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1. Introduetion

The general bilinear programming problem can be formulated as
follows : talt T A ; '

(1) maximize {f(x, y) = ex + dy + x*Cy}

é‘{ﬁbjeet to linear constrants B

(2) i "Ax =a, x>0

@) By =hvy>0,

Whe;_‘r‘é}’ A, B, Care;' “%om, s N n, m X m — matrices respééti\;d‘y' and a,

b, e, d, x, y are vectors of the appropriate dimension.

Bilinear programming is a generalization of the linear programming
that for the first time was formulated in 1968 by  arraan, o [1]. He gave
an optimality criterion for the bilinear programming which then gave a
ol to construct algorithms to lind the local optimum in a finite number
Of. Steps. SOKIRJANSKAJA, E. [2] has remarked that' one of the Altman’s
CTiterion is only a sufficient condition for the optimality and not necessary.
She gave then an improvement for this criterion -and constructs a finite
algorithm for the local maximuni of theé bilinear programming.

2 An interesting and comprehensive study on bilinear programming
18:also done in [3] by vanDAT, A.
In the present paper a simplex-like technique is used to establish sim-
thﬁ’_ Optimality criteria for the general bilinear programming problems.
lllheu a simplex-like algorithm is described to find a local and global maxi-
W of the problem respectively .
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2. Jordan elimu}atlon in hilinear progl‘ammmg

Now we shall specify the characteristics of a Jordan elimination step
in a bilinear programming.
Thus, let us consider

) " ! B f
(4) o y) = e at L dyit+ 84 L0 e |
(5) lzakix{ o k=T 20 0 |
=1
o EETESTE N LU

(6) Uy = Ebkfyj +bp k=12, ..., 5, :I
i=1

and let by, # 0 be the pivot elathéht “I'ilen’ after substituting

|

R TR TR TR | : (uu.--\;'.g gavmibed Aimag J
( Ebm p“"bp)
bpq .

i*e !
cpdy Hv 7 Lo S e
in (4), we obtan
fxysu Zcixi‘jf‘gdyyj*f‘d“l"l‘p’ +E” Ecljy1+cﬂq“ﬁ+8)

$=1

E""£+ i-u+2tfm+d¢”p+ﬂ

w1 J#q

£

E % [E ¢y + Cw“;ﬂ]

where...: ;. Mo gl T sl ?“w:! T

ANt Y1 vl i TN IS R]

& = by — Ao %0
(7) cly = (Cibpg — Cighps)bpes T# ¢, 1 =1 2,...,m,
&g == Cigfbps $=1,'2)l'.., 'm,
B = (Bbps — d4bp)/bpe
3 = — Cig by t = i, 2, ey

dy = yfbyy.
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t:, 11 we consideri the simplex: tableau

z=| A 0 a

u = 0 B h

(8) e 0: @
=l 0 4 | e

0 G 0

‘ : . ' s . c . . ,
Fil e il jdigl {1e I ] =i

then afler a Jordan elimination step we get the tableau

!
i )

X Yooty oy, 1

z=| A 0 a
ty ==
©) =l Bl
i
u, =
1 e 0 o
f=4 0 d B’
l 0 CJ - 8/

Where €', b, d’, B/, & are formed by the eléments given in (7) and B’ is the
matrix obtajned from B after a standard Jordan step.

From (7)-—(9) it is seen that in bilinear programming a deau elimi-
"-Ztlou step should be carried out accordlug to the usual rules to which one
adds
t1 \Udditsonal rule: if the pivot elemeiit is an’ element, of the matrix B

e v EIR T AT [ SRRy

AT ei="e+ ¥ VoD e
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Remark 1. If we take a pivot element in the matrix A then itistead
of tableau (8) we consider the tableau

X y 1

z=| A 0 a
u=| 0 B h
l e 0 o

f= 0 ) d p
\ CcT 0 0

and after a Jordan elimination step with pivot element ap # 0 we get the
tableau Firithien, mths, 5 ool Th paailisegtiaien pphmad g SRRt A

Xy oo Zp .o %y ¥ 1

A1
Xy = A’ 0 a' ‘I
2y
T 0 B b

I ¢ 0 o
/= 0 d B

\ s T 0 - _.‘,'

Now the additional rule comnsists in:

d=d+7. |
g ‘ ML IO LRPAL i
‘ ‘ " 3. Optimality - eriteria ‘ R
A pair (x, y) e R"x R* is called basic feasible solution of .the bili-
near programming (1) — (3) if x and y arc basic f casible 'solu‘tion‘ of (2) and
(3) respectively: e
. The following theorem results immediately from the theory: of ilinear
programming (see [1]): ]
THEOREM 1. If (X*, y*) is an optimal solution of the bilinear program-
ming problem (1)—(3), then there-is a basic feasible one.
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To obtain a b.f.s. we shall use the Jordan elimination steps, described
at the section 2. To simplify the notation we assume that A and B are of
the full rank. Then starting from the tableau : it -

+

—x =y 1
0= A 0 a
0= 0 B b
(10) e 0 0o
s 0 —d 0
' iR g X

f 3 iy
|

and assuming (w1th6ut loss of :gé‘nerallitj;\)"tﬂé;cﬁtﬁe pi’vbt"eleménts‘ were taken
from the first » and s column of A and B respectively, ther after » -+'s J.s.
. (Jordan elimination steps) we get the tableau , T

— Xppleee — Xy — Vo1 o4 e — Yu 1
:"'-l ==
] A, 0 al
xf’
Y1 =
Mo =
P 0 P
= 0 T
Gl M 0

Lemma 1. If i (11) p >0, >0, then bis. (x° ¥y°), where
X! = (a1, 0), y° = (b%, 0), is a local maximum of the bilinedr programming
(1)—(3).

Proof. From (11) it is seen that f(x°, x°) = P + Q and

fxy =— t;ﬂp,x% £ P —J;l g5 Y + Q e 3 Zﬂcb %; Yje

i=r+1j=s
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Therefore ‘
" f(x,y) — F(x% ¥°) ==2+”:2+ i xS 2 bik Zq,y

Now, if p > 0, ¢ > 0, then frojm (12)£1t follows\i, that

fx y) —fix, ) < 0,
for each x; > 0, ¢_7+1 .,om, and 3,20, j=s-F1 ..., n suffi

01ently small, i.e. (x’ y°) isa  Tocal anaxinium for Sin Q = X %Y where,
={x e R"|Ax =a, x> 0} Y={y < R*By =b, y= 0.

~ THEOREM 2. Let (x% y°), x® = (a', 0), y* = (b1 0) be a nondegenerate

bif.s. then (x°, ¥°) s a local mawmum off cm Q ef cmd. ‘Qf”.jf zf I

) p}o q= 0 i : ’:,f, Ry crtith M o fir-‘réz x e

(ii) %.g 0, Y(5, /) = I° X" ]0 Dol i T g Lot st gnile sroinis !

where

EAE

I={+1 ....m, J={s-++1 ..., n}
P=fielp=0,J ={ <Jig=0}
Proof. (<=). From (11) we have

(18) fix, ) — 10 ¥0) = = 2 pom — 5 4535+ By ) b 23 =
_ Lo — 5« 1,._". T S I
_';/n (; Cij Yi P«,] % + jﬁ;ﬁ(;cu % 91)3’1 + rgn ‘;. Cij y:) ¥

te

|

From (13) it is clear that (i)-—(ii) implies that
flx,y) —f(x% ¥y°) <0

for each x> 0, y; > 0 sufficiently small, i.e. (x°, y°) is a local maxitnuni.
(=) Let (x5 y?) be a local maximum and consider

=(a, 0, ..., %, ...,O)T, %, —~t>0 z 1
F=0h0 ..y L O y=t>0 ],
It is easy to see from (13) that R
.s.,x« iclje]

(14) f(x, ¥y9) — f(x%, ¥°) = (cuf— git, ¢ & 1% j & J°
W(eht —pat, i 10§ & J

7

if and

and so f(x, ) -
plies (iy—(i), .~ . '
: Now, let (x°, ¥°) be - “degenerate bis. x0 = (a, 0), y* = (bt, 0),
and let

us denote

v

‘only if

i) p=0, q >

mn,m(u)d AC’,]EZ\

where

") "‘Proof.l (=—$~)If

(x", y") 15 a bfsthat is a 16cal maximumy, then
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=~ f(x% ¥) <0 for %, >0, y; >0 sufficiently small,

L=0ief{l,2 ...,%|a =0
Ji={ {2 ..., 5415 =0}

THREOREM 3. Degmemte b f s. (x°, ¥°) s a local maximum of f on Q

i
il

>0,

0, sV(w]) @ IS X JY

IO={i «°a, <0, Yk el
Jo={j e JOIb, <O, Vk = ]}

fx ¥) — FR, ) < 0

in 4 certain neighborhood of (x° y°). Considering

we have

As f(x¢,

xi =

¥ — A(x",

@, 0, ..., % ..,0), 5,=£t>01el

1 e I

| B
SO ¥ = )=\ i 1o

¥°) < 0, it follows that p, >0,i& 1% ie. p=0

Since for X & X 1t s necessary that

Vke]il:-’at <0

Similarly we get q> 0 and

Vee I, =b,<0,j <]

.. From (14) it is seen that

implies

Le. (i)

—{(ii) bold.

A YY) —f(x, ¥ <0

el <0, (i, j) « I3 X JO
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(<) L e'tnitha 2. Let (x°, §°) be a degeneraté b.f.s: If there |1sa,1\,>‘0, |
i e I, or there is bi,> 0,7 ] a, then, fqr_._a't.)}e‘ry:;t>”()j, (x’, y“)] 1snot Jeasible
solution, where = By SR - T A | i)

%y Xy, oo -‘;{(I))T" Jxv i, t‘> O:

X' = (a}, 0, .
(18)

Y = tl)l, 0, viiveyn «F N 0)7,"y, > 0.
Proof. Consider x* defined in (15) and let a','> 0, ¢ < [, fhen x, =
— — g\t <0, Vt> 0, that means X’ & X, V/> q .
Similarly it can be proved that y* & Y, V¢ > 0." V
Now the sufficiency of the conditions (i)—(ii), .follows directly: from
Lemma- 2 and (14).

& o d

A ¢ ' o A ; i
5. Global maximum of the bilinear programming
. 4 B 4 i ) i

i ' .
Assume that (x°, y°), x* = (a',,0) is a local maximum. of / on Q.
Then it follows that (i)—(ii) or (i)--(ii), hold. For"x' = (ai, 0, ..., x,
o 0), ¥W=(040, ..., 5, ...0) we have -~
fIx, yi) = =yt P gy Q9 ey,

of (xt, yi) .\ Lot

Lo Lyt )
d}V‘i

af(xt, yi)

1
= —g; T Ci¥.
9y <A of';

Conditions (i) imply

a/(x0, 3"

PR 20, 4 &', <0, je/

0%y &vj

Define
xf = min {¢ > 0f(x!, y) — f(x°, ¥°) = 0},
i

(16)
¥ = min {£ >,O]f(x’, yi) Tf.(X?’ ¥°) = 0},
where x; = y; = ¢. 1'
If there is j < J such that f(x, y/)—f(x% y°) =0 has no pos1t1vfé
solution, then one takes xf = -+ . Similarly, if there is ¢ e 1 such tha
f(x), ¥9) — f(x° y°) = 0 has no positive solution then ¥j =4 00. :;
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Consider the inequalities - :

¢ 15y B e R =310 i il
X1

i=1 47

(17)

Y« 1%

%

7T Y5

Sy

Sy

max 'I{f(x!ll ’y)|(X,‘Y) ‘e*‘Xl X 171} = f(xo' lyo), Pl seat

where

Xt = xm{x < Re Y% 1},
i1=1 ¥

Y=Y {y e R < 1}-
e fE]y;

That is why, in order to deterinine a new local maximum, we shall
find a local maximum of f on (XN X X (YN YI), i.e. adding to the initial
constraints (2)—(3) the following two: ‘

(18) X ks YA

. . tes o il ot e
With this new bilinear programming we proceed siilai until the
problem becomes inconsistent.
+ ~ .

Vi i

6,, Deseription . of

‘v i g :
i il i

the algorithm
From above we concliide \%rith;the'\‘follobving algorithm for the global
Maximum of the bilinear programming problem.

Slep 1. Starting from the tableau (10) find a b.f.s. ,

. Slep 2. Tests the condition (i). If (i) holds then go to step 3, other-
Wise do a J.s. by pivot eclement chosen in a column for which 2: <90
Or g, << (), ) i ; i

) Stfj) 3. Tests (ii) or (ii),. If (i) or (ii), hold then go to Step 4. Other-
wise, if o ; A ' : ) .

Lep> 0000 f) 19 X T

N iy . [ iy, by } . « o . .
do two. J.s. by chosing the pivot elements in the column 4 and j respectively
and go to Step 2. . o
‘_‘_‘_'_‘—\—-—._
*) The terms corresponding fo #¥ = -} or y}“ = -} are missing in (17).
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Step 4. Determine xf and y; from (16). RS :

Step 5. Add the 1nequaht1es (17) to the 1n1t1a1 constramts and go to
Step 1.

The algorithm is terminated when the bilinear programming problem
is inconsistent, i

7. Example
To illustrate the algorithm we solve the following exatple : maximize

f(xy) = —x — 11z, — 8}’1’_— 4ys + 2%, — %1y, + Bxyy, + Sxaj"nm
subject to

Xy + %4 =2
Xy X4 =’2 |
Ty ey Jei o gh O
Y2+ Yo=2 i
%20 520 14,7=12 3, 4.
Step 1. The initial tableau is: : 0 ]
— X1 %y — %3 —¥e— Y1 —Ys —Ys —J’4 1
0 == 1 0 1 0 0 0 0 O 2
= ULy i IRg @R o 2
= 0 0 0,0 [I] 0 1 0 2
0= 0 @ty @ron@uivger | Qriwll 2
(| o b amied 0 01 00 101800 0
0 0 0 0 8 4 0 0 0
Fe 2—-1 0 0 0
6 5 0 0 0
0 0 0 O 0
0 0 0 o0 0

After a J. s. we got

i BN BILINEAR PROGRAMMiNG )
AT — %y — g Xg—X4— Yo —¥s— V4 1
0= I 0 1 0 0 0 o 2
0= oMl " ilgtig g 2

»n=| 0,0 0 0 0 1 ¢ 2
0= 0O 0 0 o0 1 0 1 2
[l 1 110 0 0 o o 0
0O 0 0 0 4-8 ¢ —16
f= —1 -2 0 — 4
S -6 0 —12
. 0 0 o 0
0 0 o 0
After other three J.s. we get the tableau

XXy Vs —Vs 1

X, = 0 1 0 0| 2

Nh= 0 0 0 1] 2

Y= 0O 0 1 0] 2

J -1 3 0 0] 6

_ 0 0 4 -—-8|-16

/= I 25 o1 2

-6 2 4

Step 2. Since (i) do not hold
tlements)

(there is —1 and

we do other two J.s. and we getithe t

—Xa—%s —Y4 —¥s

1

—~4=_84 4 negatlve

ablean

2
2

[ =l )

¥=| 0
gpe=| 1
= 0
Yy = 0

11
fi= 0

OSI=I0C0 O ~

—aRIoI~c oo

NoO|IKIo|lo~o o
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Step 3. Since p, =11, s =1, qu=4 ¢ = 8.it follows that (x°, ¥°),
where
X =(2,200); ¥y =(2200),
is a local maximum and f(x% y%) =8 ~-8'=0.
Step 4. We have 5 Lok w8
fih, ¥ — 0, ) = 5t —8) =0, le ty =3

Ay — fx, ¥ = —100 4 68 =0, s | = 19/6,
' %} = min {3,19/6} = 3.
Since , .
il H {: fh i
f(xa' y‘l)\—f(xo, yO = e B 2= 0, ta‘ = —5, '?63 = +00

0

Similarly we obtain
95 =19/6, and yi'= + 0.
Therefore the inequ:‘alit‘ieis‘ (17) ar‘é o

%,> 3,'and’6y > 19.
i : i i}

Step 5. The new simplex tableau is the following

0

—Xy—Xg YV 1
2=l 0 1 0 0 )
Xe = |, 1 0 ' Q : :Qr»;:" 2
%y =|s1: 0 02 0 |3
n= 0 0 0 I 2
yo=| 0 0 1 0 2
yo=| 0 0 0—6 |19

11 1 0 0 | 8

P 0O 0 4 8/ | -8
5 1
6 2

A *'—‘: LR TS .
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Step 1. After one J.s. we get the tableau

—Xs— %3 —Y1 Vs 1
% = 0o 1 0 O 2
Xq = 1 0 0 0O —1
%=|—1 0 0 O 3
Y = 0 0 0 1 2
Yo = 0 0 1 0 2
Vs = 0O 0 0 -6 |-19

11 1 0 0 |=25

0 0 -—11-10 | —8

for every x;> 0). A
Therefore x° = (2,2,0,0); y* = (2, 2, 0,0) is the optimal solution

and f(x’, y°) = 0.

f=1
5 —1
6 2
which shows that the new problem is incomsistent (%, = —%; —1 < 0,

Univ. ,,Babes-Bolyai'', Cluj-Napoca
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