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ON UNIFOIììVILY EQUICONTINUOUS DYNAMICAI, SYSTEMS

l. rr. s¡)¡urov defiued in [1] the shift systenr t orr C(It, Iì) l'hich u'as
nuch studied later in the mathematical literature. He uied tlie cornpact-
open topo,lo€V 9n C(R, ll). It is natural to look for snch ruetrics (or toþolo-
gies) on C(R, Iì) in respect to which c becomes an uniformly contirrìrous
(ecluicontinuous, respectively, uniforrnly cquicontinuous) d)'namical sys-
tem (s. [3]). The lirst ternptation is to use ihc uniforrl metric, but in rcs-
pect to it t is not, at least, òontiruous.

In this paper, u'e obtain c as unif<¡rrnly ecliricontiurrons c1)'naurical
systenr using for C(Il, Iì) the nretric .S rvhich n'e^clefincd. in l8l.- wc call
tt ttc-Bebutov systcm and study an universality propert¡' 61- thern. Also
\\¡e colltpare the usual and the ue-Bebutov systerns.

2, We recall sorne notations and definitions froni topological c1¡'n¿1nlq5.I'et X be a metdc space rvith a fixed metric d.
Def initio:n l. lL d,yn,øm,icøl s)tstcrn (resþcct,iaeljt a uniforntl,j,

ct¡u'ico.ttt'intrcu,s d.jt1¡¡1¡¡x,i,¿øI sysienr.) on X ís ø function n: i X n-.k tltot
sqtxsJics lÌtc folloruiu.g ax,ioms :
(1) rc@;O) : x, Íot, euery x in, X
()) r(n(x,l), t) : r(x, t l- s), for :u i¡,t, X, t cu1cl s,iy, Il
(E) æ,i$ continuous (rr:sþcct,iac.ly rnrifctrml,y cor.r,tiu,rtous).

Ilor a lixed point x i¡ X lve tlse the follorving notations :

lnl v'@) : {v = x:lt> o, v : n(x, t)}

!'l L*Ø): {y = x:l t,-'+ co, 9:lim n(x, t,,)}

lul J*@): {y = x:f x,,-. x, j t,-,-I @, y:7im n(x,,, t,,)}
to denote ti.'e þositiue, trøjectory, the þositiac l,,inùt set, respectiveiy thcþosiliae ¡rolongåLio nal, litn.i,í trL "¡ i.

by

GI{. TOÀDÞ-r{

(Cluj-Napoca)

106 ÊLENA POPOVICIU 6

¿ " :llÌ'',roä,):;:;;' î:î' Í,,::l'iíåTj.
alle lxr, r'+.rl des fonctions L(F,', ,
ont ègãles. C'est une situation qti
clant les errsembles F1, Fz, '.. ', Ft.
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(10') ,S'(tg) :inf {r>0:VreIì, inl{d(f(/.),g(s)) :ll-sl <r}<r}
nith the usttal conr.ention: inl Ø - co.

Qli"g the metric ^{-fol_.C(R, X), I,r. uDBUuov studiccl in fll (for
X : Il) the shift c : C(R, X) x Iì -' C(R, X) clefinecl by :

(11) '(Í, t) - f,, where l(s) :71r a s).

He provecl that t is a dynamical system.
rf one uses the metric. î_for c(Iì, x), ilre shilt c is ge'erally dis-

continuous. Itor example, if X is a irormed space and ø+=O ir a fixecl
element itr X, t is discontinnoris in y' dclined by f(t) - exp U) ,.I,et r1s denote by r,, the lnnctiorr r clefined by (ll)- orì'ú'(R, X)
metrized. by S.

THrio-RIì-\I 1. t,, 
^tls 

un tncifonttl,j ¿qx¡¡.rontinuoøts dynam'ical, systeut.
Proof. I,9L r ) 0 ancl supposL. s(/ s) <rl2 ancl- lt.- sl <-r¡2. r",

arry o( e R thcre is-an p in.R strctr tliat-ia. +'t - g l <rl2'anA'tt(f(o. 1.I l), g(p)) < /12. For u: p - s n'e h.a\.e :

lo. - t4: lø - 0 * sl < I" f t - P,IJ- ls.-, tl <r
and

d(f,("), e,(u)) < rl2 < r.
Ifence

'su(fl, g") { t
and interchanging J' a.nd g'rve get :

S(,/,, s") < t.
DeIinitio,lr 5. l,Ve call,.;,, ue-Bebutoa sjt5l,¿717 on X.
Remark, l- rt rvas provecl in t8] that túe metric ,S is fi.er tha'1(, that is the identity'fuuctiorr

'i: (C(R, X), S) * (C(R, X), I()
is c-ontinuous. rt follorvs that the ne-Bebutov system rnay be applieclon Bebutov system c. As a' ealy c rRseqrlence ',ve obtain túe folloìäng:

îHÐoRÐ¡I 2. For eack f € C(R, X) ae høae:

stnbl,c th,en. i,t is þositiuely Ingrange

n støbl,e it is þositiuely poissoto stcr.-

u) ll ¡ is ur,ifonnl'y þosi,tiaely nonwønd.e,ing, it í,s þositiael,y nonuøncle-ring. -' -" t 'õ '
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Definition2. A þoirol, xeX'íscall,ed: ,

a) þositiucly Løgrartge støble if y+(x) is reløl'iuel'jt cottt'þact
lt) þosiliuell, Poissott' stabl'c if x e L+(x)
c) t'osil'iucl,y tçonuonderin'g if x = J+@).

Def iuitior S. A sct X4- X ís cal'led.:
a) þosiliacl'y, ittuariqnt if for any t > O,

b) þosití'uely L),aþuttou stabl'e if i't is þositi. ønrl for øny e > 0
tlíeia is ¿ 8 > 0, such th,at for eacli y in, À't):ínf {d(1,, x):
x = A,I) 18, and for eøch, t) 0 zae ltaae rl(n(1,, t), n(IuI,l)) < 

".
Conaention. For all of the abor.e rrotations and definitious rve havcr

a ,,uegative" aud a global version taking I ( 0, respectively I e Il, If
the cLynarnical system is nnifornr.ly equicontinuous we add a loq'er index
,,0{" in the rrotations and. the adjecti'r'e ,,uuifortn" in definitions.

DeTinitio:n 4. Let n and. o bc dyu'øntlical systetns defined on X
resþectiael,y on, Y. The1, nrs isontorþh,ic (resþcctiael'y r.ut'i'þr'ml'y isontorþh'ic)
if tkere ex'ists a ltonteontorþlt'isnt. lt': X -- Y (with' h ønd lo-1 tt'n'ifornùy
continuor.ts) such, th,at thc follow'itr,g diugrant' :

XxIl :- X
1'"''tt " i"I'x Il ----o Y

is coyttttatiae. I.f æ is ísonrcrþlt.ic (u.ttifo¡'nilt, 'isotttorþlt'ic) uitJt, ø sr+bsjtstutt
o.f o, lir.e says llt,al æ t,s ctnbedd.able (un'iform'Iy cnt'bccld'øbl'e)-in' o' 11 I'h,a

bijection, h, is onl,1 contirtttot'ts, oyl'e s(r)ts lh,nt r utøy be aþþlíed' on o'

3. I,et C(R, X) be the set ol ali corrtiuuous functions frour R to
X. I'o defirre sotrte rnetlics fc¡r C(Iì, X) u'c shall trse the frurction I:10,
co I -' [0, 1] given b1' :

2

Û\ I(t):
t

t1 |

I

Ior-le[0,.o)

ktr t- cn

The rrniforttr ur.etric 7' Ior C(R, X) rtra¡i be clefined by :

(B) :t'(f , g): .I (suP {,t(f(t), g(t)): t = R})'

The cornpact-opeu topology on C(Iì, X) is geueratecl b)' the rnetric 1l
clcfincd as folloq's:

aa

(e) ti(f, s):= Ð2-". ./(urzrx {,1(f(Ð, s(r')):ltl< ø}).

In [B] r'r'e defined a Pompeiu - Hausclorff type metric by

(10) S(/, s) : 1(sup {So(/, s), So(s, ,/)})
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rr{Eonn* t l:l,dZttnnú9! (unifornt. equ,icontinuous d.1tøam.icø\,) sjtstcntis i.somorþhic (resþectiaebt unifort'nty isomotþtrl,t) wl,ti, lts àssocí(Lted. Bebørtoa
systctn.

. Proof...The application,i: X -, Il delined by i(x): r, is a bijrect_ionaud the diagram:

XxIt-5x
Jix ro 

Jr
II x Ir 

#¿,',
tj, 

ïåìätl1!ive. 
\Ve have to ì)ro\:e rhe continuity (uniform continuitl)

Case a) æ is a dvrrarnicai svst-r:rn :

I,ct t',, --' f a¡d e > 0. Fix rlo e
n(r,,, l) * æ(;v, t), for every I e Il th
d(Ìc(xn, l),., n(x, t)) < el2. ,I.he co¡c
we may find l/o : nrax {N,: lll < i

to

I(þt,,,, 
",) * Ð2-' 1 (rnax {ct(n(x,,, t), æ(x, t)): lll < i}) l-

Ø,
+ I) 2-' < "l2D'¿-¡ -t el2 < eL", I ,ill

that is i is c'o'ti'irous. l--1 is also co'tinuons becanse

d.(:v, 3,)4 d(rc(x, 0), n(y, s)) | rt(æ(y, s), ,.(y, 0)) < S * e 12e
that is i-1 is lrniformly continuous.

1n tll and [5] that the Bebutov
operty for compact systens rvhich

s : the dynamical system æ clefined
mbecldable in Bebutov,s systern on
T the set of all critical points oI æ
orphic wjth a subset of y. Analo_

on ø conr.þo.ct nt.ctt,ic
the u,e-Bebtúou systcnt

equicorøtiu,ttorrc nríd. /lrc\/t-
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Retnarh 2. As concerns l,yapunov stability, the implication is coh-
verse. iVlore exactly, every positively invariant set is uniformly positivel¡.
I,yapunov stable.

All these statesments remain trr,re if we replace ,,positive" b¡r ,,nega-
tive' ' .

Geuerally the above inclusiotis and implication are strictly even itJ
the case X : R as one see in following exanples.

Exantþl,e 1. I,et us consid.er the ltnctionl.

'r\ [t-ltt forlll <1
/t,/ : l0 for lll ¡ 1

I'he nul application belongs to L+(f) ancl to L-(f) b:ut rrot to Li U) U f,;0.
l{oreover L¡U) : Ø, hence (s. [6]) / is not uuiforml¡, fagrauge . stable
(in any sense). Florvever it is positively (aucl negatir.ely) I.agrange stable.

Exnnþle 2. I.et us construct the clouble infinite scquence (o.)i=--
as follows: lve start with the arbitrary non-constalrt sequenc" (a,)i:o
(Ior example a.n: ø). Then, step by step, for n:Q, l, 2, ,.. rve put
the block a-r,, ..,, (o, ..,, (l,t as the block (t.-(n!tl?t ...t Q,trltt¡rr. The¡r r't'e
clefine the function /: R * R by :

.f(t): (t - n)(a"¡t - øn) | øo lot t e ln, n'+ 1), IL e Z.

F'or it I{(J,f^"+,t.r) < lln, hence "f = f+(/). But/ É LI(Í) because SU,-f,)>
2ll2 for s ) 1 (at least in the concrete example which rvas given).

Similarly, startiug with a kernel of clistinct numbers o¡, ct1, a, antd
constructing alternatively on the left and on the right tlte seqtlencc
(n,)i:_-, rve obtain, as before, an / which is Poisson stable (in both
directions) but is not uniformly Poisson stable iir atry directiou.

fixample 3. As rve said, any critical point is ttnilorrnly l,yapunov
stable. On the contrary, no critical point is T'¡'aprtuov stable. Indeecl,
il Í(t) : to : corstant and. 0 < ò ( e { I are arbitrarily, the continuous
function :

xo if. t e (-ll" - l, -1/e)xoj-l fort=-1/r-Il2
linear in rest

,1

satisfies l((g", Í) ( ò but I{(g1¡"-rtn, "/) 
: 1 > 

".
4. For a given dynamical (or uniformly equicontinuous clynarnical)

systern defined on a metriç space X, let us clenote :

I: {æ": ll-' X, æ,(t):æ(x, ,), Vl e n, x = X}.

The shift systern c (respectively c,,) on C(R, X) induces on fI, rvhich is
invariant, a dynamicai (rèspectively' an uniiormly equicontinuous dynarni-
.cal) systern, We call clæ (respectively c,,læ) Bebutov system associated to ø'




