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Boundarics of bounded convex sets in the plane have been characteri-
zed by k. MENGER [4] (see also . a varenTINg [7], pp. 113—115) by
certain simple conditions expressible in terms of the three-point subsets
of S. Related results have been obtained by w. ar swax [6] and more
recently by k. juvn [1), who extended Menger's theorem to possibly
unbounded closed sets.

In this note we characterize the boundaries of smooth strictly convex
compact sets in the Kuclidean plane R® in terms of the three-point subsets
and of the existence and unicity of inseribed triangles,

Terminology

Tet S Be a set in the plane 2. We shall denote by int §, bd S and
cony S the interior, the boundary and respectively the convex hull of the
set S, The closed and open segments with endpoints x and y are denoted
by [x, y] and |x, y[, respectively. If x, y, # are noncollinear points, L(x, y)
and H(x, y; #z) denote the line through and v, and the closed half-plane
Hwith x, y « bd H, z = H, respectively. A convex body in a linear topolo-
gical space is said to be smooth, il in each boundary point of S there exists
only one supporting hyperplane. We say that a convex body 5 is strictly
convex, it bd S doesn’t contain any segment, or with other words: for
¥¥ =S and x# y we have Jx, y[ Cint S.

‘In the sequel we need the following result of k. Juur [1]:

THEOREM 1. A plane set S fulfils

fi) Vx,y,2e S: S int conv {x,y, 2} =0
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if and only if S is either a subset of the boundary of a convex ‘set, or ‘an X-set,
that is a set {%y, %a, X, %a %5} With 1%y, %[ () 1% %[ = {x:).
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There is also needed the following theorem' of the author. and
A. B. NBEMETH [2]: .

AHEOREM 2. Let abe be a triangle in the Euclidean plane R2. Suppose
that S is a stricily comvex closed arc of class C1. Then there exists a single
triangle a.bic, with sides parallel to sides of abc and of the same orientation as
abe and which is inscribed in S, tn the semse that a,, by, ¢, € S.
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A generalization of this theorem was given in ([3], Theorem 1).

Results and proofs

THEOREM 3. A plane compact set S is the boundary of a smooth strictly

convex set if and only if the following two conditions hold :
(i) V%, 9,2 «S: S int conv {x, y, 2} =9
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(ii) For every triangle ppypy in R2 there is only one triangle pi p} p} wi
7 L , 1 wilh
S?d?S P‘{mﬂ"f’l fP' ﬂif{ Smf&}‘ of j).]j)gp:; and of ‘the same orientation azs ;gl;bﬂﬁa
and which is inscribed tn S in the semse that p}, ps, ps < S.

Fig. 3

~ Proof. The ,if” statement follows immediately fro ‘
trom‘ the fact that S is the bgundary of a strictly c}(;nve;(n S;I“:leorem e
.. To prove the ,only if” statement, let us suppose that S is a plane
compact set fulfilling conditions (i) and (ii). By Theorem 1, S is either a
subselt_ of the boundary of a convex set or an X-set. Since ,S verifies also
condition (i), it cannot be an X-set. That means that S C bd conv S
Suppose now that we have bd conv S ¢ S, i.e. there is a ])Oillt.ﬁ- a.é..‘;'
did e e bd conv S. But as the convex hull of a compact set in R” is c,mnpjdc-t
(see for instance [5], Theorem 3.2.18) it follows that ¢ = bd conv S =
C conv S. By the theorem of Caratheodory on the convex hull of a com-
pact set in the space R", there are points a,, ...., @; = S, with 4 £ 3 such
that ¢ = conv {u,, g v, ). If i =38 and ¢ < int conv {cnl._- Ao, g}
we would have a e int conv S, contradicting the above statenient e
= bd conv S. It lollows that i =2 and a e conv {a, a,}. Since S is a
E‘-t'nupact set and a & S, we can choose the points @, and «, such that we
tllrli{e lay a, [N S :If;/}._But then L(a,, a,) is-the only supporting line
wough a for conv S. Iet b be a point in S such that d(b, L(a,, «,)) =

= T:? a(p, L{ay, a,)). (If d{x, y) is the distance in R? between the points

% and y, M is a given set and b a point in R? we have b initi
o o : , vy definition
b, Mj = nifM (b, p)). Denote with L, the line through b parallel to L(a,,

M . P . . - 1 y
1(:121){3 _}l}t 1s 1immediately that conv S is contained in the closed strip D with
«'c boundary formed by the lines L, and L{a,, a,). We consider now the
€ following two cases: ‘

(}) Ly conv S = {4}, and
(2) Ly conv S = [by, by] = b.
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In the first case denote by a, the intersection point of the line through
«, parallel to L{a,, &) and of the line through a, parallel to L(a,, b). By the
condition (ii) there has to be a triangle a; ag a; with sides parallel to those
ol a,a,a, and of the same orientation as a;@,a; such that af, i, a; = S.‘
Denote by D, the closure of D — H{ay, b; ag) and by Ds the clos?re of
D—H(ay, b; a;)and by Dy = int conv {ay, ds b}. Because S (Cconv Sic.B
and Jay, a] N S =9, we must have ag = Dy U Dy U Dy 11 ay = Dy
we get a contradiction to condition (i). It @ = Dy it results that we have
a, = int conv {a}, a,, b} (see Fig. 1) contradicting condition (i). Il az = Dy it
follows that @] = int conv {a,, @}, b}, contradicting again the condition (i).

Consider now the case (2). Using b,, b, e conv S C D and the theorem
of Caratheodory on the convex hull of a compact set it is easy to show t.hat_
b, by = S. We denote with by = [ay, 0o () [@a, 1], with ), the closure ol
D — H(ay, by; ay), with D, the closure of 1) — H{a,, by ay) and with Dy =
— int conv {ay, s by, b} U 16, by[. By condition (ii) there exist the
ponts b e S, 1= 1,2, 3 such that the sides of the triangle bi bj by are
parallel to those of bybybs and the two triangles have the same orientation.
We have again conv SC D =D, U D, U Dy U las, dal. If onc ol the
points b¢ would be in Dy this would be in contradiction with S (C bd conv 5.
For b e D, results b} = int conv {d], a, by} and for by = Dy resulls
b e int conv {a;, by, by}. Thus we are again in contradiction to (i).

Both cases (1) and (2) have us led toa contradiction. Hence bd conv SCS
and together with the above result S C bdcony S we get S = bd conv 5.

We claim now that conv S is a smooth set. Assume, to t]lc a_‘ontrary,
that there is a point ¢; « bd conv S, which is not a smooth point i.c. there
exist two lines L, and L, supporting the set conv 5 at a,. For i = 1 or 2
denote with H, the closed hali-plane determined by the supporting linc
L, which contains the set S. Denote with C the cone C = H, (N Hy Con-
sider now an isosceles triangle @ @aa with aye, = aay and such that the
angle aya,a, has the same bisector as the boundary angle of C and the angle
(13045 is greater than the boundary angle of C. By the condition (i) there
exist three points af e S, ¢ = 1,2,8 such that the sides of the triangle
a, uy ay are parallel to those of the triangle a,aqa, and the two triangles hu\:e
the same orientation (see Fig. 3). But then «] = int conv {ay, a3 as)
contradicting the condition (i). Thus cony S has to be a smooth set.

It remains to show that conv S is also a strictly convex set, Suppose
the contrary i.e. there is a line segment [&,, b,] contained in bd conv S'=S.
Consider on the segment [by, b,] the two points @, und a, such that b,a, =
= ay@y = agby. Let ag be a point of S such that aia,a, 15 2 _1_1qndegenerated.
triangle. As S = bd conv S we can find a point a3 S sufficiently near to!
(y, @ # @y, such that the parallel to asa, through aj intersects ]by, bal
in a point @{ and the parallel to asa, through a; iutersec‘fs by, byl in &
point aj. Of course, the two triangles a;a,q and ay a; ag have para‘ll{_ﬂ
sides and are of the same orientation and both are inscribed in S. This:
contradicts the unicity part of the comdition {ii). With this the prool ol
Theorem 3 is complete.

§
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