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l. Let the equation
(1) z" : f(zr, zr)

be represented by a nomogram N rvith three curvilinear scales 51, 52, Ss,

having the follorving equations in orthogonal coordinates:

I x : x,(sr)

I , s¿: s,(2,) ; s',(2,) > o; zl 4 zi < zi'; i: l'2'3'I'
Iv : v,(r')

rvhere s; is the arc length of the respecti.,'e scale curve'
The error of thc rlontogram N iñ tke point P(a!) of the scale Sr is

defined, by
E(P):E(zl):." , -

? oit
dzi

wher h is a constant (called the geometric error). Under lheþoint-wise er.ro.r

of the entire nomogranc N we unáerstand the value E, : max 1laax ..8(2,).¿ ri<,r<ri,

(i),
('") 

'the
lu,e,

(2) E(A) : E(2,, z,) :#,.*,* 
*%, *,* X"

d,zt dr, *"



NOMOGRAMS

2d cos sd -l-

(2ø cos sa -l 20

n
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We define the globøl errol of the n'omogram by

Er: 
,rÍ7ax ,,E(zt, zr), i:7,2.

zi<r¿<zi

A line A such that E(À) : Eg is callecl a line of nt'axitnq'l et'ror

Applying to the plane of the nomogram an admissible transformation
(i.e. J collineation preserving the nomogram in the interior- of a given
domain, e.g. circular disc or rectangle), generally the error of the norno-
gram can be diminished; if not, the nolnogram is said to be oþtint'al.

rn the papers [1], l2), [3], [4], [5], t6l, [7], [B], [9] there n'herc
given criterià fir a nomogfarr to be optimal with respect to the pointrvis.e
ðrror and celtain families of admissible transformations. In all these cri-
tetia a crucial rôle is played by the number and position of the points of
maximal error.

fn the present paper'rve shall give conditiotts for a nolilograrl Àin_,

rvith trvo scales on a cirile C and one scale on a line D, to l>e oþti,nt,al witlt
resþect to the gtobøl error. Now the number ancl positiou of the lines of maxi-
mal error will be decisive.

2. I.et the origin O of the orthogonal coordiuates be the ceutrr: of the
unit circle C and let the Ot ¿rxis bc parallel to the line /f ; then the ecluatious
of the scalcs of No are

The image nomogranr N',0: o'(No) has as scales

a': (n'- þ' * l)s. ! 2a.þþ - 2u

2øcoss. f 2P sin s¡ - d2 - [i' - 1

så
2a,ps. f lñ2

-u2*l\þ-2þ!': 2as" ! 2þþ - uz -- þÀ -- 1

ot -l- Pt -'- 1

2psins¿--l-¿*-P'

u'-lþ2-'1

ì, : 1,2

sin s¡ -- | - u" - þ2)z

; i:7,2

I

)

I

i

i

Since o(0,0) is a simmetry wit-h reg.ard to O' the. nomogram No'o rnay

b" id";ìii"d .ti¿ifr ti""ãì"""-åi", No. D"irect calcrrlations vielcl

(4)

(T,)" * lL,,)':

(K)'o(K)':
lm' þþ)'+

si
f:cOSSi

Y : sin .s,'

(n' - þ" -l \* * 2aþy - 2o.

.L=:S¡

-:1

-oL +1-¿:7,2 S,

.sr : s;(2,), z'¡ { z¿ 4 z'i, i : 1,2,3
The expression of the error corresponding to.the nourogram.ìIø'p and

Ur" ,"*f.ìi-tíg li"" l"ã"i"g tfr-"gft X,ti@r), IúrQr) becomes bv (3)

rvherc / is the distance of the poiut 0 to the line .D.

'I'lrc points M,(t,), i,:7,2,3 are collinear if and. onlr'ìi

(g) ., ,= P(cos s' -.cos sJ :t-sin (s' -'c')
s111 51 - Slll 52

Wc take as adrnissible transforurations thc cclllirr¿rtious of the plane
which pfeserve the circle C. It is shown in 12) that such a collineation is,
up to ã rotatiou around O, a harmonic collineation rvith ce¡lre O.*\", r.0)

if ttie interiot of the circle C and haviug as axis the polal of O* rvith res-
pect to C. We designate by )ì the family of these harmonic collineations,
depending on tlvo parameters ø and. p.

ft is easily deduced that the image of the poinl X'I(x, y) uncler o(a-, þ)e
e2ìis

(5) F'(L, a, þ) - D(',' zr, a, þ) : 
"""

at\l

âs.

dzt

7 , ôs^ 1 r 1 \.
N- a, ^í' a'Ll
¿t' ,, dq J

2ux ! 2py - o¿2 - 92 - I
, 2a.þ.t'+ (fJ' - dz )- l\y - 29

" 2ut1-29y-c2-()2-7

T,et Àr, , ' ', À,, be the lines of naxitnal erroi of the nomogram N*'B"'

*f".oøi"g io a iesirlt proved in paper [9]' "ve 
have :

TrrtìoRrìM 1. ø) ''1 l1eccssal"'\' aon'ditiott' for IÌ' (u' þ) : :max E(z''

1- n Ã\ Lo adnlil . rcluliue ntiu,iut,ttnt, at (ao, þo) is tht: cx'isletrcc of a þosiLiuc
"';t;¡;ril iv-î, ï" ¿ ô,';"4 Àk, ,o> 0) rà |hi iv't'ttt' oJ cquations

æ¡, p¡)l¡ : 0

ø0, Po)/¡ : 0'
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After some calculations, we get

':l : -:!-u[' +2þ)u +z + þti
oo. la-B:O tzss 

"

167

b) I.f ,-.:3, tke_rank o.f (6) is 2 ønd, it h,as ø strictly þositiae solu,tion
(tr,t?, tp2 O),_then Pr@., þ) aclnù,ts a ueøh minintunt, it (æo, þo), i.e. thc
res.tv'iction of Er(a, þ) to øn arbitrary line through (oo, go) ød.rniis-'ø relatiue
ntí,nintum at (oro, 9o).

.c)_If n,SS ønd. if rye may select tlrree lines L,,with, þroþerties b), then
øgøin Er(u, þ) kas a, weøh rninirnum øt (a¡, B¡).

, I,ooking for conditions that the initial romogram No be (weakly)
optirral we take øo : p6 - 0.

One deduces from (4)

dz,

aEl 2h

=tâÞ lq:g:o ds,

dzt

and from (3) r,ve have

'Ihe ecluations

lrlu, u) : lt(Â) : ul1 + 2þ)u + 2 -l þl :0;
l,(u, a) : lr(A) - -u'(þ + 1) + þa | | : 0

define in line coordinates two curvcs of second class, l, and llr, I, is reduci-
ble ancl represents the pair of poirrts Pþ, r-lJ! 

land the irnproper point
\ 2 iþI

of the Ox rxrs, i.e. I, consist of the lines through P and those parallel to

ôsr_ sinsr-1
ôs, ^ .sr*s¡Z COS' -_-_

äs, _ sinsr-y'
Ox. The curve l, is the ellipse

Xz 0 - þ12),

Ø12)n
(8) âsc ^ .sr*s¿Z Cos" --

2

+ -1
o þ1-1

By use of (7) and (B), rve get from (5) v

AE

A"

AE

a

2h

dtt
dz"

, sl*sz I s,-s, s,+s"isit:-Þ[c"s-;j-2sin:]
\

,A'\ \ c

ø:9 -o sr*sz
D = L+cos

2
(e)

sin s, siu s, - p sln
sr*sg

2

sr-sr
f coss

sr*s¿ L

u

cos 

-

2h 2 o

0:o dt,
dzo

"sr * sa

2

'lo simplity the expression (B) rl'e introduce the non-homogene-
ous line coordinates þ,t,, a)-of. the resolving line A going through the pãints
M,(cos sn, sin s¡), i:7,2. Since the equation ót tñe resolving ti'e A is

(sin s, - sin sr)x -f (cos s, - cos sr)-! * sin (s, - sr) :0,
we have The folloy'ing lemma is easily proved:

Lemma. 1 Tke line uxlay *l:0 itttersects tlte ellíþse lsirt,
tao real, d.istitoct þoints if ønd, only if lr(u, u) < 0,

. fn the subsequent discussion we need the following pencil of line
conlcs

(11) lr(u, t) - ?'lrlu, u) : 0.

sr*sa
sln

sr*sz
2

cos 

-

2

sr-ss' sr-sz
ÇoS 

-

0
CoS 

-

(10) u

.,



Tlrev are tangent to four fi.<ecl lines 1,, and I-r, the tangents to the ellipse f ,
clrarvn {rom ihe point P, 1-r, the O.v axis, and' I.n, the other tangent to I.,
para11c1 n'ith O:r.-In order to obtain an itrterpretatíoli.fot the parametel ì
ive clcterrnine the second tetugent T¡ to the cr-rn-e (11) passiug through
the origin O. Using homogenôous iine coordinates ccluation (11) rvrites:

ul\ + 2þ)u -l (2 | þ)ul + Àt(1 -r þ)rt' ' þtt7p1 - u'l : 0;

a line (u, a, u) passes through O if and oirly iI ta :0; thus the tangents
tlrrough O are the solutions of the systenr

u'l(r ¡ 2þ)a 1- À(1 + 1,)u) :0, u :0
¿rud tlre lirre coordinates of 7'',, ate 1't'.:1 )- 2þ, u : -l(1 | þ), u :0.
Denoting be nr'¡ the slope of T¡, rve have

(12) ), - 
t:-t 2þ 1 

.

Itþ n¡

If A is trny line different frorn L¿, i: l, ..,,4, there exist a uniqrre
curve (11) tarrgeut to A; rve detr<¡te the corresponding value of the para-
rreter L bi' À(A) and tire tarrgeut Tr,t¡l by A' ancl call it t]ne Linc cLssocialcd

/o A. We can construct Ä as follows:

I, e nr nta 2. Intcrscct L, uitlt' Lo'in' A, ,\' uillt L, itt )'I , OP tt'itÌt, tltc
þølatlet tlorouglt. l,I to L" i.n B, attd. tlB tuitlt. L'itt, N. Tlten O){ is tJtc \it'tc
rtssociated, to L.

'I'his lemm¿r is ¿r ¿r conseçluence of Brianchon's theorem appliecl to the
six ta'ngents Ã,, Lr, Lr, Ln, .I-r, in this order'

Note that ),(A) :co if and only if A is tangent to the elliPse f', attcl
l(A) : 0 if ¿rnd, only if A passes through P (for a resoh'ing line A llor
is not possible).

Lenrma {1. Suþþosc tlt'nt ttotl'e o.f thc lines L,r,4¡,.4r, is taugetú..lo
thc. eltiþse l', or þass-e,s throttglt, P. Th,en lh,¿ n'u'ntber {4r) ,.t hetucert -},(Lr).
ønd x(A,") tî.r. i(n,) < À(^;) < À(4,) or À(A') < ¡.1¡n) I _À(4.,)) lf a,ttcL

ortl1, if'ttle þair o.f 
'tines (t\,i, L'¡ seþarøles the þair (L!t, Ox)' In' this sitttcttiott'

L,, is said to be thc ctnttral, lin,e of Ar, Ar, i\r'
fncleed, it is sLrfficier-rt to consider the follovving cases: 0 ( ).(At) <

< À(4,) < À(4,) ; r(4,) < 0 < À(4,) < r(^B) ; À(A') I r(4,) < 0 < ).(AJ.;
À(^r) ¿ l(Ar) < l(Àu) < 0. fn each case lemma 3 easily folorvs frorn (12),

rvehre t, ia a constaut factor.
1tx 7,

3. To apply theoren 1. tve consider the 1'ollowing tuqin. çase ; there are
exactly 3 liirõs of rnaximal error, say Ar, Ar, 

^8, 
li(Aj) I 0, i:1,2;

J :1,2,3, and the associated lines L'r, LL, A{ are distinct'
Then the s-vsteru (6) becomes

(13) l"(41)ll -l- l,(^r)r, -i i"(ar)/, : 9; 'i -= 7,2.
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If r\, is the central line atnong Ar, Ar, Ar, and

)'; : )'(A)-Iì(^¡)
rL(^¡) '

the system of ccluation (13) has ei positive solution if and only if thc
nurnbers

(l-1) )" - le r'- l' rt - It
tr(a.) ' fr(ar) ' lr(ar)

have sanie sign, that is to say when Ilr(4,), - lr(Àr), lr(Ar) have equal sign'
Using also lernma 1, rl'e can state:

1HE6Rr;y 2. ltt' tlw ttt,ain ca'se tJtt: .follozu'it+g cond'ition is necessary

ou,d. su.fficianl for the nottlogr&llt, N o to be ucakly oþtirual :

I Eíther crøctly one of it'tcs of I' e'rroris a secart't ttt

(lS) { lhc elliþcsr.lrønclthis t ot\c, or two lines of rnaxinr.al

l rrro, nrt sccant to l, ate u'ot

Notethatlemrnas 2 anð.3 permit a grnphical veriTication oI condition (1r5)'

In case rvhen the numbef n of t]ne lines o1 maximal erfof iS greater
than 3 ancl if \\¡c c¿lt1 select 3 of thern satisfying ttre conclitiotts of theotetrt
2, then No is *'eakly oPtimal.

When"n, 13 r""-""ri state onl1' necessary conditions: I.et No be opti-
rnal; iî n: l, then Àr coincides with Ir or Lr; iÎ n:2, thel:' Aí : Aí
ancl exactiy one o! the lincs Àr, A, is a secant to the ellipse I'r'

Suppoie tr, :3. Another cìse allowing _to._forr'ulîte necessar¡' nnd
su{Iicient cond.itions is this: lr(4.) : 0 arrd I"(Ar), lr(Â'), lr(Ar) I 0'
Then Nn is weakly optirnal if only if

I.,(Ar)fr(^r) < 0

t,(al)t'(^s)(7,(4,) -- À(^,)) < 0

Again it is ees¡' to chcck the conditions graphically
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rn this p_aper we.consid.er the probrern of the existence a'd the uni-qrleness of the solution in a set -Xe of the singular 
- - -

condition (2).
dynamics, narnely iu
educed to poincaré

The final results are included in the theorcrrn (*). The trvo cosequerrcesreffer to the rveak singular Fredhohn eqLratiou ltj).'l.Let us consideì the followiog ittt"gro-dif'ferential equatio¡ rvitha singularity of Cauchy type

(r) t(t) . v'(t) * +.i 3u* : s(t)

to which rve join an initial condition i, ,n" arn"
(2) Vp) : Vo, I/o e fi.
'Ihe-giveu- functions on the real axis,the first of thern sati ti"" K;ib;l";;;to the set le of the in all'tLe finiäpoints of the axis a

,!¡1'*v{*) 
: o, lv(ùl < #.

wlrere A ar.d, ¡l are positive constants.

we coll these conditro's ,,p-.R cottcri.t,íors" after the name of pRzEworìsKÁ-
RorJEwIcz, who has given them wtren studying the existenc", i"Jn" ."or" or tte pri""lp"r

+oo
I Vkl

value, of the integral I Ë ¿* t2l,J r-ñ
--co


