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Summary. In this paper we present a method for the numerical solu-
tion of a mod.el problem õf ttre two dimentional Self-Adjoint second order
elliptic partial differential Equation under mixed boundary conditions'

1. Introduotion

e first three boundary value problems
for t partialdifferential
equa certain conditions
\¡/ere fmplicit (D'A.D.I.)
methods could be used for the numerical solution of them.

The purpose of this paper is to show how to develop a theory analogous
to that in t3] so that the numerical solution of the S.A.E. und.er mixed
bound.ary conclitions could be obtained. As we shall see in the analysis
rvhich follows, from the numerical point of view, the solufion of the pro-
blem in question, presents no difficulties. This agrees wit what is already
kno*'n (see e.g. cnpnrvspew [4] pp. 57-58) and becomes clear by wor-
king out a numerical example.

2. Statement of the problem and notation used

To facilitate the subsequent analyisis the following notations are
introduced and used throughout this paper

I = {1, 2} with i e I áRi: ¿RÎ U ¿R}

J:{0, 1}with j=J ôR:ARLUôR2
R : {xlx = (xr, x") and 0 < xr<l'r} .P : R U ¿R

ARI : {xlx = (*r, *r) anð. xn: jln}

t..

'
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Problem Three (PIII)
(âR, : ¿¡.;

Problem Four (PIV)
(åRr: ¿¡9¡

h h

11 .'ß1

in the elliptic operator L in (2) rnust be constant is ord.er for the analysis
given in this paper to apply (see also [3]).Fo of problem (1) - (3) a uniform mesh of
size h,¡ impõsed on R where Nr(¿ 3) is an arbi-
trarily the differential equation (1) together with
its boundary conditions (3) is approximated. by appropriate difference
equations at all mesh points. fn rvhat follows we adopt the notation 44i,¿,

to represent the approximate value to u(irhr, irkr).

3. Disoretisation ol the differential problem

I.et B be the operator acting oÍL 1,t,¡,¡^ and defined by one of the four
expressions (4) belorv

I:_-hi
I

ni

8,. (ur(x,) 8 *.) - cr(x,)
(4^)

(4b)8,.(a,(x,)ò",) - i",(*, -l-(1 - I)iil þl?t;'ti+' - rn(x,)

B¡=
I h,¡

zatln + il (4",-ktoor)-cr(xr) (4")
ni
t h,\

2a¡l*¡ - .: I

= - ---Ã--:- (V,, * k,ol) - c,(x,)
(4d)

and V,, are the central difference,
d- the backward difference operators

in a specific

= (xr, xr) =
e arising the
to Table I

rraving introduced the notations above we consider no\:'/ the s.A,E.
(1) Lu:f(x),xeR
where Z is the etliptic operator defined by

(2) t = *,(",@,) *,) * *!"(o,l*,) *!,) - c,(x,) - c,(x,)

:j!!,yQì ¡ 0 a1d clxd) 

=}li 
e r. The solution ø, which is required tosatlsty the boundary conditions

(3) lu:vi(x), x=ôRi, ieland jeJ
is assumed to be sufficiently sru.ooth in .F. The operator I in (B) is defiued
as the identity operator on one or more sides äRj of the rectangle R and as
the operator (- 1¡r+r *,n t, ("i ¿ o) on the rernaiuing sides âRi i.e.

defined we
rvhich are s
ing in bold
oincides rvit

we note that in the case where in at least one of the sides of the rec_
3tg-1" R, p_arallel to the xr-axis, the bound.ary co'd.itiors ur" those of athird type bo'ndary 

'al'e' problern the corräspo"ai"g coetiicierrr- ;rù;i
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t-þ:

118
2

å

L¿

xr

zz

= the identity operator on 7Rr:
: ¿R? l) 0R, or äRf U iRL or R1 or äRf

- Iii : (- t¡i+r ¿ -, of. ou áR, : ôR _ ôRn
ðsr ¡

Problenl. T'too (PII)
(ARD:aryUaRå)

Probl,em, One (PI)
(ARD:ARlU¿ll,)
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... .J¡.itg--the appropriate forms of the operator B, given by expressions
(4) the differential problem (1) - (3) is rçlaced, by'the following^discrete
o11e

(5) (.B, * Br)ur,r, : ei,ín, % : (xr, xr) : (irkr, i2kr) e.R - AR,

where the values fot gi,.r, are easily obtained from the R.H.S. of equation
(1) and. the correspondiäg boundary conditions, rt can be found oüt tn"t
equations (5). have. a truncation error 0(h!) t \Qfi) except in the case
where the point .x involved lies on äR". Thên accoiding tõ which side of
the rectangle the point x lies on, the corresponding exponént in hnis decrea-
sed by one.

ff we define the integers K, and Ln I i e 1 according to Table II

TABLÞ II

L2

Nn-l

AI Nr-1

fft-l

PIV 0 À¡, rV,

a.ud cenote the ex-pressiol z, - K¡ * I by Mrli e I 1ve can readily seethat the totalitir of equations (5) cân be writteri in matrix from as foilows

(6) ( Af + At) u,* : @*

lrr nratrix equation_ (6) .above A! are known matrices of ord.er MrÀ[r, u*
rs an unknou,n MrMr-dimensional vector of the form

u* : (l|xrxr, xlKr-yl,K2t . ,., tlLrKr, xtKr,Kr¡\, ,llír¡l, Kr¡l, , , ,, ut[r)T

and O* a known MrMr-dimensional vector given by

Ot¡ - - h'1112(gxrxr, pcr¡r,Kr, ..,, eLrKr, eKr,Kr¡r, eK,4_r,Kr¡1, ..., gtú,)T.

'Ihe matrices I f have the following product forms

AI:InØHlandA[:HfØJ,

*ïilh /i being unit- matrix oj grdgr w,., Hf a matrix of ord.er IVI, being
8lven below and the symbol @ denotTng îensor product as is defined íi

LL

N1I

K,

0

0

Kr

1

Problem

PI

PII

PIII

Ronges or values for l,

U,N¿-11

12, N, - 2l

t0,N,-11

tl, N,-21

[0, Nn]

lr, Nr - 1l

10, \l
tl,N,-ll

[1, N, - I]

[0, N, - 1]

1,Nr-l

\-1

[0, N,]

[0, N¿]

0

0

0

[l,N,-lj

N2

[0, N3 - 1]

Ranges or values for i,

t2,\-11

t2, Nl- 1l

I, Ntl

tl, N'l

t2, Nl-21

tr,N'-11

i2,\-ll
il, \l

tr, \l

[l, N']

[l, Nrl

1,\-r

N,

N1

tr,\-ll
tr, \l

It, N, - tJ

t1, \l
\

2

2

o

2

2

t

2

2

2

2

Problem

PI

PII

PIIr

Prv

PI

PII

PIII

PII

PrIl

PIV

PT

PII

PlIr

PIV

Expressiou

4s,

4b

4c

4d

TABLE I
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Ne

[0, Nn]
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Ì
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t,
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4. Transfornation of the linear system

Referring to the matrices fff; r.ve define the nratrices C' of ordet ilI ,
as follows

a
1

C ,i:1,2

1

b

with the meaning of (r anð. ó given in 'Iable III

TABITE III

PT PII P III PIV

4' t;

a

b

Together r,r,ith. the matrices C, defined previously r've also defiue the
rnatrix C by the rclationship

C:CzØCt
and multiply ecluation (6) frorn left by C-1.'lhus u'e obtain

(11) (A,,I A,) u: @

u'here

A¡: C-rAfC, tt - C-au* and (Þ : C-1O*

It can be proved that

Ar: JzØ Hr, Ar: HzØ Jt
where the rnatrices ¡Ii are given by the relationships

Hi: Ci'Hfci

1

4r

4'
42

t;

a,

b

HAITMoS [6]. The matrices H{ are given for the four different problems
as follows

lor k e I - {i} andproblemP III fiot,í: l andproblemP I lot'í:2,

n:rt'1 + hrol) | clhl -2n1"t"

- olrt' nLt' + "lt" + cLn? - n t'

for problems P III and I IV. In all matrices above øi anð' cl slanð. fo¡.
tú" T"tu"r of æn (tko) arLð. cr(mh,r) respectively for all possible values of I
and, m.

G. AVDSLAS and A. HADJIDIMOS

nltr+otlr+r?k?

312
út'

312
d.1'

r22 6

(e)

olt'

- 2æ{,-rtz 2æ{'-tt2¡t i hro!) + ,Y'n?

+

]0) ny :\

(T HT :I

(B) HI:

I
jj

j

for problems PI, PII and PIV,

for problem P II and. finallY

- 2a{'-stz 2a{,-3t2 11 ¡ k26L) + cy "-r

- æ{"-slz

512
d,t'

M,-112
d,t'

+ r'rn? - nlrt'

H#:b"h"

ltp

h¡

olt"+"!rt'+cln?
312

- cr.i'

312

- &1'

n1t" + "l,t'+ t\n? - o:,t"

af rrtz
' 

*.-t," M,-rl
- ¿^¡t 6.¡, z ¡ oY;-rlz + tYrn?

_ a.f;r,-stz æ{"-stz I o{^-tl, + ,{'-'lr?"

312

- llz'

M,-312
- U.2

n:rt'$ + tøro$) | clk! --2eLt2

- o:rl' ol"l'+ "!rl'+ 
,t"lr?,

I.,
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1o find. À6io and. l-o* we lvork as follows, 'Ihe eigenvalues of the matrix
A are the roots of the determinental equatiorr

g(À) : det (,4 - À1) : (z +2h,o!- \)T*,-, (),) -2TM,-r(À) :0

rvhere 1r(À) is the determinant of order M given by

2-^
-1 2

I
I -1

TM(\) :

-1 2-\
-1

I
2 À

Iîrorn this determinant we can readily obtain that

T *(^) : (2 - À)ril_1(À) - Tr,_r(\)

f 1. îherefore g(0) :2(hrMroi + l) > 0. Thus if we put

(15) À:4sinz9, 9 e(0, æ)

!\¡e can prove that

Õ /^\ sin (Mf 1)91u\^) : --;;-

and also that

g(À): 4-e,lç)srn g

where

gr(q) : h1o! sin M, p * cos Mrg sin g

We distinguish two cases according to whether ol is zero or not
I't case: ol : g

In this case g1 (ç) :0 implies that cos Mt g:0 which gives

p : (4h I r)æluMrlË :0(l) lTl

e: (4k - r)nl2M,lÉ : 1(1) 
[n4r]

and

(16)

and are symmetric. Using all the previous results concerning the new matri-
ces r4, and, Ho introduced above it can be proved that the matrices l,
possess the following properties

i) they are symmetric
ii) they commute and
iii) the eigenvalues oI A, are tl ose of H, (or equivalently those of

ãï) s'ith each eigenvalue repeated, Mo times (/a e I --{i}).For the numerical solution of linear system (ll) by using E.A.D.I.
methods we need- (see e,g, [1] and [5] as strict as possible non negative
bound; for the eigenvalues of the matrices ,4 or, which is the samè, for
the eigenvalues of the matrices ff, or I/¡þ. These bounds are given in the
next section

5. Bounds for the eigenvalues ol the matrices I/f
I'et

d¿ : min ol, ,r: min ci and,

ã;: max nl, î.r: max c'l'

be the extreme values, for all permissible values, of ul and ci' in each
case. I,et also I be any eigenvalue of the matrix ¡/¡1. In a way analogous
to that developed in [3] it can be shown that À is bounded as follows

where h, e I - {ø} and Àai¡ arrd À** are the urinimum and the maximum
eigenvalues of a matrix z1 or strict lower and upper bounds for these eigen-
values respectively, The rnatrix ,4 which diffcrs from problem to problc.ur
is defined in the analysis which follows.

For the eigenvalues À of the matrix I/f given bv (7) we have frorn
(r2) that

where Àmin and À-"" are strict lower and upper bounds for the eigenva-
lues of the matrix ,4 defined by

-1

G. ÄVDELAS and .4,. HÄDJIDIMOS

1

2

A-(14)

I

2

124

(13)

(r2)

-1

-1
2 { 2fuo!

-12o

h,
d., !

-' It;

h"!,; À-io l- crhrh, 3 À < ã, 
3^^^, + õ&thz

t-iu -l- c,hrlt, I À 5 ã¡'l 
^^^* 

| õ,lt,rh,
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Fof À-"" we caü. take

:4+2h10!ir.4<+
2ht

À-". : min {ll,4llr, llr4ll-} : -5 o 
^L,= 

d =;
:3 * 2kpl .- IIt-< ol

hr

For the matrix HI tiven by (B) we have that its eigenvalues r are
bounded as in relationships (12) with l¡¡o and À-o being-referred. to the
eigenvalues of the na1.rix A given by

I
t2 -1

A

-1 2
1

-1
2

As is known the eigenvalues of A above are given by the expressions
4 sin2 --E- lh : r(t)M, therefore

2(M. + t)'

ì - 4 sinz _ ==1 and. À-o : 4 cosz 7E

'\un - z(Mi + r) 2(Mi + t)
For the matrix frf given by (9) we have that its eigenvalues are bound.ed.
as follows

(17) !rln^,^lcrkrhr< À< ãrî^^,+ezhúz

with À-i, and. À-", being referred to the eigenvalues of the matrix A given by

{ 2k2of; -2
-l 2 -lA:

-1 2
I

-1
2

Thì.s present case is obviously analogues to the one where A was given by
(14).
Therefore we can obtain similar results. More specifically if ofi : g

Àmio:4sin¡ j- 
and ì*r- - 4cos¿32M^ 2M,

we observe that the number of the eigenvalues of .F/f which a¡e obtained
by substituting expressions (16) into (15) is lTl+ I + [T1: *,and this is equal to the total number of the eigenvaluõs of ,I/1, Thlerefore

l-to : Asio, L and À-o -- 4qarz _L

These values for Ào¡o and- À-", are used apparently in relationships (13)
2"d sase: ol ¡ 0
In this case ure can get

r,(#): (- 1)È sín !!,1/i : l(l)Ml- I

rvhich imp_lies that an odd. number rf roods of g1(g) lies in each interval

[P- , 'n !-')"1 lr : \I)Mr - 2. rn addition to that rve observe that if
\M, Mr l
rve differentiate gr(g) with respect to q we obtain

gí(e) : (hlMrol + cos g) cos Mte - MrsinMrcosntg

f'hus u'e have that gr(0) : 0, gí (0) : ktMrol + 1 > 0 and g,

- (n,u,"¡ f cos Aì . o

These last relationships imply t]nat an odd number of rood.s liesin the inter-

Thus we have that to every positive root of gr(0) there corresponds a root
of g1(g) greater than 4. Because of the relatiòúships gr(0) : 0 and lim

Br(0) : f co which are read.uly obtained we come to the 
"on"lorioouin*r?if we choose 0o : arcsh (&1ol) we get gr(00) ( 0. Consequently an odd number

of roots o¡ 6_r(!) is positive. Thus we have succedea in determining thc
position of all the roots of gr(g). Therefore in this present case we c"dt.k"
q : #,, because of the relationship fr(ft): hro! ) 0 which is vatid.
Ifence

ì-ro -- 4"io'L

ì,

ô. ar¡¡rl¡,s u"d À. Hao.lroii,ios

#,)

we obtain

-t

where

1ô126

0val . Moreover if we put

9:æ|-'i0, 0>0 andi:/-1-

gt(ç) : (- I)M' i'gr(o)

gr(0) : h1o!shMrï - ch MrOsh0

rl

:
.1

'lii
1ii

,l

I

1

ii

I



13 îFIE NIJMÈICICAL SOLT'TION t29

{i. Nurnorical example

We consider the differential equation

(18) uJ +u3: o, n e R
ðt î dãî

rvlrere R is the interilr of the rectangle_with vertices (0, o), (1.2,0), (1.2,1.0)
a'd (0,1.0). The solution u of thè above equation is áÁsumãa'to s"iirti
the follou'ing bounclary conditions

tt:0, xe7Ro:þRîUARI
(1e) L:0, xe0R¡¡ e:åR - |Ro

According to the notation in section 2 we obviously have that
æ1(xr) = q,z(x2):1, cr(xr) : cr(xr) :0, o!: 6|: Q

Consequently it is apparent that our numerical example is a p III type
problem.
1o solve diffe
grid of mesh
: 0.1 in the
ir : 0(1)10 are the nurnerical solutio
then the disc¡ete problem rve have to
(20) (¿i + Ai)u* :0
In matrix equation (20) we have that

, Ai:J"@¡1i,A;:H:ØJ,
rvithrl¡li : 7,2 being the unit matrices oI order Il, Hili : l,'2 ¿rre l1 X 1l
matrices of the Torms

2-l ,)

1

2
2-r 2 -l

Hi H;

-1 2 -l
-1 2

-1 2-l
oc)

alrd ø* the unknown vector of the nurnerical solrrtions at the nodes of the
grid of the form

Ø* : (L{r,g, Llz,o, ..,, ,ll.t!.g, ,Lhl, ,,.., Utt,rc)T

I - L'uolyse numérÍgue et Iô théqrle de I'ôpp¡oximatiqq - Tome ? No. 2, 19?o

Fiually, for the nraf,rix ,t/f given bv (10) we have that its eigenvalues
L are bounded as in (17) where now ì,-io ancl À-o- are referred to the eigen-
values of the matrix z4 given bY

'Ihis problem, however, was solved in [1] and lvas also presented. in [2]
tvhere strict bounds for the eigenvalues of the matrix zl above, that is the
numbers À6¡¡ ârd l-u,, were found, Therefore here we simply quote the
results obtained in t1].
So if we put > : oB * or1 and ö : rnax {"3, "ä} 

u'e havc that

À-io:4sin2&

rvhere

l2c, AVDËLAS and À. È.noiIoiMoS

Ànin:4 ,in L and À-o' :

I: 3 -t-- 2h"o ir -- < o
h..

2(M, - 1\

, \1ùÂr

9o:

1

I
2h,

if5

and

oifo<1:4*2hz

,tl

-1

iÎ sin2 ._j - ( tufiolo]
2(M, - r) -

if 0 < lfiolof, ( sin2 ?r

2(M2 - 1l

if o!o] : Q

:4+2hrolif.3<+
LIt 2

-5 if-l-<o9<1
2h2 "*h,

: 3 + 2h,afl if i. "g

: Arcsin (h, ^Jffi
Lrctn(h"2lri.rl ' ì

(M" - t) ' lzltø, - t¡ l

i28

while if o! > 0

2lt,

u " u+

2 | 2h2o! -2
-1 2

2-L
-2 2 | kool
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The E.A.D.I. scheme corresponds now to matrix equation (21) is the follow-
ing (see [5])

(I I r^a4r)u(n-rtlz: [(1 ¡ rn¡rAt) - ior6¡1(A1 { Ar)lwt^l

(22) lm :0, 1, 2, . , .

(I { r-¡1Ar)u(n+rl - ü@+rl2l I r^*1Ar74l^l

In scheme (22) I is the unit matrix of order l2l, u(^l is the mt\ iteratíon
approximation to the solution * of (21), with rtol arbitrary, r¡ is the extra-
polation patameter, tm.Ft:rn ln:l(l)n, (n:m +1-nolmlnrl) are
xu positive iteration parameters and u(n+tlz) an intermediate approxima-
tio¡r to s@+r), 'Ihe optimum parameters to be used in connection with
scheme (22) can be found in the way described in [5]. Thus by using the
set of Samarskii Andreyev parameters we can finally obtain the following
optimum results

co : 1.6449290, fro:2, p :0.4492767

(23)

zr : 7.9238896, rz:0.5776515

with p being the optimum amplification factor of the procedure.
I)enoting by u*l'l lm :0, I,2,, .. the sequence of approximate vectors

to tlre exact solution u* of equation (20) which are related to the coorespon-
ding u(^) through the relationship

u*bol _ çglnl

we cari. easily find out the corresponding error r.ectors u*(-) orr¿ .{o)
will satisfy the saure relationship namely

(24) u*(n) : 6u1-¡

l'his is because the exact solutions of both equations (20) and (21) are
such that u,* : x4: 0. 'Ihus we come to the conclusion that in order to
red.uce the seconcl norm of the initial error vecto¡ s*(0) by a factor e we
havc to perforrn ¿r number ot s cycles with no iterations of type (22) witlni:n
each cycle. 'I'he number s is found as follows. Since we want to have
ll¿*(''"'¡li/llr*(o)ll s e aucl b¡'virtue of relationship (24) the following are
valid

lo' \s
u(s,r,) : III 2."¡ utol

\r-t )

130 ô. AVDELAS atrd A' HADJIDÌMoS 14

tion.
Inorderl Yusrn$

E.A.D.r. meth *:Îtl
oed in sectionP-*.^jì ;-;:; defined
- w2 \cr' "l

Therefore equation (20) is transfotned' into

(21) (A, i A,)u :0
where

A', : Ç-t¿icli : 1,2, w - C-Lu*

It is reaclilY seen that
Ar: Jr@ Hr, Az: HrØ Jt

where

Sothesmallestandthelargesteigenvaluesoffr'and'H,,anð'cousequently
ot. e, arrd. Dz, are the tottoltlt 

r* 2n
À-io, : 4 sin::, tr."", : 4 cos -

l-¡*:0 , À*"'-4

L

l

9

1

-1

Hr: HT, Hz: CzrHlC':

2

1

^1,

^,12

ur

2

1

1

I
I

by

-^,11,
^lr,

2

1

lo

I
2

-^lr,

ct:
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where 1, is the iteration matrix at the i itètalion of scheme (22)

then

I le*t"''.t ¡, < Vãp" I I un*(o) I I

of

lle*{'''.r',/ ll'o(o)ll < n/Zp"

Whence it is sufficient to require

P'< tlnl2

that is

' : [rn (elJî,)ltnlp)i -t- t

Taking e.g. e : 10- 6 we can fiincl that s : 18.

This special example was run on the UNIVAC 1106 Computer of thc
University-of Salonika by choosing as tú*(0) the vector with all its compo-
nents equal to unity. Thus we found out the reduction by a factor of 10-0
in the nbrm of the initial effof vectol was achieved. after 15 cycles which
was far better than the number of 18 cycles we had expected from the
theory.
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