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In this paper we consider the problem of the existence and the uni-
queness of the solution in a set ¢ of the singular integro-differential
equation (1) with the initial value condition (2).

Such equations appear in fluid dynamics, namely in the determination
of jet lines [1]. The problem is reduced to Poincaré boundary problem
(5) for a harmonic function W,

The final results are included in the theorem (*). The two cosequences
reffer to the weak singular Fredholm equation (6).

1. Let us consider the following integro-differential equation with
a singularity of Cauchy type

1ey o} V(x)
(1) f0 VO L g T g
to which we join an initial condition of the type
(2) V(0) = Vo, Vo e R.

The given functions f(¢) and g(f) are supposed analytical on the real axis,
the first of them satisfying also f(£) > 0 on R while the solution V(x) belongs
to the set ¥ of the real, analytical functions, Holderian in all the finife
points of the axis and satisfying the ,,P—R conditions’’!

lim V(x) =0, [V(z)] <

|]—+o0 Al
where A and p are positive constants.

We call these conditions ,,P—R conditions” after the nmame of PRZEWORSKA —
ROLEWICZ, who has given them when studying the existence, in the sense of the principal
+o0
. Vix)
value, of the integral '——~ dx [2].
- ¥
—®



179 TITUS PETRILA 2

For the study of the existence and the uniqueness of the problem
(1) -+ (2) we shall first take into account the correspondent homogenous
equation :

3) IO v + % ? t—"fildx =0

to which we attach the following boundary problem :

»Determine a function G() = U — i, holomorphic in the upper
half-plane, whose real part U is a uniform bounded function which fulfils
the boundary condition

Ulx, y)los = V(x),

where V(x) is the solution, supposed to exist, of the homogenous integro-
differential equation (3)”.

The solution of the above boundary problem, up to an additive pure
imaginary constant, is

. -}7w
GO)= — & SMdX
~ ¥ — &
the existence conditions, in the sense of the principal value, of this integral
of Cauchy type beeing fulfiled by the above demands requited from V(x)

[2]

Therefore the function W will tend to a well determined limit when
the point ¥ tends to the point ¢ of the real axis, provided that the function
V(x) satisfies generally enough conditions, as for instance a Hélder condi-
tion which is assured by hypothesis itself. More precisely we shall have
as limit value

+w

W = L S% dx,

where the existence, in the sense of the principal value, of this integral is

also assured by the same conditions imposed on V(x). Now, taking into

account that on the whole real axis @ = V’(x), the homogenous integro-
¥

differential aquation (3) express in fact the fulfilment of the following con-

dition on the whole boundary of the upper half-plane, the domain of holo-

morphicity of the function G = U — ¥,
3 f0 = —w,  yieR
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But the above equality shows that due to the analyticity of the function
U = V(%) on the real axis, we shall have the same property for the function
W, too. So the restriction on the Oz, of the searched function G, beeing
also analytical, it will transform this axis — the boundary of the domain
of holomorphicity into an analytical curve, broperty which assures the vali-
dity on the boundary_()x of the Cauchy — Riemann conditions. Finally,
by _Bég = — ?: — ‘;ﬁf in the points of the real axis, we see that the
¥ ly n
homogenous singular integro-differential equation is equivalent to the
fulfilment of the following boundary conditions on the real axis
aw ()
(4) - ZR - =0, te(—w, fu

dn

So the problem of the existence of the solution of the singular integro-dif-
ferential equation (3) is connected with that of the determination of a fune-
tion W, harmonic in the upper half-plane, analytical on the real axis, which
fulfils on this axis the previous mixed boundary condition (4). But this
new problem is a homogenous boundary problem of the Poincaré type.

Using now a Green'’s formula for harmonic functions?, more precisely

—® +oo + 0

5 S (gradW)? dxdy = — S 174 ‘z_W dx,
M

- 0 + o

where t—Wwill be taken from (4), and integrating by parts, we obtain
n

400 +o - 00
0=\ | (grad Wpdxdy = — { —mwrax <o,
J Jof(w)
—® 0 —
ow  ow . . . .
IIeuceT == 0, so the function W is necessarily a constant. Ag
ax y

From the Green's formula for a bounded domain

I
aw aw
(gradJl)® dxdy = — W —dx — W —— ds,
dn ds:
Dp —R Cr
where Dp(0; R) is the demi-circle in the upper half-plane, if R - oo then, making use of
+ 0o

aw
the bounduess of — S W—d_ (< 0 from (4))] and of the behiaviour of the first derivatives
n

— a0

1
of the bounded function W in the neighbouthood of infinity (as E:), we obtain the validity

of the above Green’s formmnal for unbounded domains.
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f() > 0, we have by the same condition (4), that the constant value of W
must be zero.

Therefore we have proved that the only solution of the attached homo-
genous Poincaré’s problem is identically zero. Since the so called ,,index”
y of the problem, which now can be expressed by the formula y =

1 ) 1 ! )
= — [arg 1]o, vanishes, the solution of the nonhomogenous Poincaré¢ pro-

3
blem, for every right sides%, namely

(5) Oy =40

t e R,
dn 1) &) b

’

exists and it is unique [3]. ;

But this nonhomogenous boundary problem corresponds in fact to
the initial nonhomogenous singular integro- differential equation (1). It
comes out that the searched solution V(x) of this equation (1) will be the
restriction on the real axis of the harmonic function U, harmonical conju-
gate of the unique solution W of the boundary problem (5). Obviously that
function V(x), solution of (1), will be determined up to an additive constant,
so we may give the following final theorem :

% THROREM. For any enalytical real funciions f(t) and g(¢), where f(t)>0,
the nonhomogenous singular integro-differential equation (1) with the initial
value condition (2) has, in the set V of the real analytical functions, Holderian
on real axis, satisfying the P—R conditions, a solution and only one.

2. The problem (1) -+ (2) could be reduced to an integral equation
of Fredholm type with weak singularity. Indeed, putting

!

S @ qq = K, %), S glg)dq 4 V0 = h{t)

q—x
0

and integrating the equation (1) with the condition (2) from 0 to ¢, we arrive
at the following singular integral equation of the Fredholm type®

1
(6) Vit + — S V() K(t, x)dx = hit)

™

8 The permutation of the two integrals whicl occur is possible since the following limit
is uniform with regard to t.

t—e A

lim [SM dx + S V(x) dx]
A—o0 t — ¥ t—

e—=+0 —A4 tte
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Due to the fact that for this integral equation with weak singularity of
logarithmic type the Fredholin’s alternative is applicable, we may formu-
late the following consequences of the theorem just prooved.

+00
| Consequence 1: ,,The integral operator A:V(x) —>5 V(x)le*(x, t)dt
defined on the set ¥ with the values in the same sel, has " single fixed
point and only one, namely V(x) = 0.”

x

(W‘e denoted k*(x, £) = —k(x, ) = S 1@ qu
0 S
Consequence 11 : I'or any veal analytical functions f(t) and g(t), where
J(t) > 0, the integral equations of Fredholm type with weak singularity (6) has
a solution and only one in the same set V.

REFERENCES

[11 Petrila, T, Sur Pinfluence du sol sur I'écoulement plan autour d’'une aile mince & jet,
Mathematica (Cluj), (1977, in press).

[2] Przeworska —Rolewicz , D, Sur Uintdgrale de Cauchy pour un avc fermé
linfing, Ann. Polonici Mathem., VIII, 155 (1960).

(8] Mushelisvili, N. 1., Singular integral equations, (in Russian), G. Izd. F.M.I.,
Moskva, 501 —302 (1962).

Universitatea ,,Babes— Bolyai"
Facultatea de Matematicd
Cluj-Napoca
Received 2. IV. 13877




