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1. Let the equation
(1) 25 = f(z1, 22)
be represented by a nomogram N with three curvilinear scales S;, S,, S,
having the following equations in orthogonal coordinates:
x = x,(s;)
pse=s,(z); sl(z) 20, 2 <z <25 4i=123,
¥ = ys))
where s; is the arc length of the respective scale curve.
The error of the momogram N in the point P(2?) of the scale S; is
defined by

wher % is a constant (called the geometric error). Under the potnt-wise error

of the entive nomogram N we understand the value E, = max max E(z).
toalg z‘<z.§'

A point P such that E(P) = E, is called a point of maximal error.

The value of z,, found by use of the nomogram to solve equation (1),
has an error, which depends on the error in the point z, of the scale M,(2s),
on errors in the points M,(z;), M,(z,) of the respective scales and on the
equation (1). Thus an suitable measure for this error is the following value,

associated to a the resolving line A = M, M,
(2) EQA)=E(@, z) =22 40 * 4 1

9z, ds, Oz ds, dsg
dz, dz, dzy
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We define the global error of the nomogram by

E, = max E(z, 2), 1=1, 2

z < xiszi

A line A such that E(A) = E, is called a line of maximal error.

Applying to the plane of the nomogram an admissible transformation
(i.e. a collineation preserving the nomogram in the interior of a given
domain, e.g. circular disc or rectangle), generally the error of the noino-
gram can be diminished ; if not, the nomogram is said to be optimal.

In the papers [1], [2], [3], [4], [5], (6], [7], (8], [9] there where
given criteria for a nomogram to be optimal with respect to the pointwise
error and certain families of admissible transformations. In all these cri-
teria a crucial réle is played by the number and position of the points of
maximal error.

In the present paper we shall give conditions for a nomogram N,
with two scales on a circle C and one scale on a line D, to be optimal with
vespect to the global error. Now the number and position of the lines of maxi-
mal error will be decisive.

2. Tet the origin O of the orthogonal coordinates be the centre of the
unit circle C and let the Ox axis be parallel to the line D ; then the equations
of the scales of NV, are

X = cos§; , [ x =8,
S, . =12 Ss

Yy = sin s; Y =p
s; = 5;(2,), zi <z, <%, 1 =123

where  is the distance of the point O to the line D.
The points M,(s,), ¢ = 1, 2, 3 are collinear if and only il

(3) I plcos sy — cos s,) -+ sin (s, —s,)
g = .

sin s; — sin s,

We take as admissible transformations tlie collinations of the plane
which preserve the circle C. Tt is shown in [2] that such a collineation is,
up to a rotation around O, a harmonic collineation with centre O*(«, f)
in the interior of the circle C and having as axis the polar of O* with res-
pect to C. We designate by X the family of these harmonic collineations,
depending on two parameters « and {.

Tt is easily deduced that the image of the point 3 (x, y) under sz, 8) =
= 3 is

s 0By (B oP - Ny — 2B
20% 4 2By — of — B2 — 1

a0 e (2 — B2 4+ Dx - 2aBy — 2a _
' Qax + 28y — o2 — B2 1

'Jl'
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The image nomogram Ny = o(N,) has as scales

(a2 — B? 4 1) cos s; + Zaf sin s; — 2g

L

x =
2¢ cos s; + 2P sin s; — o — B — | )
St g = 1,2
ot y __ Z2aP cos s;+ (Bt — o o l)sins; — 20
Y 2a cos 5 + 2P sin s — of — B2 — 1
, (a2 — B2 4 1)s; + 2app — 24
¥ o= i 2 2
24 cos 55 + 2P sin sy — o — B —1
Ss

. Zafs, + (B2 — o2 + 1)p — 28
T Zasy + 28p — ub — PP 1

Y

Since (0,0) is a simmetry with regard to 0, the nomogram Ny, may
be identified with the given one, N,. Direct calcnlations yield

asi _ 4 [(# ) 4 dl)_—_ o+ B D ie=1,2
- ds

ds; ?l?, 2u cos s; -+ 2P sin s; — 1 — of — B2
(4) ds, dx' |2 i+ dy' 2 _ o 4 B2 1 ‘
r}s_s ds, dsa) (2 cos s; - 2p sin §; — 1 — «? — p¥)2

BT = @ T — 2Bp) + 4e*(p—E)"

The expression of the error corresponding to the nomogram Ngp and
the resolving line A going through Mi(z)), M,(2,) becomes by (3)

" ko dsy 1 Jsy 1 1
= n — [Ilz.. 2 1 = — — . - — A “]‘ "
(3) h(A: o, (3) L(“]J 2, &, B) ds, 25, ds{ 882 izﬂ ﬁ
d—z3 ds,, ds, dsg -
Let Ay, ..., A, be the lines of maximal error of the nomogram Ng,p,.

According to a result proved in paper [9], we have:

crnoriM 1. a) A necessary  condition for E (e, B) :111&21{ E(z,
19 48

2, a, B) to admit a relative minimun ar (g, Bo) 15 the cxistence of a posilive
solution (¥ 7, #; 2 0, and I &, 1, > 0) to the system of equations

2 %(Aﬁ ooy Bo)t; =0
(6) i

El z—z (Aj, %o, Bo)tj =0.
J#
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b) If n =3, the vank of (6) is 2 and it has a strictly positive solution
(t1, Ly, 83 > 0), then E, (o, B) admits a weak minimum at (ao, B,), t.e. the
restriction of Eg («, B) fo an arbitrary line through (o, B,) admits a relative
minimum at (ay, Bo)-

c) If n>3 and if we may select three lines A with properties b), then
again E(x, B) has a weak minimum at (o, B,).

Looking for conditions that the initial nomogram N, be (weakly)
optimal we take «y,= B, = 0.

One deduces from (4)

a [ ds,
== 4] =—2coss; i(ﬁ} =4s,
du | dsi ] la=p=0 \ Au\dsy) |u=p=0
(7) 5 P= L&Y o
= [-—2— = —2sin s, l = (—f?] = 2p
dp \dsi a=f=0 dap d&'; = f=0
and from (3) we have
0sy _ sins, —p | osy sins;, — p
. ot ot Tl e T F) oy ST A 1 e
(8) N T O IS s
2 2
By use of (7) and (8), we get from (5)
51us—-1+52——;b(cos ! —Zsinslﬂl-sz\
IE 2 2 2
00 |u=5==0 ds, $1 4 Ss
hond cOos
dzg 2
© | P .
S S = S Sy
oE N - sin s, sin s, — p (sin I—Z—g-cos f + cos? 2—>*
OB |a=p=0 ds, 2 S1+ 5
== cos® —
\ dzg

To simplity the expression (8) we introduce the non-homogene-
ous line coordinates (u, ») of the resolving line A going through the points
M(cos s, sin s;), 1 =1, 2. Since the equation of the resolving line A is

(sin s; — sin s,)x + (cos s, — cos §;)y - sin (s, — §;) = 0,

we have
$3 + S, $1+ s
cos ———— sin ———
2 2
(10) 4 ey gy e
§p — Sy $1 — 5
cog ——— cog ————
2 2
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After some calculations, we get

Z_E :_dz" ul(1 + 2p)w + 2 + p1;
o lau=f=0 d—i?u”
%Eé ey = — 2 [—w(l+ p) + po+ 1.
_u2
dzy

The equations
Dy(w, v) = [1(A) = a[(1 + 2p)0 +2 4 p] =0;
Ty, 0) = Ty(A) = —up + 1) 4+ pv + 1 =0
define in line coordinates two curves of second class, I'; and I',. TY, is reduci-

12+ 2;’ and the improper point
T
of the Ox axis, i.e, I'y consist of the lines through P and those parallel to

Ox. The curve I', is the ellipse

ble and represents the pair of points P |0,

X (V — P/z)
+ =

i

The following lemma is easily proved:

Lemma. 1 The line ux vy + 1 =0 intersects the ellipse T',in
two veal distinct points if and only if U'y(u, v) < 0.

In the subsequent discussion we need the following pencil of line
conics

(11) Iy(4, v) — ATy(w, v) = 0.
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They are tangent to four fixed lines L, and L,, the tangents to the ellipse I,
drawn from the point P, L,, the Ox axis, and L,, the other tangent to Iy
parallel with Ox. In order to obtain an interpretation for the parameter 2
we determine the second tangent 7, to the curve (11) passing through
the origin O. Using homogeneous line coordinates equation (11) writes:

wl(l -+ 2p)0 + (2 + p)w] 4+ A[(1 4 p)u? — prw — w?] =0,

a line (#, v, w) passes through O if and only if @ = 0; thus the tangents
through O are the solutions of the system

wl(1 4+ 2p)o + M1+ p)u] =0, w =0

and the line coordinates of 7 are u =1+ 2p, v = —A(1 + p), w = 0.
Denoting be 1, the slope of T, we have

(12) AL diyZriod
L4 p my
If A is any line different from L, <=1, ..., 4, there exist a unique
curve (11) tangeut to A; we denote the corresponding value of the para-
meter A by A(A) and the tangent Ty, by A’ and call it the lne associaled
to A. We can construct A as follows:

I,emma 2. Interscct Ly with L, in A, A with L, in M, OP with the

parallel through M to Ly in B, and AB with A an N. Then ON is the line
assoctated to A.

This lemma is a a consequence of Brianchon’s theorem applied to the
six tangents A, L,, L;, Ly, Lg, in this order.

Note that A(A) =oo if and only if A is tangent to the ellipse I', and
AMA) = 0 if and only if A passes through P (for a resolving line Al Ox
is not possible).

Lemma 3. Suppose that none of the lines Ay, Ay, Ay, 1s tangent to
the ellipse 1%y or passes through P. Then the number MA,) s between MA,)
and AMA;) (e MAD < AAy) < MAy) or MAg) < MAy) < MAy) of and
only if the pair of lines (A], A§) separales the pair (A;, Ox). In this situation
A, ts said to be the central line of Ay, A, A,

Tandeed, it is sufficient to consider the following cases: 0 << A4,) <
< 2By < AAe); AAY <0 < XA < MA); Ay < MA) < 0 < MA);
AA;) < A(A;) < AMAy) < 0. In each case lemma 3 easily folows from (12),
wehre 1—, is a constant factor.

My,

3. To apply theoremn 1. we consider the following m:ain case . there are
exactly 3 lines of maximal error, say A;, A, Ay TLA) #£0, ¢ =1,2;
7 =1,2,3, and the associated lines A;, A;, A; are distinct.

Then the system (6) becomes

»(13) Pt’(Al)tl < Pi(A2)t2 - Iji(Aa)ta = 0; v =1, 2.
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If A, is the central line among A,, A,, A, and
2 = AMA) =t

the system of equation (13) has a positive solution if and only if the
numbers

(14) TE_).) il s xf,, A — M

Ty(Aq) (A, Ty

2(8e)
have sanie sign, that is to say when [y(A;), — T'y(Ay), T'y(A,) have equal sign.

Using also lemma 1. we can state:

THEOREM 2. In the main case the following condition is mecessary
and sufficient for the nomogram N o to be weakly optvmal :

Either exactly one of the three lines of maximal error s a secant to
(15) { the ellipese Uy and this the central one, or exactly two lines of maximal
error arve secant to 1y and these are not central.

Note that lemmas 2 and 3 permit a graphical verification of condition (15).

In case when the number # of the lines of maximal error is greater
than 3 and if we can select 3 of them satisfying the conditions of theorem
2, then N, is weakly optimal.

When 7 < 3 we can state only necessary conditions: Let N, be opti-
mal ;if # = 1, then A, coincides with L, or L,; if #n = 2, then A} = A;
and exactly one of the lines A;, A, is a secant to the ellipse 1.

Suppose # == 3. Another casc allowing to formulate necessary and
sufficient conditions is this: Iy(A;) = 0 and I)(Ay), Fa(A,), Ty(4d,) # 0.
Then N, is weakly optimal if only if

Pa(Ag)Ty(A,) <0
{F"(Al)Fl(AS)(7‘(A1) i 7\(Az)) <0

Again it is easy to check the conditions graphically.
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