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Let be F: X* X an operator and the equation

(1) x : F(x),

where x is a Banach_ space. we note with x* a fixed point of the operator
F, which, evirJently, isãlso a solution of the ecluation-(l). In our paper [2]
rve have studied a class of iterative methods for solving equation lt¡,-inwhich the sequenc e (x,), converging to x* ís given by the fõllo;ing forinula :

(2) %¡-t-t: x, -' {I -1iln, a,,; Fl}-Llx^ - F(*)l
s a divided difference of the operator
enotes the identity operator, an %o

bly chosen. In the quoted paper [2]
as been proved (see Theorems 1 and

ferenc ly bounded,
respectively verified a I,ipschitz-type space X. It
ts known that the same type of results aãsume that
the conditions are verified only in a x* and the
sequences (x"), (y,). In this paper we shal1 give and proof theorems, ana-
lo-gous to the theorems 1 and 3 from the paper [2], when the conditions
of these theorms are satisfied only in a bouided règion from X,

THEoREM l. ry

(i.l) llLw, a; Flll < " < ]ó
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If we.put k:0, I, ... , ilt in the inequality (6) and n'e multiply the ine-
qualities obtained this rvay, we come to

llx,,+t _ x*ll* lå)',., ll*, _ **ll,

rvhence, using (3), results

(7) llx**, - x*ll < /å)''*t ttx,:!9'.,)tt

and so (j.l) is true for n.: în * l.
Applying the triangle inequality and using (3) and (7) we obtain

llt6o,+t - xar( ilx,,+, - xnr f rrr* - ønil ( 
[t * [åJ''*'l =

" 
rr*ùl[t *å) :=, 

- * txo - F(xo)t,

rvhich shows that x,n-¡1e Bn.So, on the basses of the mathematical induc-
tioí, xn e B, for each positive integer ø. 'Ihe mathematical induction
together with (7) also leads us to (j.l) for any positive integer ø.

-. . The, convergence of the sequence (x,,) to ø* is guaranteed by thc con-
dition (i.1).

THEoRETT 2. If for a.ny x, u, a fron tlþe ball,

u:{*:llø-øoll< 
}

the followittg cond,itions øre terifded :

(i.2) lllu, a; Flll< cr ( I

(ä.2) lllx, u iFl - lx,u; Flll ç 1í llø -- ulj

øttd, tlte equali,tlt

n, : V*|lxo - F(øo)ll <1

'is tru,e, then Sleffensen's nretkod,, giteø by

(8) %n!1 : x,, - {I - lno, F(x,); Fl}-t lx,, - F(x,)l
co.naergcs.to llw uniquc sohtlian xl, f1g1t thc ball B, of the equation (l) and,
,rte rate a/ conua'gence is giaen by the follawing í,nequalil.y :

(j.2) llx,, - rnll < (k,¡2"-r

",:l*: llx - r,ll< #r llxo -li(r,)llÌ,

b, thc forntulø (2) the unique solu-
om the ball, B" for ce (u,) and, (a^)
of cou.tergurcc of t (x,) is giuen, hy

Proof. The existence and the unicity of ø* in Bn results from the
contraction mapping principle. Reall¡ from the condition (i.l) for any
fr, J e Bo we have

llF(z) - FOll:llLx, y; Fl(x -y)ll< lltø, y;Flll .llx-yll<"llx-!ll.
According to the same principle it results

(3) llx*-r,ll<ry,
9too1 (i.1) res_ults that for any u,L, ün u Bo the operator
I - lun, an; Fl has an inverse and

(4) ll{1- l1.tn, 
,1t,,; Fl}-'il* a:

Form (2) u'hen ø : 0, by (4) results

ll*,, -- r.ll < LE*lll . #* llxo - F(xo)ll,

and thus rt e Bn.
I,et's assume that *t = Bn lor any k < nt., rvhere nr,2 I is a positive
integer. From (2) usiirg the equality x* : IÌ(x*) and the evident identity

y - {I - luo, to; FJ}-' y: - {I - luo, oo; F))-rluo, ao;Fly
b' = X) results

(5) xa+t-** : {1 - luo, ür; Fl}-t{F(xn)- F(**) -lø0, ao;FlØn - xn)}.

Because 0(*, xh = B"(h -< ø) we obtain

llF(xo) - F(xx¡ll < ll[ø0, xn ;Flll . llxt - rnll < ullxo - x*ll
and so

(6) llxr+, - r*ll < !t"ll*r - x*ll * nllxx- xnll) : L-, 
_ _ll*o- *"11.

j

Ì.

ìt

'r llao - J1(ro)ll

l-q.
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(i.1) llx* - 4¡< (-:s-)
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for all u, u from tke baII



llxn-r, - roll( llr.+, - x*ll*llx* - xoll* rydff U ¡ tho1z^+'-'J <

a2ll(*o - F(xo)ll 
.

7-æ

which rèsulted r5ing (3.) ryÈ (10) for Ë : ø¡. So rn+t € B. From the prirr-
ciplg oj the mathematical induction ¡ve obtain tl'at xn and F(x*) bËlong
to B fo¡ each n' Because of the same principle (i.2) is trió'for an|
positive'integer ø.

.... T!" coqvergence of the sequence (x,) to r* is guaranteed by the con-
dition ko 11.
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Further we have
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" PlgoÍ. The existence and uniqrreness of the solution x* in B results
from the contraction mapping principle.

, ..Wg sfal]p1ooJ that the terms of the sequences (x^) arld. (F(x^)) belongto the ball B. Evidently F(x) e p.

, ThotJl[ø0, F(øo) ;. F]ll <_a ( -l and so the inverse of the operatorI - lxo, F(*r); F] exists and we have

llt/ - lxo, F(xo) ; F.l)-rll 
" *

From (B) when n: 0 we get

llx, -r,ll < *, lltri r.(ro)ll ç 3JJ-'o --FkdJJ,

therefore frt e B.
I,et's assumethal .xo e B, I'(xn_ù e B for any þ< m, where m> |is a positive integer. nróm 13¡ t"silts thut x* e Bioo.-Thus we haJe

(9) llr* - F(x^)ll: llF(x*) - F(x^)ll( ll[x*, r^; F]ll .llx* ß^ll<
( øllø* - tr^ll.

Þ'rom (5) when uo: itp &îð. uo: F(xo) follows

r*+t - xn : {I - lxn, F(xo) ;Fl}-l{F(xo) - F(x*) - lx¡, F(ro) ; Fl(xo _ x*)

which by (i.2), (ä.2) and (9), leads us to

(10) llxo*, - r*ll < lllio, x* ; Fl - Itco, F(*o); Fl Il . llxo-.r*ll<

* å llxn - F(xo)ll . llxo - x*ll * * llx* - xoll,.

(10) ensures the truth of (j.2) for each h4 n* l. The inequality (9), using
(j.2) gives

(11) Ilx* - F(x-)ll4 n(ho¡r^-r ll¡o--jlto)ll.

Applying the triangle inequality, bV (3) and (11) we obtain

llxo-F(r^)ll< llzo - x*ll+lltc" _ F(x^)ll* lï-Y+ lt¡ alno¡,--rl 4

.Y'
which means that F(x-) e B.
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