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In some previous papers [3--7], I considered the following problem :
Given a K-quasiconformal mapping f: B& D* of the unit ball onto a do-
main (B, D* contained in the Kuclidean n-space R"), toestimate the
exceptional set E, of the unit sphere S with the property that the image
v* = f(y) of any endcut v of a point of £, from B is an unrectifiable arc.
In [3], T proved that K, is compact and its conformal capacity is zero.
Next, in [4-—7] I decided to try to estimate £, by means of other kinds
of capacities and by Hausdor!f h-measures, In doing this, I established that
E, is of Hausdorf{ h-measure !’!ﬁ(k‘u} = () with the measure function A(r) =-

= (log '1_]—6’ where § > n — 1, » << —, and also of ®-capacity Cq(E,) =
¥ & ¥

= (), wher¢ the kernel BO(r) = [IOg i]ﬁ with 8 > n — 1 and » < .
1 &
~In the present paper, following a suggestion of 1. 1. HEDBERG, T shall
!mprove these results, showing that H,(E,) = 0 with
H log, — ]l i (ldg,,, LJ“ﬁ for v 2w,
(1) h(r) = f

I w

1_[ (logk IOgm _]_ﬂ for # > Vour
k=1 ¥m
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V(i.é. for iaﬁy) p>n—1, 1'c;g.,,,£§ 1 :and m ='i‘, :2, .“.'j.
; 7ol . Ty
Co(Eo) = 0 with

and also "Aitixa"c

p—

(log —1—)”_1 I
14 k

1
=2

m—1
[10g l)n—I ,]:32 [logk ;,I_ ]”_2 (logm '1_ )ﬁ for ¥ > 77)1’

Yin " T

[Ing i]ﬂf—-z(logm "1_]'6 for » § Yo
@ ) = o

Ve>n—landm=12....

But I obtain even more, i.e. some inclusion relations between Hausdorft
h-measures and different kinds of Bessel capacities, generalizing in this
way the corresponding theorems of D. ApAMS and N. MIIVERS [2]. Some
of the inclusions are showed to be best possible. I generalize also an
important lemma of du prmssrs [14] and finally, from the preceding
relations, I deduce the corresponding inclusion relations between Haus-
dorff h-measures or Bessel capacities and p-modules.

Now, let us recall different concepts involved in the sequel especially
Hausdorff h-measures and the different kinds of capacities.

‘I'he p-modulus of an arc family T' of a domain D C R" is

M) =1inf § p(x)* dx

where dx is the volum element and the infimum is taken over all Borel

meastirable functions p(x) 2 0 such’ that fods2 1"Vy < T. The #-modulus
. : i e [P L RLVEE R ot P il

M(T) = M, (') is called simply modulus. : BN s

A homeomorphism f: D 2 D* is said to' be K-quasiconformal (1 =
s K< o) if L g a oy Tkl i ' '

f'-‘ﬁ” < M@*) < KM(T), "
where T is an arbitrary arc family contained in D and T = f(T").

"The Hausdorff h-méasure H,(E) of a set E (C R" is the non-negative
number

Hh (E) = lim inf Z;ilh[d(Em)jr |

520 (E,} S ‘
where the measure function s-is supposed to be continuous,. non-negative,
non-decreasing in some interval (0, #'), # > 0, and such that lim A(r) =0,

r—0
and where the infimum is taken over all countable coverings {E,} of E
by sets E,, having a diameter d(E,) = 3. 0 .
The p-capacity of a compact set I C R* is given as

cap,F = int§ |V u(#)}? %,
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where the infimum is taken : i
over L == 1
e o e ; a.ll %‘e Ch, with 4p =1, Vu =
an’ 0 o) 20d where, in the particular case p = u, the support S,
- s . . e » ‘
q‘r i 1s h_L.out‘amed‘ - a fixed ball (say of radius R,). ‘I'he corresponding
-n-capacity cap Fois named the conformal capacity. s
" By a kernel we will mean a funetion @ : |0, +-00] = [0, 4 co], which
1? non-increasing and lower semi-continuous. Corresponding to "mch a
kernel, we set ®(x) = ®(|x|) for ¥ = R* | ’
7y g i b o ) ’
The ®-capacity Col' of a compact set ' C R* is characterized hy

Co(F) = [i;ﬁf §§O(x — y)du(x)duly)

r—0
= 0 with w(R") =1 and the support S, C F.

For 1 < p 2 oo, L will be the vector ¢ e of function:
deiflit | 2 " ¢ vector space of functions f(x) = 0

where lim ®(r) = 4 oo and the infimum is taken over all the measures

Wils = (2} dx]" < o0, . 1 <p < o,
or
fllo = es5 sup |f(x)] < 00, p= .
If @i kernel 7 - R* i
ity s a kernel, then, for 1 <p < o and E  R* we define the

Ca,p(E) = inf ||/]]7,
J

where f = L; and the convolution
Dxfx)z 1 Vx « E.

A function f which satisfi iti i
> y sfies these conditions is called 0N
Co,p (E), We ’remind that the convolution Rftih Feigtion, fox

O« f(x) = §D(x — y)f(y)dy.

Let 9H(E) be the cone of all Radon measures 2 0 carried by E

Le. with W(R* — E) = 0, and L] (E) i '
| 2 ! 1 its subspac 5
# with ully = the total variati(on) of u < Eo.ce R

For u < L' (E), we have the convolution

@ # p(x) = §O(x — y)dp(y).

Let £, be th (s which are

et £, e c-algebra of all sets which are measurable f

ging }E«O the cone 9L+ of all positive Radon measu:esr.a R R RGeS
or E « £, we define the dual of the preceding capacity

¢o, p(E) = sup |[pl|,,
w

\
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where p, = L (E) with
Coesplly's L L4121, 1< p< o
"] 1 ‘ ? 4
Such a measure p. is called a lest measure for cg, ) (E). In the case p =1,

we define

coE = co,1(E) = S‘iP' HF‘-”y g )

the supremum being taken over all u < Li(E) such that

Oxp(%) 21 YVx < R™

Such a y is called a fest measure for cpE. ‘ TR A ey
v is called a cq-capacitary distribution for E if it is a test mg:as'u,_r!e for
co and’ ||V|ly = co(E). ' i Yo
Let us define for all £ ¢ R,

% () = int c(G).

i

where G are open sets.
For E « £, define the capacit

co,s(E) = sup ||yl
7

where p, varies over the set of all u < L{(E) such that

1

O (Psp) T (%) €1 Vw e R

Such a y is called a zfés't'measw{e‘for co, p(E). |  ' U YA

If C is a capacity and & its domain, i.e. a class of subsets of R* whith

contains the compact sets:and is closed under countable union, C is called

an inner capacity if : ny w e,

E e = C(E) =sup C(F), , N R

F ;

i ‘ i J10il i 2

the supremum being taken over all compact sets F (T E.C is called an outer
capacity if

E e d = C(E) = inf C(G),
; . G i

the infimum being taken over all open G D E.
Proposition 1. Co,, is an outer capacity.
Proposition 2. cg,p is an inner capacity.
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Proposition 3. We have
1
: (1) 3, 5(E) = [Ca, »(E)]” VE.:
1

| (i) co, s(E) = [Co, p(E)]® ¥ analytic set E.
| (For the proof of these 3 propositions, see N MEYERS [12].)
. 1 '

Corollary. ce, o(E) < [Co, »(E)]* VE C R".
| Indeed, from the preceding 2 propositions, we deduce that
1

0,5(E) = sup co, 4(F) < inf ca, o(G) = c, (E) = [Co, y(E) ),

where F are compact and G are open..

) N9w, in order to pl?tain Bessel capacities, we shall consider, in the
definitions of the capacities from above, the particular kernel ®(x) = g,(x)
defined as | - ' ’

| | =

12 «—n

1 oL M

Ba(#) = ————\ e1e *12 &,

o t
znﬂ.--I\(}_l”
] 1o )

The kernel g.(r) > 0 is a strictly débréasing function of » = ||, continuous
outside the origin, g, & L'(R") and as x — 0,

Za(x) ~ |x|=n, 0 < a<<mn,

1

: gn(x) it 10g T

. o [E3/ 8
while, as x — o0,

o—n—1
‘ LX)~ 2] * e, 0 <o <
‘l For o, 8> 0, we have also the relation
) Ba* 8o = Guvp
| (cf. for instancé . MEYERS [12]). :
And now, one introduces the 3 kinds of Bessel capacitie ’

o~ -~

B, p = Cogo tr D p= Coptr Va, p == Coqr b
l?ro po siLti’on 4. Cap E =0 iff (i.e. if and only if) there cxists a
Sunction f < L, such that the integral

J(y)dy
[ — g1

Without being identically infinite.

=0 VYrek,
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(For the proof, see ju. ¢. RESETNJAK [16], 8. P. PREOBRAZENSKII[15],
i wALLIN [22, 23], or v. mizura [13].)

Corollary. Cap E = 0 < By, (E) = 0.

In order to improve some of n. apams and .
we have to introduce the following kernels:

MEYERS [2] results,

m—-1
AL Wl
igot(r) H (logk l }j ‘logm 1’, for » = P
. k=11 4 i {?

fup=tmelr) = =t L yp1 18
}gu(r) ,;[1 {logk o (logm r"l for » = Vo

0 <o <n,

| I)‘IIA
and
m—1
( 1 \p—-2 1 -1 1\8 . \
gil(y‘) []‘Og_] 1_—[ [logk ; r [Ioglrl = J tor ¥ é Yo
(r) P ¥ hom ¥ ¥
g“:ﬁ—l.iﬂ.ﬂ 1 f-‘"zmnl 1\p1 e
g”(;a-) [10,“;_} I_I (loﬂ,& _} (lugm } lor » = ?",“,
Y h=12 L L
. . 1
where #, is here as well as everwhere in the paper such that log, — > 1.
V'

]
It is easy to see that g, , 1, m e [Or o £ # arc kernels (according to the above
definition). The corresponding capacities will be
v . A . - <
('gaz,-p-l,m,ﬂ — b(a,;l’—l,ﬁh B) 650(1‘1;71,,,,,[5 T ]3(-’1.1’-'"1-”‘, ) 0 <o zm
Lemma L. If p & M*, ap £n and B> p 1, then

1

1
g plly S Qllguppromp wlI” Nl (m=1,2,...);

s . |
Q 1s a constant independent of w and ; -+ = 1
Holder inequality yields
. L]
o (%) = (Lo Gl p—1,m.8 " Gapop-1.mp) # (1(%) S
. ;o 28 1
< 18 - gupiopme) ()] [ap,p—t e (%)
Thus
: 1 ! 1

i L 1 ‘
[ge* !l S [§ gfz (x)é’ocp,ﬁp»~1. b (x)d(x)]i’ H€ap, p-1,m,p % P-”:: ”M”{J
It remains to show that

P
S gﬁ,(x)gup;j’prl, w, B (x)clx < .
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To do this, we need to investigatc i [ i
: stigate the behavior of th
x =0 and x = . We have i & intesmantaonly at

-—;[—J: Bl 1 _...._‘3 .
P ? i 1 \—1 -1
B (’v)g“%ﬁ"lv""ﬁ(x) ~ || a1 H (logk "“) (10g»n 1‘) as x -—- w0
k=1 |7 || ;
and
¥ in—1 . B .

gg’ (x)ngp?p—l, m. 3 (-"l") ~ lx’li ) ]‘T (]ng ﬁ ]“1 (lognl —1’ . as X — O
ho=1 x| ]rl

It is easy to see thatl these 2 i i ing i
. se - these 2 relations imply the precedine ine i 3
s, co Pl P g inequality, as
7 2 5 s ) 2% ubh " (A [ i 7
" Retnm/c.. This lemma generalizes a result of du PLISSIS [14], as well as
emma 3.1 of n. aApaMS and N, MEVERS [2]. )

Proposition s I1ff <1’ then, for 0 <o <n, 2 < p < o

& g ;
; lv —y| 2

everywhere except possible in a set E which is of Bec ity Cole
[ a set I s scapacity CogF = 0 >
>0 - a, where Cy = Cy, with Or) = r8, S Beapacity G, Ve
(\1*01‘ t(lil'e proof, sece N. du Plessis [14], thcorem 4)
As a direct consequence of the preceding lemm e ¢ the f
= s ect ‘ g lemma, we have the follo-
\\111;"gcuerahzat10n of the preceding proposition : ’
) kf((,x;) 1<0 Ilary. iff s L*, then, for 0 < ap <, 2 < p < o, we have
Ba /(2 0 everywhere except possible in a sel K with B o n(E)
=0VE > p— 1 and m — | Yo oot mlE) =
" !‘Iuc!e.cd, suppose, to prove it is false, that g, s f(x) = o0 in a bounded
t 11 ;‘\'11.11 %m p1,m,8) (E) > 0 and let w > 0 be a measure with w(R") =
’J.‘_h(;‘ljll :rgli[‘w a;ul_ su;:lh that S(lga,,,,,,l,,f,,ﬂ(:r - v)du(v) is bounded in R"
o arguing as in the preceding proposition and by means of the nro.
ceding lemma, it follows that i Y s

1
Vo /(x)du(x) < NN e s plly S i1 Qb ot * wli? << ec,

Contr;eldmting the hypotheses.
e v D1 A ! A - N M
mark. Du Plessis’ prool of his theorem 4 (corresponding to our

Y
— =

T N -
pPreceding proposition) is incorrect. He asserts that {87000 = i
; REREL o

Xdy(y) e dx}" 7 < o0 as a cons b i
g o = 0 asaconsequence of his lemma (geueralized by our
a 1), : ut the corresponding expression involved in his lemma is

14
SIS0 — w7 ) e :
o Lt w(¥) ] = dx, where S is supposed to he a b set, a
this fact ig essential in the proof, . onnsied et ang
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rrmoREM 1. Let 1 <g<g< o, ap =n and $>p —1, then, VE C
B . v

CR;

Bno(E) £ B por,ma(E) S QB sE) (m=2,3 ...),

where Q is a constant independent of E and the capacity By,q corresponds to
the kernel B '
&,(7) (log )q—z for » = 7y,
s

!
) &
&n, g\7) = : L 9
! &,(7) (Iog i) “for 7 > 71,

. i

g

with log 2 ~ 1. We have also
1
4) B, p—1,m, 80 (E) & B, p—1,mi, pa(E)

if my < my and, for my = iy, if B1Z By )

First, let F be a compact set with by, p—1, () > 0. If p is a non-zero
test measure for by, p—1,m g (), then, from the preceding lemma

1

1 1
o oanll < OPlull?
llgakully = Q7 1IRlI",
for some constant Q independent of F. Hence, :v =—; £ wisa test me‘gsure
';| ; ' ' i
(Q I,“J'” |

for by, (F), so that
IVlla = 0o, 5(F).-

Thus, on account of proposition 3,’ : Y
by pliim e (F) S QB p(F),

which is clearly true also for by, ,,,‘1!,,,,,' o(F) = 0, and:since by, p_1, m,p) 1581

inner capacity and B, , an outer capacity,,' it follows that ., ..
B, p—1, me)(E) = bl p—1,m e (E) = @Bas(E).

i \

The inequality .
B, o(E) £ Bowp-r,ma(E)
is a consequence of the fact that a
Jim Snpzime @)
e &)
Finally, inequality (4) follows from
fim Snptmal) o
=0 &, p1, 1y, ")
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Remark. This theorem generalizes Dp, aApaMs and N. MEVERS theo-
rem 3.1 in [2].

From the preceding theorem and the corollary of proposition 4, we
deduce the : Al afig o e j Al B '

Co tollary. In the hypotheses of the preceding theovem, we have the
inequalities '

B(’h Q)(E) s ‘B‘(n, n=—1, m, B)(E) hy Q cap E (111 =',f’1, 2,‘{'.?-, )
Proposition 6. VE C R", Co(E) > 0 or c3(E) >‘65>H1(E) =

= o0 and if i
S‘D(r) dh (r) < o0, then Co(E) =0 or ch(E) =0 < B T =)
i [
(The proof iu the case Cg is giv{ep by S..T. 'l‘ay'lorv'[19]\"thec;fems’:
1 and 2 while, for the case c¢§, we may use the méthods of chap. IV
1[?O])Carleson’s book [8] and the capacitability results of B. Fuglede
Theorem 2. Let 1 <q<p << oo and B <1, then

Barl" < Hh < B(n,;".‘—l,m, 8) "—\< B(u,q) . 1(1]1 e 1, 2, o .),

1\1-¢ ‘ ' :
where h(r) = (log—) and By 1 mp corvesponds to the kernel

v

P, . A= . o
gulr)(tog " " IT togy ) " [tog, =] *for, # =77,
r k=2 r U] NV ! :

m—1

g”(f)(log L )‘,’*ZkI:IZ [IogJr }._.I_) Trlqg,ﬁ,, -1’491"01' r > 1‘",,,_.‘

.
" " "

Siopo—1,m, 8 ("‘) g

We have also By, p _1 .5y < B, s, <ty m, 0.8 my < my and for my = m, if
BJ. << [32- )
” We recall that if (' and C' are 2 capacities with the same domain,
o 1§ said to be weaker than C (or C is stronger than C’) and write
o K C (or C3C) if C(E) =0 = C'(E) =0.  We say that C and
i are equivalent and write C ~ C'if C £ C' and C’'=< C. Finally, if C'=< C
ut C and €’ are not equivalent, we say that C’ is strictly weaker than
(or € is strictly stronger than C’) and write C' < C (or C > C’).
21 Thg inclusion B, , < H, was established by p. Apams and N. MEVERS
), while By, , 1, 3= Bpg is obvious. Now, let us establish also that
h "‘\< B(n,p,—],m, B)
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Indeed, on account of the preceding proposition,

T > Om 1
S g,,,,,,_l,s(r)d[(log l—JI p] < const. Sn(logk J 1(logmiJ 'Bd[log iJ,<oo
0 ' 4 S k=1 /4 r ¥

implies the desired inclusion.
Remark. This is an extension of theorem 3.2 in! p. Apams and

N. MEYERS papet [2].
Lemma 2. If ap < n, then

v

8o # Batp—1), —2,m, 8(%) = Eutp—1), -2, m, 8 * Zu(%) = Lup, p—2,m, 5 (%),

and if 1 <p <2, and, in the particular cases p =2 or m =1, if B §

then const. guppo,mp (%) < Zu Gatp—1)p-2,m8 (X) = Zatp-1)p-2,mp * ga(x)
where gu,p_2,mp 15 obtained Srom  the expresszon of Gup—1,mp by taking

P — 2 instead of p — 1.
"In order to prove the relation

Ba * Batp—1), p—2,m 8(%) = Gatp—1), p—2,m g * Lu(%),

we observe that

8a * Eap—1), p—2,m,8(%) = $€(X — V) Guip—1), p—inp (¥)dy =
= §8atp—1), p—2,m 8 (¥ — 2)8a(2)d2 = Zutp—1), pz, m, o % Gu(X).

where we used the transformation x — y = z, hence y = & — 2.
For the remaining 2 inequalities, clearly, we need only to verify

them as ¥ —0 and x— oo.
I. Suppose first pz 2 and, if p =2 or m = 1, assume also B2 0.
I.L. The case x—0. Let 0 < 2p = |x| < 27, ; then

8o ¥ Bup—1),p-2,m,p (%) = S &%~ V)&utp—1), p—2,m 8 (v)dy +

[ <—lﬂ
12

+ |l = g pams ) +

ey <2

S 8o

|2 [EIRY
= |g—y== L
{l:vl_—- z lx—yi= 2}

V&utp—1, p—2mp (V)Ay = Iy + Iy I
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11

m—1
(5) hémm&HWW”H@&)”wg)”m=
) 1l 1l

alp— l)m 1 o | [
(o 3o 2 5 -

0

m=1 |
=S COHSt. ga(p) Pa(ﬁ_l) ]-—-[ (logk l_zl_)f) i [logm i)ﬁ —S-

< const. g,(p)e

[#]

nm—1

< const. paj)—ﬂ k:[—I [logk 1 (logz + log ] [logf); 1 log2 + log " [)]B =

m—1 N
B

< const. gy (p) T [Ing_l (2 log —1‘) f [IOgm 1(2 log — ” <
k=1 i | %

m—1

) 13yp—-2 138
§{,COHSt. Eop (x) kI—{ (logk '_;,) (logm I;I') = COIlStv. 8op, p—2,m, B(x)

Next, on account of (3) and argﬁing as above,

#—1

1\yp—2 1\8
6 I, = H (lo‘gk—) (108 ) { Bul% — Y)atp-1y(y) dy =
’ ls~3] < p

g Lal% — ¥)8uip-n(3)dy <
{IM=Zp, lx—vl = ¢}

1is—1

[ -2
= const. kl:[l (logk _M—l} ( g,,, — ) gap = const. gup p3, m,g(x).

Combining (8), (6), (7) yields
(8) 8o * Bulp—1), p—2,m p(¥) S const. gy 5o m 5(x) for |x| < 27,
2. The case % — 0. K

°

m—1
- 1

- B
Bk Butp—1),p3, m, () = § &al®— P)gap—0(y) | I(logk }P 108 —~ | dy -+
. i Bl 17l C

m—1

i S ga X — y)ga(ﬁ 1 p—2,m, B,(y) ]-:[ (logk Iy I)P 2llogmgll)ady='[4+lﬁ'

k=1
vl >r,
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If %] > 1, then

y [4 w(p—1)— 1ﬂi‘f1 N "V ay <
7) {191 [ (tog, 7| [log -~ ) dll =

i}

I, £ const. g,(|x] —

alp—1) 41 Yo u(f’—l)_l

< const. ga( )r,,, }r[ flogk —-, pet (logmi)B S r dr

1| ) n "m
&t 0

ItA

< const. Gu po, mp(x) S const. gup poo, m (%)

and, taking into account also (3),

m 1

I; i [
Iy = |logk |lobm S 8% — )&utp-1(Y)4Y = Lup. p-2m p(%)-

1’7” 1)!

9] > 1,

ThUS, gy % Batp—1), p—2,m 6(X) S CONSt. Lop, ps,ma(®) for |x| > 1, liehce and
on account of (8), we are allowed to conclude that

8o % Butp—1), p—2,m p(%) S const. gup, p2,m (%) everywhere in the case
b= 2 and, 1fp_20rm—1lor[3§0. :

II. Now, let us suppose 1 <p <2 or (p=2, B=0), or (m==1,
B =0).

11.1. The case x— 0.

m—1

. 2 1 "
I, = 1 (logk = (log,,, —P—l

k=1

S Zul® — ¥)&up-1)(V)4Y = Zup p—2,m5(%)-
Iyl <

w1

148
I, < (logkﬂ z(logm—] S gu(¥ — V)gap-n(y)dy =
. o le—s|
¥—yl <p

m—1

) | s
['1 |logr_1 10g — — log 3}] [log,,,gl(logA — log 3” Gap (%) =
A=1 ]
m--1 i
1 1 1p—2 1 1,6 Vo
k1:11 [logk—x(E lOg;M logm—1(§ log-;,J Gap (¥) =
m—1

const. ]._I llogk lJP_Z klogm _'1‘)[:‘ 8ap (90) < coust. Eoap, p—2,m, B(x).
k=1 P p

IIA

m—1 °
Iy s T {logy — ' (1ogn = ¢ galt — Pgap-n(9)151° dy
- & ? IV Z o0 14—y | 2 9}
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= p—2 16
< const. klj (logk ) (logm:) o= 2al% — Vapn11s W)y <

{IvI=e, 1x—y)=p}

m—1

1 p-2 B .
S Canst. )¢I=Il (logkm, (1 g,,, P ) op+3(%) |23 K const. gup, p_2, m,p (%).

2. The case x — co.

m—1

p—2 18 A '
I s 11 (logk ) (logm’,—, Ea * Eotp—1)(%) = Zup, p—s, m 6 (%).

k=1
m—1

f[( 1 p-2 118

Thus, also in the new hypotheses: p <2 or (p =2, B < 0), or (m = 1,
p < 0), we have the same majoration for 7, — I, allowing us to conclude

that the inequality g, = Extp—1), p—2, m, < const. ' I
p>1 and any real B. i p (%) Eop, p—2m p(x) for

II'. Now, let us prove the opposite inequality if 1 < 4 < 2 or =2
g<0), or (m—l g <0). ? ? '
II'.1. The case x - 0. Suppose first op = n.
m--1

H (10& *] (logm *) [8a % Gap—1) (%) —

8u * ga(Pf 1), p- 2om ( ’

~ S Eal% — 3)8atp—1y (3)dy — S gul% — y)gam-n(y)dy] B

Ivl<e lx~yl<p
m—1 o \p_2 9 o
= I—I |10gk ”_) (logm —} [ga[’(x) — const. ga(o) S-yv’t—a—-l dr —
k=1 x| %] A
0
P m—1

= const. Sn-ulp) g re- 1d7, =]] (logk I ll(

k=1 1.

2 4 log l;i—l)lp_z[logm_l(log 2+

0

+ log )' [g.(%
m—1

z ] [logk 1(2 100—” [log,n_l(Z logﬁJ]B [g,(x) — const.]

k=

2 const, (1 L)ﬁ_z( ERi
kgl e A s ) [t

For ap <n, we have g * gyp_n, poa,mp (1) 2

- const. g,(p)p"* — const. g,q (p)p=-1] 2

v

1
. Eg"(x)] z const. gy, p 2 mp ().

m—1
N . 1ip—2 18 5
=Lz 1 (log;, N (logm ;) p~? S up-n () [y dy =

lyl<e
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Do
[=2)

~1 0 v
= const. g,(p) I'] {logk%)P_Z(log,n _2_)6 o3 S”““"”*’s"d;’g
0

[#]

: m—1
2 const. o) TT (o L)' [lom L} e 2

| |x]
m—1 1 \p—2 18
= const. g, (p) El {logk m) (logm m) 2 const. Zop,p-2,m,6 ().

2. The case % — 0.

I

Iy

v

o % Galp—1), p—2 m, (%)

=

m—1 ]

> const. [] (logk L)pwz (logm l]Bgm(Sr,,,v) S pelb—0=1 gy >
k=1 ‘. 1
0

T [

m—1
. L p=2/0 1B w(p—1)
2 coust, H (]ng 9 [logm ’"l ga(",,,)rm Z
k=1 e Ym
m—1
1

p—2 1B
z const. ]»—-[ (1ng W) jlogm—I gal)(rm) z const. Sup, p—2, ’”rﬂ(x)’
k=1

T \ "
Thus
8a % Bop—1y p-2,m, o (X) Z const. gupponmp (¥) for 21> 1,
and this completes the proof of our lemma.

Under the more restrictive condition ap < #,/ obtained the following
stronger result generalizing lemma 3.2. of n. aDAMSs and N. MEVERS pa-
per [2]:

I,emma 3. If ap < mn, then

Balp—1), p-2,m B % 8u = 8o ¥ Batp—1), p=2m 8 ~ Eap,p—2,m, -
On account of the preceding lemina, we have only to prove that
% Guip—1)p—2,mp (%) Z const. gap,psma(¥)

also for 2 < p < co.
Using the notation of the preceding lemma, we get
1. The case x— 0.

1\%

Qo ¥ Gatp—1) p—2,mp (%) Z Iy

m—1

= counst. [] (logk A ,p_z(logm l—’ﬂ £.(30) S palp=1-1(p =
h=1 P ‘ P ]

m—1 .
= const. [ [ (logk i)pﬁz(logm '1')B p® = Z const. Zup,p—z,mp () Z
k=1 P e

= const. Bap, p—2,m, B (x)

15 :
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2. The case x - o,

8a * Galp—1), p—2,m,p (%) = 1y =

m—1

- 1 \p-2 e ,
_kg (log,,r—”-‘) (log,,.—) 5 Ll — 3) ap-1y(y)dy =

Ym
>

m—1
—2 .

. 14 L8
zll (log,,r , (log,,,;u) ‘[ga % Eogp1)(%) —

w

8ul® — ¥) Zup—1y(3)dy] 2

'yl < ""
>"ﬁ110 Ly Sk
SN ( B i l Ogmr_,,.) (8¢ (%) — const. g,(|x| —7,,) b z]
m—1
1p—2 13\8
Z Ll (longTn (logm;ﬂ) [gap (x) -— const. g, (—Z—” =

m—1 »
2 [T (log, L " [10g, L)% ! s 1

);]1 ( 08« 1',“! (logm ’m) jlgo:ﬁ (%) - Egap(x)Jg Egap,,;_z_ ,,;,Q(X),

as desired.

Lemma 4. If ap £ n and wedlLt, then VE C R*,

1

O) la s (g s 0™ ()11 £ Quanp sump % wl2). 2 S p < 0, B> p — 2

QO) [8e * (g * P“);__l(x)]p_l 2 g Zap, p—2, mp ¥ (%), 1< PSLB<p—-2;
A e, 0,000 R 20t 550, o
First, consider the case > 2; by I{éilder"s inequality,
1
(1) g (g % )" (%) = {gu(n — ) [§8&(y — 2) dM(Z)]’T}ldy =
= 18u(x—y) gﬁ%‘_n,p_z, m (=) [ §galy—2)

p—1 —1

1

Batp—1), p—2, m, p(¥—¥)dp(z) ]mdy =
< p—2 i p—2 p_:z
(5827 (% — 9) &% 1), ps, m px = 981 [§ 8atpo1y s, m p(x — ) -

v

1
S8y — 2) du(z) dyPTT =
p-1 -1

=[§g57"

p—2 .

p—2 Y
() 8atp=1) p2,m,8(% — 9)8y 1™ [guip—1y, 5, ¥ % ()17
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But,
p p—1 —1
‘ Pz ) .
(12) \ &7 () g v, o2 m a(9)dy S
0
—B
pofa—mip—D—alp—D)tn, g =8
3 = T ] —1 1 p—2 L
< const. ‘7 P2 kl—[l [log, o I (log,,, »r—J dr =
=1 1
0
1L PP e
=const. u ’7* =0 < o
IOgm-;
for g > p — 2 and p § 7, Next, for R <,
L -1 m—1 1

1
S gﬁvl()’) gg('/f—l),l?-»ﬂ, m,ﬁ(y)dy = EHOSE H (]ng o

h=1 Yin
R
=8

o0
U p—2 ~0 g—2Jp — ()
m -

hence and taking into account (11), (12) aund lemma 2, we deduce (9),

where Q, = [max (Q;, Qs)]* . ( ‘
And now, consider the case 1 < p < 2; from lemma 2 and Holder

inequality, we get
Bupop—2m,p % W(x) S CONSE. Gupony, prm, 6% B ¥ 1(X) =

= const. § gupo1)p-2ma(¥ — ) gLt (x — ) gh7H(x — ¥) S &y — z)du(z)dy =

—

b ey :
< const. [Sgi"f (;\-; — y) g:.(;fi]),p_z‘, m,a(x i y) dyJZ—-f’.
1

{5 galx — ) (gl — 2)dp(a) ] dyjrt =
1-p 1 1

2-p, 2=p I . p-1 -
= const. [§8 " (%) &app 1 p—2.m p(y) &Y PP Lg% (Gu e ) (R) P71,
and arguind as above, it follows that
o jmle
§ 82 () gaip- 1 p-2,mp(Y) dy < o0,

hence, we obtain (10). : .
Finally, in the case p = 2, on account of (3), if p 2 0:

1 B _
Lo % Ea % M(x) = Boo ¥ (L();) = Lap * P'(x) § Sgot'.b(x - y) (logm |* _yl) d[-i-(_’)’) -

= Bop, p—2,mp # l"v(x)w

1% RELATIONS 29

and if B <0:

8ap, p—2,m, p y‘(x) = 82a (x - }’) (10gm, )Bdu(y) § Bow * P'(x) =

¥ —yl
= &y * £y * u(%),

which completes the proof of our lemma.
Remark. This is an extension of lemma 3.3 of D. ADAMS and N, MEVERS
[2].

Proposition

-

7. If EC R" is an analytic set, then
o(E) < CaplE) 0 ca4(E).

If we replace cq, by No(;d,, then the above inequality holds Jfor all sets E.
THEOREM 3. Let ap < n, then

(13) BloalF) S Bupp-smn(E) € 0 Bup(B) (2 S5 < g < 0, p>p — 2,
B (B) S QB 2mn(E) S Qu Bpa(E)  (1<g<p<2 p<p—2);

if p =2, the preceding double inequalities. hold for B = 0 and £ £0, res-
Pectively, Q,, Qs are constants independent of E and the capacity By, p-omp)
corvesponds to the kernel g , o e o
We consider the first inequality. T,et i be a test measure for bap, p—-2, m, 5y (F),

where I is supposed to be compact. Then, by the proceding lemma,

.-1 . - -
@ is a test measure for by p(F). Hence and from the preceding pro-
position,

~

[l § lea.P(F) §‘QlBa.P(F)-
Thus

o

Dot p=2,m (F) S Qb o(F) .01 B y(F),

and since Oiap, p—2,m @ 1S an inner capacity, and B, , an outer capacity, it
follows that

Bt p-2 m@(E) = biapp-2, m,(E) S Q1B ,(E).
The inequality
Biupi(E) S Bap, p-3, m, 0 (E)
'S a direct consequence of the relation
8up,gl?)

im————_
=0 Sap, p— 2, m,p ) :

':'\'{’_:\‘".r:ay_Th'e second inequality in this Iemma ‘may be proved in a similar
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Remark. This result improves theorem 1, except for the case 1<
< p < 2 and represents an extension of D. ApaMS and N. MEVERS' theo-

rem 3.3 in [2].
Corollary. Cap E = 0 = By w2 malE) = 0 Vp>n—2 (m=1, 2, ..

Tet us recall some notations. For pe » ¥, set

oip, % p) = \ ()

for x « R*, 0 € p < o0 and also
o(p, o) = sup v(w, %, ).

zx<s R
Proposition 8 Let ECR" be an analytic set. H(E) >0 iff
theve exists p e T, p# 0, such that , ‘

v(w, ¢) S hp) 0<p S Po

(For a proof, see I. CARLESON [8], chap, II. theorem 1, p. 7.)
Arguing as in ». ADAMS and N. MEYERS lemma 4.1 of [2], we obtain
I,emma 5. Let me Lt and A = LT, suppose that Mo, 0 < p €

Lo <L

k

ne 1 _5
v(_P-, p) S Que® g (Ing ;I

and
n . 11—+,
o(\, o) € Q2™ H(logk—) i
kel p

where 0 € dy <m — ady S n and @y, Qp are constants independent of ¢.
dy — (n— @)

Then, for 0 < u S max |1, L S it )
' ) — 4

we have

’

" b

" e 11-5]" 1y,
v[(ga*xw)" N el S Q‘p“ ””*H(logk;) "] 9”=a1:[1(10ga ;) “0<p <o
where Q is tndependent of p.

Hence, for dy=n—oap, s,=¢q,— 1, (k=1 ...
t{,=0 (a=1,..., b), we obtain the

Corollary. Let ap S n and p = LT ; suppose that

m

1\1—-
o(p, p) S Qup" Ellogk?). "o 0<pSo<l,

where Oy is a constant independent of o.

, m) dy=n and

19 RELATIONS
31

Then

1 9,1

o— m

vlig, % ) ! n—a 1 p—1 ‘
(8 % )", 1S Qo gllogkﬂ , 0<p € po

where Q 1s a constant independent of o and o, is sufficiently small

R 2MMaree. h S T y .
[% a )é I 1 CcO ()118.1' 1s an ex tenSlO[l ()1 ].elI].“la 4 2 1 ). A 1

Lemma 6. Let o <n and » = Li ; suppose

m—-1

< n—a l = 1y
1)(7\, p) = le g (logk pJ (10gm p) ' 0 < % § fo < 1:

wheve s > 1, Q is a constant tndependen ' <
Then g, = » is a bounded fumﬁgi.mdcn/ of o and o4 is sufficienily small,

Define
B [ga‘” for, &< 7 < g,
for 7 > oy
Rewrite
(14) & M) = G M%)+ (g, — 2+ A(x).

But

G M%) = § ol — v B 5
( ) Sé’a(x j)(”\(y) = S ga(x *_y)d)\(y) § const. ‘ ya~n.dv()\’ x, 7,)

B(x,p00) 0

Po [ m—1
§ const, 1’““"l{"ba _{ -1 1}—s
S sort {rema o 11 o 7)o 2) ] -

]

m—1

= 1y = (
const, [] (logk -~) 1(10gm i, — const
k=1 | p Pa j

0

0

m—1
== const, [ ] (lo l)—l log, L™ L
11 2, N og,, T | — const. (logm ;;) <
m—1
< const. - LI—[I (logk L l_l (log,,, l)_S< 0
b Po & '
'l‘he se 0
d cond term of the right part of (14) is the convolution of a boun-

L Tunction i )
bo ’ with a measure of finite P .
Ounded, gag desired. nite total variation and is thus also.
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Remark. This is an extension of lemma 4.3. of D. ApaMs and
N. MEYERS [2]. '
THEOREM 4. Let ap S n. Then

Hy < Higy o1, Boor s

where h(r) = = (log l)l—q for ¢ >p and r < i‘, and where
. Ie 4 :

m—1

1
e o1 malr) = 7=<# T1 (log )
k=1 4

1—p

log, " m=12..)
I 4

Veg>p—1 and 0 <7 <7, with log, Lo
OB,

First, let E’ be an analytic ‘set ;‘\'rith H;im,’i)_l‘m',j(E’) ~ (; then,
from the preceding proposition, there exists w# 0 such that pe MH(E)
and

m—1
o(w 7) € 7ot 11 logy 7| logn2) " =12 ...)
k=1 ¥ i ¥

We may asstme that p has a compact support. Then, by the preceding

corollary, where g, = p (k=1,..., m— 1) and ¢, > 2, it follows that,
1

y

taking A = (g, * p.) , we are in the hypotheses of the preceding lemma,
o1

which allows us to conclude that g, * (g, * w)?~ ' is bounded in R” by a
1

| rEsy
constant M < co. But since M:“‘ # 0 and ga(ga % Q!SL_—T) (x) €1, it

follows that by ,(E’) > 0 and, on account of proposition 7, B (E') > 0.
To prove the tmplication for general E, note that from the definition of
Hausdorff measure there exists E” C E such that H,(E") = H,(E) aud
E' is a Ggset (i.e. a set which is the intersection of a countable family
of open sets). Since B, , is an outer capacity, we may simultaneously
choose E’* so that By s(E'") = Ba(E), hence Hign 1,5, JE) >0 yields

By »(E) > 0, hence Hy , 0= B, ,, as desired.

The inclusion Hy < Hi,, o e is a direct consequence of the
relation
1\i-¢
” (1og 7)
lim M) —tim =0 {for g > P.
7—0 ‘hmp, p—1,m, ﬁ(r)

=0 BT 1 )12 18
].—.[ (Ing T logm —
k=1 ¥ ¥

Remark. The assertion of this theorem
sequence of proposition 6 and theorem 3,

for p = 2 is a direct con-
however its contribution 18
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new :in the case 1 <C:p << 2. This theorem generaliz
: L < 2. This the ralizes t
p. ApAMS and N. MEVERS [2]. ' B5 ficthsprem 3 of

Corollary. CapE =0 = H,, , (E)=0 V@ >n—1(m=1,

m—1

2, o1d .), where h,,__l‘,,,yﬁ(f') = 1__[ (1ng ‘i)l-"(logm ,1_)_6;
" »

k=1
This is a consequence of the edi
is . preceding theorem and of the corollaty
of proposition 4. But it may be obtained also from “ it

Proposition 9. Cap E = j — '
e sftis ying I ap | 0 ::H)T(E) = 0 for all measure func-

7o 1
Smm”ﬁqm
Y] &
for 0 < ry <1 sufficiently small.

» « For. the proof;. T W o
(1] theorem pz)._:.‘,‘ see M. \\l‘,ADLIx\ (.[23],;\,t1.1:eorem 4.1) or D. ADAMS

In order to show that the Hins orem is -
o sl preceding theorem is. bes
recall some definitions and previous résdl%s. e MupsEaPasiRle, we

Proposition 10. Let'h be a medsure fumction salisfying
(18 " (2r) € Qhl),

let us say for 0 7
in R, then

1
Pl and where O <Q< ©. If F is a Cantor set

1 i 2 0(,) S H(F) «S\“Q“l’im Qalmh’(l”’)r

=

2 ) £ : i
gor tth; proof, see D, apaMs and N, MEYERs [2], proposition 5.1.)
set. E (C R" is sai ser ¢ '
o - said to have a lower spherical h-demsity at a point
. HBlyy) 0 EY
lim FatBlen 0 1
h2r)

=0

(16)

S~
> 0.

v P roposition 11 7he set E : -

Where 1o 7o » i ne 5lf“tb‘]"(‘,5-\l(17@f?" spherical Ti-density at ¥x e K
s“}%iieit‘l%'s @ Borel set salisfymng O < H,(E) < o, if, for Qj<( r ‘iﬁhre (L’,
i Y Sf?-r:(fll}, (15) holds, where the constant () S(f{-ﬁsf{és 1 § Q < 2 lcm;’,
.‘ ia'set, of Cantor type E = ﬂl E,.. with E,, oblained in.the m'™ siep
OISt o b O van i . ;= ’
i fts!wfz}%{ of _;:: _14,-dwwnswnal-»wtt_ervals with edges of length 1, 21,1 <
lity it fatned in the -usual. way satisfying the following double in'e;gmz--

RO n
veoey << 20(1,) <<y, cy, €y cOMSLanLS.

R
> al &1 sori
. valyse numérique et la théorie de l'approximation — Tome ? — No, 1/1978
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(For the proof, seé¢ m. WALLIN [23] as remark 4.1, or our paper
[7], lemma 16.) ‘ ‘

Proposition 12. There are ‘constants a, b > 0, independent of x
and u such that

1 o) 1 v
ok g 7 (1) 20 Dol PR
it t
0

(For the proof, see », ApaMs [1], theorem 2.)
Lemma 7. Let h be a.measure function such that
L

r—1dr -

[re#="h(r)]

[

and let E' bé a Bovel set satisfying 0 << H,(E') << oo such that E' has'posi-
tive lower spherical h-density at Nx e E'. Then By, (E') =0,
Tet a measure p be definied as !
p(E) = H,(E N E’) V. Borel set F,; .
According to (16), there are, for any fixed ¥ < E, numbers ¢ > 0 a‘ﬁd
7, > 0 such that
o(w, %, #) = H,[B(x, ») N E]> ¢h(2r) for 0 <'r < r,.
Consequently, on account of the preceding proposition,

i r

1 7
) 1 a1 T dr
gorlgan 1)’ (9) 2 (ool % NN P>
r
@
1
=1 N =
S B 1 S [ree=11(2) P Y = oo,
a ¥
1]
as desired.

THEOREM 5. There exist compact sets F C R* ' with B, o(F) =0, ap <

Sw but with 0 <H, .  (F)<oWBsp—1 m=1 2 ...).
Let F be an #-dimensional set of Cantor type, F‘ﬂFq, where F,,
=1

‘ 9=
obtained in the ¢t step, consists of 27 n-dimensional intervals with edges
of length 4, 2I, .. </, obtained in the usual way and -1, is chosen such
that

(17) €1 < 29hgp, p1,m plly) < c3 (61, co constants).

23 RELATION
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We sha,lllestablish that Bap,p—1,m, 5 satisfies (15), i.e. that

m—1. 3 . i . 4
ap—n o 1y1-p L 11-p o om—1 . SR
(}8) (21')71’ kl]l (logk ;) (logm 27) < Qrap—n kI_Il (logk 1)1 ’(logm lJ—B»
! d ¥ L 0 = L oF ‘ -

with 0 <€ Q << 2" TLet us take Q ‘of the form Q = Q% "i:f(?f—l Tt is
enough to prove that =1

1 1
logk_”_ _S_leogé; (k = 1, o I 1%).

We use an induction argument. It is easy to verify that fhis inequality

holds for £ =1 with | Y ‘
Tk A A %1_ ’ jl‘hen( >0 as small as one pleases), and

iy 1 ! ' gt 4
log; —= log (logk_l 7) = log (Qk—l logy_4 2%) < log [(logk.-l 21)0"] =
¥

oy ] 1
=@, log, —
27
since, for sufficiently small and Q, > 1,
1= Qk;l = (logk—l l)Q"_]-
2y
For ¢ > 0 sufficient!
¢ 0 y small, 1 <@ <2 and we ar in the hypothese
of proposition 11 asserting that I is of lower spherical h-dens{{)lr. NZ:S:‘Cq

Spcox}(}mg to (17) and taking into account proposition 10, it follows that
< Hoppr,mep (F) < oo and since, for 7y small enough, o

e L ,
R ®om— €]
S [;w:;b-—nh b p1 (’,)]P~—1 E]/'__ S ’ 1 | 11—1 1. -4
ap, p—1,m, =I5 1 . Lypoe-vdr
0 ¥ kljl ( B4 y) (Iog"’ ,,, P OOVB sp—1

a i . ..:_- . . - M \
led ‘EFI)\’ of tljmmtz\'g 1(]‘\-\'1_3' spherical A-density, the preceding lemma implies
wmp A} =0, as desired, allowing us to concl —
e Aok Bt g onclude that the result given
—~+ 1 e . 5
s Lb:v.{r :; 1{} aor yv. There exst compdcl sets F (C R of conformal capacity
“M,I. Fwith < H,m___h,m(l-) << w0 Vﬁ_ sn— 1, where h, ., g 18 defi-
o the preceding corollary. | .
. This corollz i articula | i
e [msmbl;ry shows that, in particular, also the preceding corollary
lity 1?1113% li:?v,t hlet us show that also the result expressed by the inequa-
Broe. eorgxn 3 and its corollary are best possible in a certain
= TIZ;:;)RE_M 6. There exist compact sels ¥ C R" with B, , (F) =0 op =
S O With B pgmg (F)>0VB<p—2 m=130) ==
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According to ithe preceding theorem, there exist Cantor sets ‘Fill) R, B mes oo ]
with B, (I') = 0 and 0< H;W, ety r,(F) < w VB § ]5 —1 (m= 1 +(p—1) S k[l (log; w)? (logy, s w)r—8-tdu & %?ﬂ"““ IR st
27~ - ) I I' 5 T = l°gm»7
On the other hand 11‘0111 proPomtmu () we de dL‘LLO that if a set E _logz,l.n
= N ! no [ie)
has , the Hausdorff Jemeasure . H,(E) > 0. andS O(r)dh(r) < oo for i suf- RS RN R _
: y—B+1 log,,,— v B log :
ficiently smal rothencd (E) > 0. Butifh = h,ﬂ, bt,m, 9 Yind B g“,, o my | T -
we get . Ledy vioh (ogy e 00y Ny < B 18P0 2, e / (L
o =1 " TR — 4s deslred |
S,«p n 1”1 1ng_) [mgm _-vl "a ! pn=op H (lnw —} i log,, —) ] g Corollary. [ﬁere exist. compact :sets I' C R" with cap IF = ,O, Jbut
3! SR S A @ith' By, w2,mp(F) >0 ¥V <n—2 (m=1, 2,
To = 3 a5 AL Now, we shall give an extension for p =1 of some results obtained
(n. — ap) \H (1°gk—l.. (log,,, o —l— by N. MEVERS [12] for j) e Let us denote Gy, = by = by and ¢ =
} '!}-.’\- b =5 sl 1 7 ':t Ao fif -——:B Bul ‘ )
LU, m | "UUWé give first some prehmmary rebiilts! ' !
—}-(j)—l)S(log ) (logk ) l[log,,,-}—)"’gy-l— .+ Proposition 13. Let aj)<np 1, —:n_ﬂ'—/—;‘, PL—',—vl—zl
i r A q i P f P
0 . : and
Yo m—1 "o m—1 e frglt mergllon w (08
— 1) (1ogk_| toga | " Tt 0 { T (1ogy )™ ) = | l% — e () dy.
0 k=1 0 k=1 'r< R X = P
'(10g,,. __' —p+1 dr_ ('n i ap) W’ ﬁ+1 ! _|_ (m' — 1}(p , ju‘f—ﬁ'ﬂ w 1 4 Then
o rm B bl AT AR g, il € KNl b 0
IR i [N i) (1(
2 Where K = K(R, p, ¢, 9% n) and p < g* <yq.
. Tr p?‘ gl ;OO - (For the proof, see s. sonornv [18], p. 481.)
h ML AP Lemma 8 Let = et and o <<, then
for y<<B—1¢§ ;b and in the case ap = n, for @ = g p o m v 4 & A K
we have ' 180 % flee € K111, ‘ o)A
re 4 m—1 m—1 . . I
' B Bt il Wheye | < fi’ < q and K = (a,"‘(]*, e ) weith 0= [\ < co! IRRHY
S (D(}’) dh(") o S(IUE T] H Ilng—i (101'-,:" _.' fi[k]:_[l [105); J') I‘.‘t us d(_IlOté . P PSR T | CLRPTTPR PRV I v, v'."‘i"i{‘/
] ; o . C
: o ~ ga(r) for v R o
RS m—2 i ga(r)‘ ™ f 4 v i
'{logm '_) = (.~ 1’)‘&8 Il (log, 1)7?! (logm—r #)' 78 — + - O for i RGN ¥ 2 i fiesl
\ L4 ] . k=1 " 'NEXt,
0 — |

g # (%) = 8 x fl%) + (2, — &) * f(),
h.gn’u‘ll’,.accurdiug to the preceding proposition,

(19) g, % fller < 112, # flly + 11(gx — &) * Aler € Kallly o 1) (8o ) A1

O E m—8

+(p—1) S w I'I(Ie..gAt ) (log—e #)r~dut... +

1
10Ry—
0By o
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But, applymg MINKOWSKI s inequality (see ¢. H.. HARDY J. L. LITTLE
woop and G. porya [11], theorem 202, p. 148): ! . . .

1 1

(05 h(x, Yy ) dg” < S[Th(x, y)r dx)™dy (g% > 1),

we obtain

(20) g — &) *flle = (LS [eu(x = 3) = Bulw — 2)] f(3) dy}e" da)” <
S S8y — 9) — Bl — 9 T ) dy = (gl "
. Jt—¥] = R

i 1

q¥ S “":__Iq*-{ "w—1
Sovay = 5[ | e dz| fio)dy < [const.  r e irl i
|l > R ' ’ R
= I || flly <
Combining (19) with (20), 1t follows that
g 5 flle € [Ky 4 K,) Hf”l ~ K| s
as desired.
Proposition 4. If ap <, p > 1, Lsltioden fl and
' i " ot

(%) =§ |.}— AR ) dy; -
then
Il ttlle € K N1/ 1l
where K = K(«, p, q).

(For the proof, see s. soporrv [18], p. 481.)

Argiung as in theorem 20 of N MEVERS paper [12], and usmg (in
the proof) the preceding lemma instead of the preceding proposition,
we get 4

Lemma 9. The following relations hold :

i) If « <mn, then B,(E) z y(m* E)*,

(i) B(E) z y(m* E)® for 0 <e £ 1.

In each case, » is a constant independent of the sct E, but depending of
the numerical parameters present.
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Arguing:'as N. Meyers [12], in his; theorem. 21, we obtain Vo
Lemma 10. If « < n, then tkere emszfs a finite constcmt x> 0, inde-
pendent of o such that

1"~ a. B [B(xo: P)] ,(_P’ **06\' for O < p 1

Lemma’ 11, There emsts a constcmt 0 <7 < o0, mdependent of
p, such that

(21) X D(p) 'S co[B(xo, p)]'§ D(20)7,
and Y8 > 0,

m—1

r=n T f1og, 2 " (log,, | for » 5v,,
) L+ 14 R

k=1
(D(?} == (Daj?,p—z. m, (?) == -1

poE—n ]___[ (logk l) f_ (logm 7) for » = Vs

A 2

where, for m =1, 2, ...

where ap < m, or

m—1

[log %]p_l kl:[z (logk 11)17 )[log,,, ) for »

(D(f’) = (Dn,f’—z,m,ﬁ (7’) = 3 i m—l [ yp-2 B
(og -+] }T[ (log,ﬁ ) (logm 7} for ¢ > ;.

Vin e

v

IIA

m?

bmce the capacity of a ball of radius p > 0 is independent of the
position of its centre, we may assume for simplicity's sake x, = 0. Then,
let v, be the ¢y-capacitary distribution of B(p) = B(0,p) for the kernel
® from above. Then, sup @ vo(¥) =1, so that, since S, C B(p) and for

!t! = Pl

Uz {0 — v (5) 2 § ©@Lxlliv(y) ='020) v, [B(e)] = ©20)ea [Ble)],

Bi(p) Hip)

yielding the second part of (21). ,
We now derive the lower bound of C(DLB( )], which; according to

Propositon 2, 'is' ‘equal’to Cq 1 [B(p)].' To this ‘end, let My = My5(o),
where m is the m-diniensional Iebesgue measure. 'lhen

r He:

T T A
o Do (%) = S O(x — y)dy £ S O(y)dy = const. \ DIyl |y""'dly| s
(22) Be) B) o

< const. ®O(p)p".
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Next, for a teést function f fot the kernel Co,1[B(g)], we have.:

I
il 4 ]

D(x —y)f(dady = ..

§ @ /iy = | \

B(p) B(Q)

A B0 — dmo)1dx = 11F [l st @ x ()

const. é” S Sd;ﬂé‘,(y)‘ =

hence and on account of (22), it follows that

const. p?

S sup @ « imy(s), S const Plee” (1)
whence

| f1l1 2 const.” ®(p)™

and, since f was; an arbitrary test‘;function, we may take the infimum
for such functions, obtaining in this way also the first part of (21).
Lemma 12. Let EC R" be a boundcd set ‘and op 'n, thew'"

(23) const: By, p2,mp (E) < c;’{,a.;‘ ?762' - (E) = const. B, p—2,m, o(E)

YB>0 and m=1, 2, ....

It is clear that .
Gapp—2,mp (1), S QDup p2,m 0 (1), Ead:
where () is a constant independent of r. I'herefore, YE ¢~ R*, the second
part of (23) holds.

We now seek the opposite inequality, which we shall establish for
Co. 1 since, by proposition 3, & — Ca,1. Tivident, the diameter d = d(E) <
< oo, because E is bounded. Next, the translational invariance 'of 'the
capacities allows us to suppose (without loss of gencrality) that E C
C B(d). Let f be a test function for Cg, (E). Since, according to the
preceding lemma and proposition 3,

Co,1 [Ble)] = ®(2d)7,
1

we may assume that || f]|[, £ 20(2d)7. Hence, if a = ({ ,"’—_" and @ =

= Dy, p—2,m, 8 (gcp < m), then,

Ox — ) f()dy < OTEA)TI [y = 200@Da(@) " = : .

[Iz=d+ (2d)a
. m—1
1 1 \p-—-2 1 T\p-2 (1 f ,
= — (2d)e=— |log — [T Hog,|[— Fitog, [ = )aly (2d) e
- @y log )" T flog, [ )| “Yog|(gole] @ x
m—1

13\2—-» 1 Vgl 1
X log, — log,, — — x < E.
- ( 2% Zd) 2% Zd")w-f‘< : VS
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Therefore

20(x — v)f(y)dy z 1
1¥| <+ (2d)a

Yz e E.

Singe
O(7) = Dup, p—2, mp (7) < an}lp—z. mp (7) for v < 2d 4+ (2d)a,

where @ is constant, we conclude that 207 is a test function for
Biap, p—2,mp (E); thus Prplidigl.

b bt wB(af‘._f_Z'm’B) (E) ;CO‘H‘S"C' Cd?ap,;ij"—2,1)l;ﬂ(‘E)'

The same argument still holds in the
only to take this timme a =l(i)p_1.'~

T V15 I o I _

Now, let us remind Ugaheri’s maximum principle (UVGAHERT [227]).

There exists a constant:-x > 0 such that

Tabs P ' T ’ .
caser @ = q,)li,"j)‘lZ, m g, (W have

oo b sup ug(x) £ A sup ub(y)
5N L™l e

Vp« eé:m,"", 1

4 F

s ,

where ug is the potential of kernel @ with respect to'thé meastre W
ugp(x) = §O(x — y) du(y). |

G. CHOQUET [9] calls it ,,principe du maximum k—dilaté’;.
Proposition 15. The kernel ®(x — v) satisfies U, g’ :
P . ; gaheri’s maximum
principl ther ‘ —
2.2\_@{9‘5:; gjy)}.ww:emsts A > 0 such that |x, — | §‘2 ]xljf Y = b, —y) =
éFor the proof, see G. CHOQUET [9], critere 3,,:1)).‘6‘3’7.) |
_ orollary. The kernel ®y g ., wp sn, m=1,2 74-
Jies Ugaheri’s maximum principle. VT :( p il Talr % o) vers
Since

IS0 Y VA W,

IR =) ‘ ;
' ’(logm : ‘1' ' 'ﬂ:<: 1 ] o
|4y — | é T eyl g it

2,402, 2 )@

[%g — YI) tlogm‘lxz = 3") ’

Proposition 15 holds as a consequence of inequality (18).

s Pro Pe sition 16. Given a compact set F C R", there exists v < M+,
Sy CF and 9(F) =1 such that wp(x) = Cq(F) p.p. on F (i.e: except

m—1
- 3pee» 1T (o

S o =1
= (L le : ] i (lcgk

4 k=l

1

zfj" a subse_t of F with the ®-capacity zero), uyp(x) S Co(F) on S, and
o (x) < ACq (F) everywhere. | ¥
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(For the proof, see 1. CARLESON ‘s theorem 3, p. 17 in [8]) *
Remark. In Carleson’s theorem, one finds the stronger conclusiou
up(%) S Cp'(F) everywhere, but this a consequence of more restrictive
conditions on the kernel. In our case, instead of Frostman’s maximuin
principle, ouly Ugaheri’s holds. v _
Corollary. For any kernel ® and any compact set I' C R", there
exists a measure pe Ot with S, CF so that
(a) up(x) =1 p.p. on S,
(b) ug(x) =1 pp. on F,
(c) ugp(x) < N everywhere and
(d) w(F) = colF). i v v cutd _
As a consequence of Fubini theorem, we have for symmetric kernels
[i.e. such that ®(x, y) = O(y, %)] :
Proposition 17. §ug(x) dv(x) = Sue(¥) du(x). .+ . :
Lemma 13. For any compact set & C R”,

)lcq,(F) < cp(F) £ ACo(F).

Let p be the measure of the preceding corollary and v of proposi-
tion 16. Then, on account of the preceding corollary and proposition
16 and 17 we deduce that
cq(l) m dp(x) | dpz(x) < (v, i EN P TW, g d <
collh (| S < i) dil) = §il) () = § () () <

)3 b
< () =1 -
hence ¢o(F) £ 2Co(L7). 8l

For the opposite inequality, using again the preceding corollary and
propositions 16 and 17 we get 1)

)

’

(D(F)>i LY ] A #,E o ; >_£
i § up(x) du(x) 3 §up(x) dv(x) = A

=

Co
hence, Cg(F) £ Acp(F), as desired.

And 1now, as a consequence of the preceding 2 lemmas, all the results
of this paper with respect to the capacity ¢ and, in particular, with
respect to the Bessel capacities of the form Biup, p—2,mp) still hold for
the ®-capacity Cgp. In particular we deduce

Corollary 1. Let ap S n, p 22 and F compact, then

Co (F) S QB ,(F) VB>p—2 (m=12..)

but cven NYB = 0 in the particular case p = 2, :
and there are Cantor sets F' such that B, »(F') = 0, while

C‘I’aP:P—Z,m,Y(FI) > 0 VY < p —2 (m o 1’ 2’ . )

opy p—2, m, 3
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Corollary 2. If F is compact and cap F = 0, then
Cq,”_ ps, m,B(F) =0 VB> " — 2 (m=1, 2, ...)

bul, if n=2 F ’LS of logarithmic, capacity C(F) = 0, where Co = Cy
O(r) = log;- and . t(zere exist Cantor, sels I such that cap I = 0., while
- Connlo,myF)Y 00V <m 2120 tm = 1) 2,7,),
In TAVLOR s paper [19] on the rela’tivol'l.‘s 1b'et ‘ AL ] i
S 7 ween Hausdorff A- .
sures and the fI)—Cgpamtms Ca» he obtains the following resuﬁc :or h-mea.
Pro 1);) sition 18. If the measure Janctions h, g, n o and the ker-
nels @,,,, ®, , are given by ] B

0 o 1318 —a
ho,(7) = 7 (log T—,J:, ka,p(r) = (log rl) (log‘2 _—i—)a, a>0,

Ot 1)y-—w . 1 ~v
D, \(r) = r-v (log " ) , By (7)) = (log " )u (log2 ;1) , >0,
then

(A) if « << wand B, v are arbiﬁm'y 07 o = (L and § 2 v, then 1[ £y <
b ' : : = D I ~
< o = Cfbﬁ,v(b) =0 and Hy, ((E) < o0 = Co, ,(E) =0; "
(B) if >» w and B, v are arbitrary or o« =y and B <v -1, then
H, (E)>0= Cor (E) >0 and Hy ,(E) >0 = Co,,(E) > 0.
But, from proposition 6, we ded i eLe ,
Lemma 14. Let 0 esie

Where log, 1 — ! b ' -
B =, log, A 10g-;_-, o =0;=0(0=0,..., 0 and amq,

0 o J .

e (j\*§] ?‘r % [Po = O (in which case we have lo consider @ = —1). Then

L if Oy < Bart, 0 o= B (j=a+1, ..., a+4s< m) and
”(.i?" Beisir (for a s < m), then H,(E) < o = Co(E) =

%, )‘?.- lo'.?n > Buy Ij OF Gysr = Loy and g0 > Bain - 1, or o g

/i = e i i 9 L 5 4 » g B a1y

<0 *!CQ(EJ - 0.({ B2 aA-s<m) and ooy ) > Bayoyr, then Hy(E) >

Indeed, in the case (A), Hy(E) < o implies H, (E) < o with

S by =TT (‘logk%)%"'

k=0
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since
7’1('), <w
r—o0 R(Y)

: _ »
and proposition 6 yields Cy(E) ‘= 0 because’ ®(r) == 3 ‘(‘r~) :

In the case (B’), on account of proposition 6, for ay1 > Bayt and

and 7, > 0 sufficiently Small, we have .
1] o IR o : I JII WIS S I Gl N S fit
o T By — g1 ! L Bgpo—oq o
| 00) ab) = — ars | (logm 4 (togara |
D 0

‘ . ot 'A 1: ﬁa-}l %ag+1
— Gy S (long-l '_’ LS
0

. (lbgm i}ﬁm e dl 10&- = L] = e
14 )y

118,,—%,—! 1 i = y
o
l"'f!il_

o0

[ T— g
o (logm—goa ) B *mdn + .. T &) 2 Bt 1~ %ap1
1
]f_lgﬂ_l ra

a1 %41

ol | )
. (logm—a—1)Pu =% 1 dut < ogiis (_lpyg’,,%ll’—) (logﬁlr—
i ¥y

0
118 (2 Bat1 %41 -1
m ™ % T o Iy QgL L Tl e
.(logm —J S.-;; " du 4 ... +
Yo :
logg 15~
Pay 1 %at+1
| - 2 E { Baio— “a+2—1
_i_ 0‘.", (loga,-l*l .I‘_] Ogrr -1 J“_n
n

. f |
' H

W By %

i PR

2w
dyp — — 2L [loga+1 —!
Fat1 a1 ¥

v 1. B—Hied 7
.(lo'g,;, = LN S 1 2
o : o/ Wi,
loBat1 o 3
- 2 18 1 —Up 41 Batra—aqyo—l
logm I_ ) o “m+ ..+ ___—_Ol (10g¢+1 “+ K logn+
79 %a41 — Bata 7o

1 J‘aa+2_°‘a+2

)‘9a+1 _“a+1
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(log,n i]ﬂ”"_“‘;* + o

Yo

o log 1 g e

20, 1 Byppi1—oyiq B 1
P (108.14-1 *J"L T [logy.o _' at2= 2=l
%tt— Barr al |

L . 1B, - — ;
X (logm 7) i % L < oot s
0

Next, for "-a+1-=:&5+1 anqlda+2> Baio + 1, We:vget

7 P
, AW i B .0 7T O, -
R TR L S
0 1
'02a+270
2]
; .
+ o, S PR e (0Bt gy 2
| =)
1
1020425
gy et et
< Ot (loga+2 K, T2, (log,H-J _JBa}l_o‘me
qu Yo B
Pago—ag o+l
1
logg 1o
0
Bay2—~dta

)Ba+3 Ogg—1

+ @ ("Ioém-z %] - (logai

('ﬂg —]B’* Lo (log

"o

I.)Bk+l_°‘k+1

¥
«© 9 —a
116,,~, ot2 et?
: 1 s ] i
( 08 o \ v 2 du +

1 1
Oga+270

By days

! L i
+ .. + & (logn+2 _) ! (10ga+3 i Bats—agia—1
7o Yo e
@ 9 ~a
U 1\B a1 Patz-daiz
I (logm Z) m m 1 S 9 3 dv —
; 1
10g“+2_'.a
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46
1 B —a +1 e 1 Bﬂ+3_'_aﬂ+3‘,\')
= ___22(}._‘—_1-.——-— ('].Oga_|_2 —) W a-;l-Z (10ga+3 ;,— | T
°‘a-'{—Z - pa-l-z it : o ! 0
Nl By, %ty st
(log,,ﬁ} W e
"o
1 Bayo—Cata R R
+ 20% (10g4+2 __' 4 é \IOga+3 ;'—) S
tyro — Baya 7o 0
1\By—ap— R N S CUOT B [t L
s logk—l—)ak et 10gk+1 —-) - (logm . —l“ =
! Yo Yo 7y
¥ 1 Bayo—ai2 ) 1\Bges—oass— oy, i
Ueig— Paye 7o » 0

1 \Byy— ey 1
...(logm—)’" < o0,
Yo

And finally, in the case oc,,'+1‘= Barts O = B+ 1 (¢ =a-+2, ...
a+s<m) and dgtsi1 > Batrst1 + 1, we obtain :

[ 0) 1) = e | (log w) ... (log,_ys)™" (log, w)fureriEurert.
0 10ga+1',".

o8]

o (10Zy— g 8) P %” A Gase S (log u)~2 (loggn)™" . ..

1
log”+1 ;:
: ) du
B ‘ ) Ban — % — Je.
.. (logs—1 #)™ (log, u)‘ﬂaf.sﬂ “fzf_g+1 (10ng,raJ'-1'u)”"§ n — + -+

(0]

+ ooy S (log u)™2 ... (}Ogb ) (logyra %)~

-1

1
logg.4-1 o

U At du
V. (log,},_a_l M)ﬁm—“m— + ... +

... (log,_1 %) (log, #)Patst1~%+s+1 »

0
+ a”l S

1
logg 15

(log #)~2 ... (log,_1u)72 (log, #)Bats+1 %ts 171 L

i
i S

w
7 o 0 U Berse1—% s+t L,
i . (log,,,._a_l %)Hm—mm”1 — < Og+1 g ! 7)__#-"?"’ a+t o
% P
1

logg 454175,
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[eo]

(lngm—u il 'U)HIH ~ + i --I-— oy S Plata 1" atsy1—1
3 1
logg 4 4 T

9u+s+1'—%+,+1+1
3 -

1
s ('logm ST B | TJ') By—my—1 dy < Oy (log[‘_l sk _]
a

©  Bypspr—tg st
Bats+2— %542 ( 1.8, —u Pl 8 N 00 S
e log n iy v 2 d
s L I
n 1’()]

1
Log, £ g4 1 .

|
. (10g4+s+2 e

¥y

Bats41 %4541

1 2 1\Batsto—ogtsys—1
T (logﬂ et ) (Iogﬂ+s-l-2 —) ' e
ry | r
B | x Bats+1-%4s+1+1
1 i w My s N v
v | 108y, U dy =—
¥y
10,, :
Bats+1 T
= il (logn“Hi l3a+s+1‘*°‘a+.wr1+1(]0g ’ FﬂiIﬁa+s+2*om+s+2
B AR f -s-2 .
Yarstr T Bagspr F LU 00 2
1 B,—a, 9y VB g —a
logm 7*’ Tt " + T i '"r loga+s+.1 A Fats 1% 4541 )
. Yo - )
s 3
f L Batsd2- 2 45421 T TR e e
.(IGE-’,n-u I ) \ _,‘(logm_' w %m < o,
a | 7y

as desired.

L erm(.-.lr.;‘as. I. s J. ravior [19] observes that in the relation between
fa_usdprll h-measures and ®-capacities Cg established by means of the
preceding proposition, the interval o = e v — 1 = B < vremains as a gap

; : Al 1 :

of uncertainty of a multiplying factor log ~, respectively log, L. In the
) _ = g T z
ﬂ?rg general casce of the preceding lemma, the corresponding gap ol uncer-
4nty 15 given by the interval st = Bapr and Bys < o Barz + 1

45 in the precedi ng proposition, the factor being log, i, I—], Or o,y =
¥y

T‘:”gﬂ-{—h ﬁﬂ' = %q < BG‘ "f‘ 1 (q = {1 + 2, whs | @& -I- s) and B‘¢'|-$+|
= Boreri 4 1 (the factors being log, ;s - ... 1080 1411 il
i

A

S Hpisii S

< - . . ' v
2. We wish to mention that in the case of our results on the exceptional

Sets of Bess : : :
'tioi lﬂ?f Bessel or conformal capacity zero, we did not use only the rela-
s oxbetween Hausdorff -measure and Bessel capacity B, , or ®-capacities

iven by t : A 1
#iven by the preceding lemma and (specially by means of lemma 4 and theo-
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rei B e el b ook fhecat it bttt
accordnl,g got;:];)e: ]‘;)eé:;lf po:s,g'b]é, while the corresponding estlma\ttli {Eﬁgreﬁ?ﬁ
%1)‘(& :‘il(?e::; of the different capacities have only points of uncertainty

l‘esp?ﬁni;& ﬁl;g? fséﬁe the fOlI(i};i{iI‘lg generalization of the conformal
t?apagg Eb%l: 1;@&%53%. SZ]:EIﬁ;I?{“.[ Cajp‘.p E, where 1 £ p <oo is delined by

capy E =inf § |Vault dx,

W 2 & v i nau 1 5’ dlfiertflﬂ;ldble
i i 1.8, LOI.ltil aus

: : 1f
ith c t) and which are =1 on E. II )
amhi\rvelt‘?hé Osﬁlgsgit Sgpp(?t{ z)f. to be contained in a certain fixed ball B(R,),
req bt 1} = ‘
dent of E. of Pronce
" hldI:T 1::; ;Itjéi ?J?se;lhfiﬁ the connection between ®-capacities d‘nd p Jgoilu(];;;i
P?'\:)‘ hosition 19. Suppose F C R" is a camjmcf] se_ef,ﬁb {1_=1 P
1"y is the j%zm-.ily of all arcs that intcrsecﬁ f] ; ) Then cappli = 0 <« Myl
i ' r. ZIBMER [24]. L
(lic'n;) 1:)113 spir‘g?fé. ie%(\)‘:“;:t;pose }7 C R* is a compact sef and p =z 1,
. B, (F) = 0. o g B
e (%c;[;p fhe gr:;f, 's?c(c)for instance Ju. G. RESETNJAK [16], §6, or
s 227, theorem 1. : | -
. “%1‘;,111?1 t%?ezz'lf}recedilwxg 2 1))r0positions and from theorems 4 aund 5, we
0btai(?o rollary 1. If F C R" is compact, ;bl% " m]-aci'.zcapﬁf?;d{),mfg
| : . = —1lm=12 ...
My(Lp) =0, then H"mﬁ—‘a“h B{F) =0Vp > jb Cantor sets F' with cap, F'=
vesult is best possible in the sense that tk.?jr'e ex1st mr-{ Cyay’ ('-.a-nzl, b
— M,D ) =0, but with 0<H"§b..b—1.m.ﬁ‘(Ii Jsra Y 5 g 1 of lemma 14,
If;roﬁm the preceding 2 propositions and [rom corollary 1 of len

Ve éleod;u;e] lary 2. IfF C R"isacompactsel,2 = p = n and cap, F =0,

el

=S p 2 (mo=1,2, en), bt

r My(Tp) =0, then Co,, ,, o(F) =0 Vp>7p = o g
:_;’ p;é VF)B = 0 and ﬂze.rg‘t';rgzcgnro?' sets _Fl swik ;‘kat c:;pp Iy = My(Tp)

while Coyy sy, 607) > oOvep<p—2(m=1 ’ :cel_lxlxs:lo

Remarks. 1. This corollary. represents an 2(;}( e 4L Bt

of 1. wATLIN [21] asserting that cap, F =0 (2 <p = 7)o OupiI 20

(Ve > 0). & wALLIN [21] in his remark 2 (p. 830) asserts ¢ t b pegl

is best poss'ible for 2 < p <min the sense tlga.t(.: e S ndos

ist compact sets F satisfying cap, F = 0 an nep AN o

%ﬂqllin’q result is not best possible ,,in an absolute _sinse since, .

'tncthe‘preceding corollary, we have, for 2 = p <,

Co-tte < Coppg mp = C8P2 Ve>0.

i 1lat)
9. In the particular case » = 2, the first part %f“the preceding corollal
gives the classical result ,cap F = 0« Co(F) = 0",

n of theorem (B)
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