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rn this p_aper we.consid.er the probrern of the existence a'd the uni-qrleness of the solution in a set -Xe of the singular 
- - -

condition (2).
dynamics, narnely iu
educed to poincaré

The final results are included in the theorcrrn (*). The trvo cosequerrcesreffer to the rveak singular Fredhohn eqLratiou ltj).'l.Let us consideì the followiog ittt"gro-dif'ferential equatio¡ rvitha singularity of Cauchy type

(r) t(t) . v'(t) * +.i 3u* : s(t)

to which rve join an initial condition i, ,n" arn"
(2) Vp) : Vo, I/o e fi.
'Ihe-giveu- functions on the real axis,the first of thern sati ti"" K;ib;l";;;to the set le of the in all'tLe finiäpoints of the axis a

,!¡1'*v{*) 
: o, lv(ùl < #.

wlrere A ar.d, ¡l are positive constants.

we coll these conditro's ,,p-.R cottcri.t,íors" after the name of pRzEworìsKÁ-
RorJEwIcz, who has given them wtren studying the existenc", i"Jn" ."or" or tte pri""lp"r

+oo
I Vkl

value, of the integral I Ë ¿* t2l,J r-ñ
--co
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+æ
(gradW)2 dxdy : - WY

dtt

(3)

F'or the study of the existence and, the rlniqueness of the problern(1) + (2) we shall first take into account th" ;;;ï;.d;äent homoge'orlsecluation :

tct following bound.ary problem :hal i?"uÎ!(l ;,,1;*'l¿"1åiî1î'få[,,"1,,11ì, ifir,,îithe

U(x, y)lo,: V(x),

rvhere v(x\ is the solulion, s'pposecl to exist, of the hor.ogenorrs i'tegro_cliffere_ntiaÍ equation (g)',.'
'rhe solution of the'above boundary problen, up to an additive ¡rureimaginary constant, is

+æ

f A) V'(t) 1- ! ¿ vttl 
clx : 6¡ J t_ß

-@

ii:li:i
,IHTfl

' J' ilt:',lä #::X åi,',:'"ï'åilfi ï,
of the real axis, we see thal the

1.. equation is equivalent to the
dltlons on thc real axis

(4) f(q'#-wu):0, re(-"o,.l-co)
So the problem of the e,ristence of th

*æ

dx,

1,73

Ad

G(t) : --'- tr)

-l co

Ø

v(x)
dx

I
(

J

tire existence conditions, in the sense of the principal value, of this i¡tegr:zrlor cauchv tvÞe bceirg furrircrl by trre o¡ouå a"*ãããrläiii"d f-;"tii;j
l2l.

nd to a rvell determiued limit when
real axis, provicled that the functiorr
ions, as for instance a Hölder condi_
itself. lVlore precisely rve shall have

I,V(t) : dx,

where the existence, in the sense,of
also assured by the same condition
account that on the whole real axis

diflerential aquation (3) express irr
clrtron on the rvhole boundar-y of th
rnorphicity of the function G :

(3') f (t) a#: -r,v(t), yr e p.

where Ywil be taken from (4), and. integrating by parts, rve obtain

1-Ø +æ j_@

\ i(*t"¿ lV)zdxdy:- [ J-W'd*.0.) r .l I@) 
,. *.,

o,- ," the functio n W is":""rr"rtr" a constant
IIeuce

0<

A'V ÔW

0x òy

+ælr
;J

-co

v(t)
,r-l 2 Frorn the Gr-een's formula fo¡ a bouucled clor¡ain

!I (grarrrf'),crxrty : - ï r, Y o- - | *!'! u,) dn J'd,,""'Dn

rvhere ,D¡(0 ; l?) is the <lerni-circre in the u¡rper harf-prane, if ,r¿ --Þ co ,ren, making 
'se oI

the Loiruclue.ss oi - [ ll, 9ø
) ¿1, 

(ç 0 from (a)ll ancl of the l¡ehaviour of the first clerivatives
-@

ol tlre bouuded Iuuction I4r it tbe ueighbortrhoocl of iufinity
of the above G¡een,s forruual loi unbounrled clomains.

as rve obtain the .r'alidity
I

]?P
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Í(l) > 0, we have by the same condition (4), that the constant valte of. W
must be zero.

Therefore we have proved that the only soltltion of the attached homo-
genous Poincaré's problem is id.entically zero. Since the so called ,,ind'ex"
X of the problem, which now can be expressed by the formula X :
: I 

¡arg 1]6* vanishes, the solution of the nonhomogenous Poincaré pro-

Ilue to the fact that for this integral eqr:¿fierr with weak singularity of
iogarithrnic type the Fredholin's alternative is applicable, we may formu-
late the follorving conseçlúences of the theorem just prooved.

+co

Consequence I : ,,Th,e 'irttegrøl oþerator A: V(x) -, \ V(x)h,*(x, t)dl

ctefi,ned, on the set N witlo the ua.lwes in the sa.u,te set, hn,*o songte fixcd,
þoint ønd. only on,e, nønoel,y V(x) : 9."blem, for every right sides€Q , namely

(5) #-hrur:'#,þreR,
exists ctnd, it is unique l3l.

(

I
We denoted k*(x, t) : -h(x, t) :

f ø) dq
(l

.llut this nonhomogenous boundary probleû1 corresponds in fact to
the initial nonhomogenous singular integro- differential equation (1). It
coÍres out that the searchecl solution V(x) of this equation (1) rvill be the
restriction on the real axis of the harrnonic function Lr, harmonical conju-
gate of the uniclue solution W of tine boundary pr..obletn (5). Obviously that
fìnction V(x), solution of (1), will be detertnined up to rtu additive constant,
so we may give the following final theorem:

iotos f (t) ere f (t)>0,
the I eqotati I'he initial
aa.l, analytic Hölderiqtt
on reøl cr.xis, satisfying the P-R conditions, ct soltt'tiott' an'd' only on'e.

2. Th.e problem (1) + (2) coulcl be red.uced to an integral ec¡tation
of Fredholm type with rve¿rk singularity. Indeed, putting

Con.sequet,rce II: ,,11-oi, n,ny real, ønølytical fu,nctíons f(t) and, g(t), ahere
lØ > 0, llr.e'integrel eclucttions rf Fred,løolm tyþe zai,th, weøh singulørity (6) h,øs
s soløtt'i,ttø ønd only one in, the søu,t.e set V" .

RÐF'T'RT}NC]iS

i* d,r: x(t,,), 
ig(e)aq 

.+--vo : h(t)
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and integrating the equation (1) with the condition (2) lrorn 0 to t, \\/e afrive
at the Îãllowing singLrlar integral equation oI the F'reclholu:. typeg

+Ø

(6) v(t) + | V(x)I{(t, x)dx : k(t)

s The permuf¿tiou of the two iutegrals x'hicl t¡ccur is possible since the followinglimit
is uni{orm with regard to f.

i_A

e

V (t\

-d,*I
t-r

t

A

lim
A+q
e+0
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