaliei, Editura Acacl.
R.S.R., Bucuteçti,

[B] piskourro v,N.,Caliul, I et|ntégral,'Ione 1, lìclitions,-rYlR, ]Ioscorr, 1970'

i+l Sl ¿rüo11, C. I1., A tna theory of co¡tttntttticølions, BelI Systern 'Iech' J"
27' 379-123; 625-G56 (1948)'

Receivcd S, VI. 1977.

Û-niuaYsitalea B alteç - B ol1øi
1ì actt'Itateø de ;lii'nle econov¿ice

CIuj-Naþoca(3.11) R,,,(næ): (- 1)*

where the function

Lf pn¡"r'[; -fi 's(0,',¡]

(3.12) s(0, æ¡) : +#, U:r,2, .. ., N,

is clefined for 0 e (0, 1) and flßi: nþ¿- 1.

Norv, instcd of the function g(0, nr), rve introclt'Lce a new fuuction
ltalnely

| ,iÍ 0 : l, þ¡ e (0,11

(3.13) 1rþ¡:
0, if 0:0, þ¡:0
n, íf 0:0, þ¡: I

where 1x7r¡.: nþ¡ - l, i : \,2, ',',

E(0, þ¡), r/ 0 e (0, 1)

N.

IL 0 : 1, then lor any 'p. e (0,1), respectively, for any lrí c

= [- :, ; ], 
,"" have $(1, þ,): r'Maki'g this cha'ge the remainder

I?,,(nrcr) can be rvritten as

(3.14) R,,þnv): (-l)* +ä#. 
"

Norv, replacing in the relation (3.3), the remainder R,,(nnn) th31g.h
the nerv'forin (3.i4), $'e obtain the follorving approximation for H(X).

(3.15) H(x) x Ir,,t(x) - - +lø - N) '- ulog,tt I

.å 
"ä äÐ,,t )'nþ


