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1. Introduction. In the receut years many auihors devoted thenrselves
to gi'ing 

'ew proofs pf the lamous theorem of ¡.acrson [2], rrvrax [S]and,'lnl,v¿KovsKt, [4] colp¡lcauz [1] on the approximãtion of côttl
tiuuoirs lurrction dcl'ined on [-1, 1] bv algebraic-þolynomials., A uum-
ber ot constructive proofs now oc
involrre the construction of procedure
appro-xirrrated at a given set of
ínterpolation'opcraiors which pro
theorems fo¡ differe¡rtiable .funct

: 0, 1) j arid stucly their ¡approxima-

to cotrsitlcl other operators and this rvill be the content'of our next communj-
catiou. 'I'he source of these.investigations is the work of xrS-vEr¡TÞSr [3]u'hich all depends on the identity of a. n..ruRncKrr l7l. We strail aisó
obtain lel' identities rvhicb, r,p':r-t- flonr ttreir usc: hcrc, arc intrrcsfirrs in
tl.reir ol'n right. i '

r rl

1) Cl[- l, 1l cleuotes tlv: r:ilss of functions rvhose first clerivatives arc corrtinuous on
[- I' l]. , i
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;., i¿. ülh'o rdpðfhtor vn¡(f,' ø),.Det *1 :ç: .r,< 1, sit'='* and cos ta¡ ! *iowith '"vhere C¡ ate some numbers. IIence

(2.1) thn - J!:- , k : ¡l-n z'¡ .

2n*1'

Futther for å : 7ù'n, l"t

n : 1,2,
6tu , 6n '

uo,,(x) :DCrcosil and.ae,,(x) : 2ÐC;cos jt cos jt¡,,, k : lT,j-0 j:0

(2.2)

frorn ¡n'hich the assertipq (a)l follows.
To prove (b) it is sufficient to shor,v that

(2.7) a¡n(x,¡u): 8¡j and u!,n(x¡,,) :0 (tt, j : O, n).

'We observe that

(2.8) I,e,,(t¡,) : 8e¡ (h, j :0, +1, +2, ..., Xn)

and so on account of (2.3)

and

(2,3) 'r.t.r,,(i) : I fru I|".Ø - g2 tl,,(t) j t0 lf,,i4l
u¡,(t¡*): òo¡ (r, h:O', +7, +2:, ..., J-.n)Then for any arliitraiy fu'ù'ction:71i¡ gi.reu or, l-1, l], rve define the

operators

(2.4) vr:V,ù:å@¡¡"¡t,(-*r)rt-,,i !,t, ,,i.,

(2.e)

wåere ,i.

from whichthe first part of (2.7) follows after using (2.5). Further from (2.3)
on differentiation

ui,,(t) : ] troo ü,(t) - 160 tî,(t) + 60 ri,(t)) rL,,(t),

u'i,,(t¡ :] troo t},,p) - 76011,,,(t) + 60 fþ,,(t)1ti,,,,(!) +

+ + 1300'tî,,(t) --_640 t\,,(t) + 300 tl;,,1t¡1tlol1¡¡,

frorn t'hich ,on rtsing lnn(tu,) : 0, which. is an easy colrs€qu.ence qf (2.6); it
follorvs that

(2.10) u,'¡*(ti,): v,'i,(t,,) --Q (h, j:0, +1, 2, +3, . ", +n)

Nos' differentiating twicc thc formula uo,,(cos t) : tt'",(t) rve här,e

(2 11) -sin I uj,(cos t\ : ui,"(t),

(2.12) sin?t v'|,,(cos l) - cos t ad,(cos t) : u'|,,(t).

Using (2.10), rve havc fron (2.11)

(2.13) t,'o,,(xj,,) : 0, j : 1, n

anð, tuom (2.12)

(2.11) al*(x,,) :0, a'!,,(x¡n) : 0, j : 1:1.
Similarly if we differentiate twice the formula

z¿,(cos t) : øe,(t) * a-¡,(t), þ:m,

:(2j5) ' u;,(x) -:-',tr;ì(tl; ap,(.x) :,.%ni(l) + u_h\Q); , F,,:'Tln.
rproperties -of the operators, ,V*(f, x) ate g,iven in i

ïnrrEOREM;I. Forr:.O, 1,. . !. i

The

\l:), YU,(l,x) is øn øIgebraic poitynoruiat. of d,egree 4 6n¡i I in'x,'þ) VtVç, xe,,) : f(v)(xo,) (u :0, ,), h :,0-lã.
'Proof,,Since

. 2n*l
Sltl 

-

(ú ;:t¿nl
(216) -1+2\cos'j(t-tnn),y'-l 

"
¡1 ,.stn; (t - l*^l

6fr

uen(t) - rÐ 
t, cos i (t - t*,), h, - - I n,

' lr't't h : 0,; stantls fo¡ h : 0, l, .2,
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and use (2.10), then we get

(2.15), j aL*(x¡^)=O,

(2.16) t'i*(x¡*) : Q,

-,i Tlre iclentity (3.5) .rras ifirst giverr by 4'H. TUREcKT^[7]
culate Su and 5u.' Fólto*ing rrs-vnRTpsr f3l, we have, for
integel rr

4

j:o' n and

j:1,tt.
(3.7) (2n l- 1)",,:1 D. t:i"Ø : Ço,n, -l2

h: -t

rvhere the numbcts C¡,'r* are éuch

and. satisfy

I
I
Cpu+r\i,,hcos (2n + l)it

1'Ll

zfi+l
s
/Jj':rIIence combining (2.13), (2.74), (2.15) and (2,1qì, we, get

íri,(r¡,) 0, (1¿, i :0, n)
(2,t7) )

lr'i,(*,,,) O et¡ 

-Wl
that C¡,,,: C.-j,^, i : l, mn

.ñfr

In the same \\¡ay it follows that ì ,

a'in(x¡n) : Q, (h :0, n', ,,i

3. Some identities. 'Wc h4r'e the following
I,emrna l. Let

,'t ,t \

s,, : Ð t'li,(t),

:1, n),

(3.8) D cr, ilzi - t-*"(l - zzn+l)ilt

Thus to calculate S,, rve necd to calculate C¡,,, o.nlf for j in mtrltiplcs
o1 (2n a 1)'from (3.8). For ilt':5,6
(3.e)

(2n + 1)' Ð t7n,(t): Co,i * 2lCz+¡t,s cos (2n + 1)¿ l- Ctu+z,s cos (4n + 2)t)'
ñ i '. ili

ll

(3.10)
then

(3.1) ss: lpn, -i 7tt. t 1) -l nþ,t, J- 1) cos (2n, | l)tl,

(3.2) .S, - --l _ f(8rr? a Brr -l 3) | ú\rt. -f 1) co,s (2rt, I t)tl," sqzti ¡ t¡"

(3.3) S, : _L l(230t.a * 4GOn3 ) 370n2 ! t40rt + 24) +" 4! (2rr J- l¡r "

{ 2(76t04 ! 152n3 + 104 nz t 28n) cos (2n + 1)r +
| 2rt,(n? - t)(t, f 2) cos $n { z)tl,

(3 1) S.:----L-ft2(88rf +176)f ¡tt2n2 l54n + t0) l" 5l(2øat¡r' '

! (416nù | B32ns * 5\4nz + 168 n) cos ('2n ¡ l)t ¡
t (16n4 l- 32nt * 4n, - 12n) cos (4n + z)tl. ,

For the sums ,S, and Sn, thcre holds the identity
(3.5) 45, - 3Sn : 1

tr'or the sums of higher orders we harre the identity
(3.6) i l

I ttss. - 32.s5+ 10s61 : 1 +##l t3-4 cos,(2rt!l)rf cos gn¡z)ü

(2rt' | 1)t D t'f;,,1t¡ '= Co,u -l- 2lC2n¡t,ø cos (2n + 1)l + Cn'+'r cos (4tt' + 2)tl'
' lÌ=-,t

Tlre numbefs C41y¡2,5¡ Czn+t,s and Co,s are the cocfficients o1,/!n+2, /2n+r

;;ã ir, '.i.p""tiïéji #'iiiä ""p'"ti"" 
(7) for l)x:5' Thus'

C 0u,,, : ltlpn | 3) (9 n* a) (eø * s) (0ø + 6) - 5 (7 n +2) (l n -'r s) (t n + 4) (7 rt' I E) -v

* 10(5ø -l- t)(|n, | 2)(5n -l 3)(5tr, I a) - 10(3ø)(3n'-l- 1)(3n t 2)(3ru -þ 3)-i-

4l þf -l2,tt3 - nz - 2¡t)

l(7 tc l'2) (7 tr' 13) (7 n | ! (7 ø t 5) 5 (5n | 1) (sn 12) (5;n {3) (ón ! 4) )'

:¡-'10(3ø)(3n' | 1)(3n'+2)(3t1' + 3) - rl(ry -- r)n(n ¡ r)(n l2)l:', '.';,;
': ' - J-."176nn I t52n.s -l toüù -1,28n)

4!'

co,s : lrrlr" -ll)(sn l2)(5n l3)(5tt' + 4) -

- 5(3n)(3n t 1)(3tr,l2)(3n + 3) + r}(n - 1) n(n I r)(n +2)):

- 
7 t92o.. aJ- Aâoøp -+ 3'7On2 + l40n + 24\
4t'

1

(2n t 1),
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I'emna 2'. Foy --1'< *< 1,

2TT

Sirrrilarly the coefficients of z1,i+2, Z2ntt:and the consta.nt ter'r 1¡, (3.g)fot m =6 give

c*,+zs: j l{to, I B)(t\n | !(rhn I s)(thn } 6)(10ø + 7) -
ln I(u) lÐp,(r) - rl < 1,
l1=o ' I r¡n'

ln I(b) lf t'i(r) | < 3.
lÀ*0 I

Proof. From (2.3) , (2.5) and (3.6), we hal'e

- 6(8ø,¡ 2)(8n I s)(Bù + a)@n t 5)(sø f 6) f
| 15(6n t r)(6n | 2)(6n, ,l 3)(6n t 4)(þn, + s) _
- 20(4n)(4n j- \(n | z)gn I s)(n + 4) +

15(2n - 1)(2n)(%r, I r)(2n | 2)(2n -| 3)l :
:r# elna I s2n. | 4n2 - rz n). Ð,r^.r: oå, uo4):1 +ffi p - 4Eos(2n,+ t)r+ cos,(4n1-z)tj

from lvhich we at once havê the part (a) of the lemma.
Further, on diTferentiation, we have

'i1
Czu+t,e : i [{S, l2)(Bn l S)(Bn, l \(8n f S)(Bø + 6) _

- 6(6n | 1)(6n | 2)(6n I B)(6n. I a)gn l_ s) +
| ßþn)(4n | \gn I z)gn I B)þn + 4) -
- 20(2n - t)(%r.)(2ns t r)(2n | 2)(2n * 3)l :

=?+: Ut6nq i BB2nz I ss.ri¿, i- 16Bø) ,

: ! lrct, # 1\ßtt. I
s r -. , 2)(6n ! B)('6tt. { 4)(6n. + s) __

- 6(4n)$n I r)(ln. + z)(til. { 3)gn, + 4) + '

I5(2n - 1)(2n)(2n l- I)(2n ! 2)(2n + B) l ==

:y#(tosglz'a 2tI2n,B I t704n2 f 6842 + 120)

i,i(*): ü !9:
I¡*0 A--ø SlÏlf

20n(n * \)lzsin (2n. + r)t - sin (4n. t 2)tl
9(2n I l)s . siu I

40n(n * l)(2tr. | l)sin (2n | l)t
9(2tt I l)a slrr I

2An@ t l)(zn ! l)sin (4ø -f- 2)f

9(2n )- l)a sin f

Cò,0
Àrorv using

(4.1) lsin ntl ( ølsin lj, u'e havcr

D
h '=.0

,r,r,I ",

lor these numbers and puttiug in
surns Su and Su in tlrc lremna.

property of the surn of the pol¡,no_
rn these iuvestigations, is,coirtainecln here that we havc uot been able
) of Tureckii in the pou.ers o1 t.u|)
ntity

t,

\,uo(x) : 1
h:o

as in the Kis-Vertesi operator.

5. Converggnce o1. operafors V*(f , x).
The follou'ing theoren giivcs the co1l\¡ersencc beh,aviortr oI the opcïí.r-

tors V* (J',x).
'lrlEoRgrr 2. I.et "f(*) = C'l--1,11, then for thc oþcrators l,',,, (f,x), rc'c

Jz,att c

(s.1) tlv-(Í,x) -.f(.ùlt< 9! ^,r(:), r : o,t

wherc ,orØ (.) i's lhe tnodulus of continuitl of ftt ønd, ¡.ll : max i.lis
the unifornT il,o/111.. -1€r<1

F-or V,,o(f,x) a..stronger estimate than (5. l) holds, narnell', !h,e ,follos:ing
theorem is valirl.

3) Fot typographical reasons rse shall be l'riting À instead of kn lster on. a) In the scquel rve shnll delrote C.1, ,Cp. ., , for eight arbitrar¡- cnnstants,
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haae,

(5.2)

and,

R. B. SAXENA and K. B, SRIVASTÀVÀ B
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Since the functions involrred in the cx¡lression for [r, do uot change

if rve increase' of decrease the nurnbers /¿ in,rnultiples of (2tt f 1), rvc

hat'e
j+n 

;

(5.8) Ð,r: r_Ð, [/(cos 1l) -/(ços lu)'- (cos I - co's lr)/'(cos tol uoþ)'

Becausc of (5.5) aucl the property oT ,moclulus of cotrtinuit¡" lYe have

lv,o(Í, x) f(x)l ( c, ",(ff * I")

(5,3) lI/,o(Í,r)l( c, (ry* Ð .'( j+'tt

lDl< Cr'|* lcos i -cos lol co¡,(lcos I cos tol) uo(t)4
lr2 I :-l-" i I

( C¡ còy,(;)r_Ð_, n(cos t- cos to)" I lcos I - cos lu i løu(r)l <

( cs o¡,(;) 
,ä,l¡an 

sin";t +') sh y-ii']llvt,,(t)1,

^ll' -,
?t

';)
(5.2) is the n'ell-knorvn inecluality ol A.F. Timan' By- proving (5'3) u'c

ài."'n¡i" to give a nÇ\{ proof'¡oT {, M. f iigub's ineclqalitV through inter-
:,,,,ì

F'. ngt aPPear ,to hold'
b it' is of'no intcrcst

tã (S.l)rrfol ':¡:tl'.'

identity ,' ,r 'i ì 
(2'4) rvehavcthc

i,l ' I_t, -l

(5 4) T/,t(f , x) -,Í(x) : lf(x) -/(-1) - (ry t- 1)l(-1)f 
[þìt'o(r) - 1l -

,,'
- É trtrl - Í@o) - @ - xo).f'(xo)l uu@) : Ð,, *Ð,,'

Noq, maki"*'"r" of the well-knou'rr relatiolh

(5.s) Í(*) - Íþ,) - (u - a) .f'(o) : o(iu - ul try(lor' - ?rl)),

we har.e

l" I

l)ì.. I 4 cn@ f 1) tu7'(r f 1)l'Ð'o(") -r 1'1,
lÍ-"' - 11, 'l;=br:: .l

rvhich by ì,irtu" of thc idcntitf in the part (-a) of the lernma 2, gir-es

(s.6) lÐ,,1 .'# ^,,(2) 
< Y * (;)

Replacing ø by cbs t and, x,,r cos' lu and using (2'5) rve can rvrite

Ð,r-uÐ,, [.f{.ot l) -/(cos lo) '- (cos I ---- Òòs lo)f'(co

Denotc by lr' the nearest rrode to t, i.e. 7él

(5.7) lt - til < ,;'

v,hich on usiug the estimate in part (a) of lemm¿ 3 ($6), gives

(s,e) , lÐ,,1 " i:,' (i). ,

Tlrus (5.4), (5.6) and (ö.9) çrove theoLent 2lot r: I'
Proof ol'lhcorcnt '3, Ou ¿rccount oÍ (2.4), n'e havc

(5.10) t/,n,(f, r) -ll@)l': lf(x) -Í(_tl-1[Ða-(r) - r]-

:' - >) r¡øl - Í@o)) u,,(x): Do, + Do,'
'i=-o

The ..rm fo, irr ¿rbsolutc value is

(5.r1) i 1Ð.,1"!,o¡(r+1) 
<o^,(t*j

Sirnilar to the argnr,lcnts leacling !o (5.8) l'e har¡c

i+n' i

,Ðor: 
uDr_,, 

[.f{.o. {) -/(cos to)) tr'oQ)'

We shall l1ow Llse the following well-kuown and easy to verif¡' the relatiou

(s.12) c,rr(lcos ú -' cos tol) < 
lzn 

,;y':! + 1)co¡ (#) .
+ (2ttz sirr, 

1 -- /o t 1 ', r, , I t1't 
[*J'

I
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Ilence lve have
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i--
! tt JT-_ x'a ! , then we make use of part (b) of lemma 3, and we

lD,l ( <o¡;sin +)[rÐ,,(znsin] + \t*rrl)tl+
, ,r co¡ (*,{,L,,[zrûsínz'] + !t,,t*ll], .

have

of ^l t -.' +
1

'ttZ(s 17) )å, < c"n" ^r(!];!+ 1)< zc,
n

again using. part (a) of lemnra 3, we have , I ,, ,, r : i

(s.13) , lL ,,| * tu 
[.,þi: _¿) 

* .,(å)J ;
'lhus from (5.10), (5.11) and (s.13), rvchave trre first part of the theorem 3.
,,..^]^o_.P1?1-e 

the second part of the theorern, we have irorn (2.4) on
clll lercntlatlon

(5.14) vi,o(f,'*l :Ð__,(Í(x) -/(--.1)) ai(ry) =
nt,:Ð (f\n,,)'- f (x)),i(x) -l Ð t¡frl - "f 

(-t))'ai(x) g Dá, + Ðá,.À==0 ¡;9 - '

Nou' on account of the estirlate ,in p4r,t (b) of the lemura 2, rve har¡e

^lT - 'r, .:)
1t

Thus frorn (5.15); (s.r6) and (5.r7), we get'the secoïrd part of the theo-rem.

(u)

6. An auxillary lcmma.'

I,emma 3. For t,,= [0, æ], we høac for þ :0, l, 2

*lä,,"" ry wrl)l<ff
i+n
D sinP tt - '¿l fuL,)l < 

t7o7

h.-i-n 2 nþ-t

'fl sirrp I,t - tþl luiØl - vat, \-', h:i_n Z si¡ I nþ_a

Proof. We have

l

(b)

t2
/,-

";)[tlt-*rntl\nn")(s.15) lDá,| ç 3 co, (x i 1) ( G a,r(t) E'
Jl - ,"

(c)

11.

I I
n!

F'urther lve h¿ìr-e

lt j -ltt

Ð f/(cos 1o) - /(cos ùl'!ltt-=J. il sin I
l) lf@r) _ 

"f 
(*)laL(x) _ (6.1)

^lä,,"o0'+ 
luol)l:,i* ff luou)l + ufr,,"loo'+ liuo¡¡¡¡.

Ifcnce

lDá,1 . *(#31*,:ä. (n,sinL"- + r)u;{t)]

* * (*ll*-ä,, (2,, sín,'| + r)-uttf

+
Now, from (2.3) and (4.3), we have

(6.2)

and

' 'i*ol¡)l *'7'tîØ '

and using the estirrtates in, part (c), of lemrna 3, we have
(5.16)

lJt-* r\6rl " , +;)
(6.3)

Let us define

16,4)r(

,¡onJ, - 4l VlØl < # for h,+ j.

lDá,1 "r,#,^,ff ¡ t) < zc,
.;)

^lT=7
1

n(^lT - "'t,
if

, s,r : Q" +,1) sin Lt '
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then, by usine

It-t"l <zlh-il 1 -' &' 2nll
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lve have

(6.5)

where
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i-lk- j\,,,(h= j+t, j+2,..., jtry).
Ifence, on combining (6.1), (6.2), (6.8) ancl (6.5) rve get

'Ë ,i'n ry lrro(r)l<tl-" 2

67-þ62$;t,\
3 (2n j t)p 3(2n I t)þ ¡-ut (Z¿ - t)a-¡ 

t'

t20
< ;, Ior þ - 0,,,t, 2.

which 
-provcs; the part (a). ; r

Now differentiating the formula (2.2),
rli

lve get

ti(t) :
2n |1.i r')

cos- U - t¡) . 2ll'l,t I

I "tr --t* \l - t¡ cos - (f _ i¿)

12sin-
o

(t t*)
2

(2n | 1l siue -- (f ¡¡ /¿)

Helgg, rve have, on using, (6.4)
; ir l,

(6 e) trí(r)t < "# *,
No¡¡' nraking use of (2.3) after differentiation and (6,9), w,e have

ill

f¡om which we have (b).
fn the similar fashion, we cãn prove (c) if we make use of (a.l)


