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1. M. BeBUTOV defined in [1] the shift system = on C(R, R) which was
much studied later in the mathematical literature. He used the compact-
open topology on C(R, R). Tt is natural to look for such metrics (or topolo-
gies) on C(R, R) in respect to which © becomes an uniformly contintous
{equicontinuous, respectively, uniformly equicontinuous) dynamical sys-
tem (s. [3]). The first temptation is to use the uniform metric, but in rcs-
pect to it 1 is not, at least, continuous. _

In this paper, we obtain t as uniformly equicontinuous dynamical
system using for C(R, R) the metric S which we defined in [8]. We call
it ue-Bebutov system and study an universality property of them. Also
we compare the usual and the ue-Bebutov systems. i
2, We recall some notations and definitions from topological dynamics.
Let X be a mietric space with a fixed metric d.

Definition 1. A4 dynamical system (vespectively a uniformly
cquicontinuous dynamical system) on X is a function w: X X R— X that
Satisfies the following axioms:

(1) (%, 0) = %, for every x in X

(2) o(m(x, 1), 8) = w(x, t 4= 3), for x in X, t and s in R

) T Us comtinuous (respectively uniformly continuous).
For a fixed point x in X we use the following notations :

4) YH®) ={y < X:3¢t20, y = (s 1)

(5) Lt w) ={y = X:3 4, — 4 oo, y=1lim n(x, 4,)}

Sl T+ = {y < X:2 %, 3 ¢, — 4 o, 3= lim n(x, L)}

to denote the positive trajectory, the positive limit sef, respectively the -
OStivve prolomgational limit set of .
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Definition 2. 4 point x € X s called :
a) positively Lagrange stable if y7*(x) is relatively compact
b) positively Poisson stable if x € L+(x)
c) positively nonwandering if x € J*(x).
Definition 3. A set M<c X is called :
a) positively invariant of for any ¢t >0, w(M, )M
b) positively Lyapunov stable if it is positively invariant and for any ¢ > 0
there is a & > 0, such that for cach y in X with d(y, M) = inf {d(y, x):
x € M} <8, and for each tz 0 we have d(n(y, 2), n(M, 1)) < e.
Convention. For all of the above notations and definitions we have
a ,negative” and a global version taking ¢< 0, respectively { = R. If
the dynamical system 1is uniformly equicontinuous we add a lower index
,, %’ in the mnotations and the adjective ,,uniform’” in definitions.
Definition 4. Let © and o be dynamical systems defined on X
respectively on Y. They arc isomorphic (respectively uniformly isomorphic)
if there exists a homeomorphism h: X —Y (with h and h—t uniformly
continuous) such that the following diagram .

XXX

il'XIR Vl

YR —=>Y

is comutative. If w is isomorphic (uniformly isomorphic) with a subsystcm
of o, one says thal = is cinbeddable (uniformly embeddable) in . If the
bijection h is omly continuous, ome says that w may be applicd on o.

3. Let C(R, X) Dbe the set of all continuous functions from R to
X. I'o define some metrics for C(R, X) we shall use the function [ : [0,
w]— [0, 1] given by:

for { « [0,
7) 1) =4t H L et
{ for { =

The uniforin metric 7° for C(R, X) may be defined by :
(8) I(f, g) =1 (sup {d(f(t), g(t)):¢ = R}).

The compact-open topology oun C(R, X) is generated by the metric K |

defined as follows:

) K(f g) = Zr I(max {d(f(t), g(t): |l < n}).

n==1

In [8] we defined a Pompeiu — Hausdorff type metric by :
(10) S(f, 8) = Isup {So(f, &), Solg, f)})
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where
(10) Soff, g) = inf {r > 0: Vi< R, inf {d(f(t), g(s)): |t — s| < #} <7}
with the usual convention: inf J = oo. i

Using the metric K for C(R, X), m. sesurov studied in [1] (for
X = R) the shift =: C(R, X) x R— C(R, X) defined by :
(11) T(f, t) = f, where f,(s) = f(¢t + s).

He proved that t is a dynamical system.

If one uses the metric 7 for C(R, X), the shift = is generally dis-
continuous. For example, if X is a normed space and x# 0 is a fixed
element in X, 1 is discontinuous in f defined by f(£) = exp () - a.

Let us denote by «t, the function < defined by (11) on C(R, X)
metrized by S. Mg ‘

THEOREM. 1. =, 1s.an wniformly equicontinuous dynamical systen.

Proof. Let » > 0 and suppose S(f, ¢) <7/2 and |t — s| < 7/2. For
any o < R there is an 8 in R such that [o 4- ¢ — ] < /2 and d(f(o -
+ ), &(B)) <r/2. For w =8 —s we have: : V

o —u]=|a— PB4 s|< e+t —pl st <7
and
A(fila), g(u)) <72 <7
Hence

So(fu gs) <7
and interchanging / and g we get:

S(fi &) <.
I)efinitivo\n 5. We call =, wue-Bebutov system on X.
t Renm_rk l. It was proved in [8] that the metric S is finer than
K, that is the identity function
1 (C(R, X), S)—> (C(R, X), K)

IS continuous. It follows that the ue-Bebutov system may be applied
on Bebutov system 7. As an easy consequence we obtain the following :
THEOREM 2. For each f « C(R, X) we have:

A LI(f) = LH(f)

) ;;}; {I :s uniformly positively Lagrange stable then it is positively Lagrange

¢) g{e [ s uniformly positively Poisson stable it is positively Poisson sta-

d). f{; éf 1S uniformly positively nonwandering, it is positively MO’H«lwandg“
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Remark 2. As concerns ILyapunov stability, the implication is con-
verse. More exactly, every positively invariant set is uniformly positively

Lyapunov stable.

All these statesments remain true if we replace ,,positive’’ by ,,nega-
tive’.

Generally the above inclusions and implication dre strictly even in
the case X = R as one see in following examples.

Example 1. Let us consider the function:

1 — i for || <1
Lo 0 for j#| > 1

''he nul application belongs to L*+(f) and to L7(f) but not to Ly (f) U Li (f)-
Moreover L,(f) =, hence (s. [6]) f is not uniformly ILagrange.stable
(in any sense). However it is positively (and negatively) Lagrange stable.

Example 2. Let us construct the double infinite sequence (a,)” _

as follows: we start with the arbitrary non-constant sequence (a,)”
(for example a, = n). Then, step by step, for n =0, 1, 2, ... we put
the block a_,, ..., a,, ..., a, as the block a_gy1p, ..., @ueynyr- Then we
define the function f: R— R by:

f@t) = (t — #)(@ws1 — a,) + a, for £ = [n, n+ 1), n = Z.

For it K(f, furyns1) < 1fm, hence fe L*(f). But f & L(f) because S(f, f,) =
> 1/2 for s > 1 (at least in the concrete example which was given). -

Similarly, starting with a kernel of distinet numbers ay, «,, @, and
constructing alternatively on the left and on the right the sequence
(a,)7__,, we obtain, as before, an / which is Poisson stable (in both

directions) but is not uniformly Poisson stable in any direction.
Example 3. As we said, any critical point is uniformly Lyapunov
stable. On the contrary, no critical point is Lyapunov stable. Indeed,
if f(t) = x, = constant and 0 < § < & <C 1 are arbitrarily, the continuous
function : '

X, if ¢t (—1/e—1, —1fe)
) =% +1 fort= —1fc — 1/2
linear in rest

'

satisfies K(g° f) < 8 but K(gieti f) = 1> e
4. For a given dynamical (or uniformly equicontinuous dynamical)
system defined on a metric space X, let us denote: :

H={r,:R—> X, n,()) =x(x, §), Vi, x < X},

The shift system = (respectively v,) on C(R, X) induces on II, which is
invariant, a dynamical (respectively an uniformly equicontinuous dynami-
cal) system. We call |n (respectively t,|r) Bebutov system associated to .
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THEOREM 3. Any dynamical (wniform equicontinuous d 1
£iiv e i Y ¢ / ' ynamical) system
18 'Ltsomorphw (vespectively uniformly 1somorphic) with its associated )Be;}}ml()v
system.

Proof. The application 7: X — Il defined by j(x) — i ijecti
W81 thelidiag dmen I y #(x) = n, is a bijection

XxRIs X
\L"XIR' li

MxRIGET

(TH/K)

15 utatlife- \i [& ha\'o 1:0 rove l Iltlllulty LlIllf()IIll continu t
comin : # 3 3) e h(, (§6)
(}as\. ﬂ) T 1S a dV 11a1mic al SYS [.(3 m .

Tet x,-> v and ¢ > 0. Fix 7o €N such that 2 i

E

Becanse

] ‘ =T e
g(xm 7) ;&» =(x, #), for every,{ < R there is a N, such that » > N, implies
(m(,, )f, n(x, £)) < ¢/2. The corespondence f—- N, being contintious,
we may find Ny = max {N,: [ < i,}. Then for every i >N,

K(x,, =)< ;z—f I (max {d(n(x,, #), =(x, ): )< 1}) +

w t :
+ Elz—f <ef2) 27+ ¢2 < ¢
el 3 =1

that is ¢ is continuous. 1 is also continuous because

I{d(x, y) < K(m, ).

t“m b) = is an uniformly equicontinuous dynamical systen.
i S(Jl(ﬂil}l s> () there is an 8 > 0 (8 < ¢) such that d{z, y) < § and
on | xr\ iniplies gf(n(x,__z), oy, §)) < e That is d(x, y) < implies
EXii:;t’-ﬂ'l-') < &, hence ¢ is uniformly continuous. Also if S(r,, =) < 8 there

S8 S = s(x, 9), |s] < 8 such that d(z(, 0), =y, 5)) < 5. Hence

a(x, y) < d(n(w, 0), w(y, )+ A(r(y, s), w(y, 0)) < & 4 ¢ < 2
that is -1 g uniformly continuous.
Syste{af’mﬂﬂd 3. It is well known from [1] and [5] that the Bebutov
i @'Cl“s T tgcm t) has an untversality property for compact systems which
e a-}\ O generalize (s, [7]) as follows : the dynamical system n defined
e B:Onlpact metric space X is embeddable in Bebutov’s system on
{6 Em'béldagiibl-‘il"?‘-‘@ Y} f a_nd only if the set of all critical points of
o Stibe ¢ m ¥, Le. 1s homeomorphic with a subset of YV -
8ously, \Wwe have the following : ! gl e
o MHBoreM 4. The dynamical syste ) '
Shace % cu Yuamrear system w defined on a compact melrs
Pace X s embeddable  (umiformiy embeddable) in the ue—Bebthov systenj

M By e
. tach space Y if a odv iF b - ! ; i
Sel of teh space Y if and omly if il is uniformly equicontinuous and the

14 1] " AR O v s .
f dts critical pownls is uniformly embeddable in Y.
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Proof. Necessity is immediately because any dynamical system which
is uniformly embeddable in an uniformly equicontinuous dynamical sys-
tem is uniformly equicontinuous.

Sufficiency : let us denote by I' the set of all critical points of = |
and by y an embedding of T' in V. By the method used in [5], it was
proved in [7] that there is a continuous function f: X -+ Y such that
/|l =y and for any pair of distinct points x, y € X

(12) Sz, ) # f(m(y, 1)

for at least a real £ Define the function A: X — (C(R, Y), S) by /(x) =
= [+ m, The space X being compact, [ is uniformly continuous hence
fof any &> 0 there is 7 < 0 such that || f(x) —f(y) [| < ¢ if d(x, ¥) <=
By the uniform equicontindity of =, there is §, 0 < 8< 4, such that
d(v, y) < & implies d(n(x, ¢), =(y, #)) <7 for any [ = . Heuce S(h(x),
h(y)) < e, therefore i is uniformly continuous. By (12) kb is injective and
X being compact and C(R, Y) Hausdorlf in respect te S, it follows that
Jt: h(X)—X is uniformly continuous. Consequentely = is uniformly embed-
ded in the ue-Bebutov system on Y.

Consequence Any dynamical system defined on « comipact metric
space is wwiformly embeddable in ue-Bebulov system on [*.
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