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l. In [] was introduced the two-dimensionaliI n : {@i, y¡)10< xol ... 1 ß,04 t., 0(yo <ts a t'rvo-dimcnsional spline function of the 
-degre

rlcficiencl' of order (¡r, v) and rvith the knots (x,,:y¡)
t1011

(1.1) Ir(x, y): #i- s(ø, r,)

ts callccL a two-dimensional monospline of the degree (r, s) rvith deficiency
o{ order (¡r, v) arrd.u,ith thc knôts (r,, y¡) * n. ,liró ,"t ut' thcse frrrrc-tlons \vas dcnoted b¡, 911,"(ør, n, lL, \) or- &11,".

_. Furtherrnore, in [l] was considered. the problem to Îiud the rnono-
spline ff e illi..(ør, n,,- t,", v) for which

ll ilI ll r^r"t :.'låil" 
ll tuI ll',p¡,

tt,lrerc D^: {0 < x, ),( 1}, and. this pr.oblen was soh,ed in the câse ro :: J'o : 0, fir,r: !r,: 1 and lr: 1"- I, v : s - 1.

" 
N9¡,,, let Ð1L1"@t, y, , - I, s - l) be the set of thosc monosplinestronr ÐlL^ Qn, n, y - 1, s - 1) for wúich

(1.2) r![þ,,il(&, ¿,) : 0, M(þ,o)(Çt,]) : 0, xt¡to, tt(x, å) : 0, (ø, b : 0,I;

þ:0,..., r-l; q -0,..,, s-- 1).



ft- , t-2l/ (rt), + n{(2/)t Sr- S r-
2V(sr), ¡ n1/1zs¡r

. froof. rt is known from [4] that in the set of the polynomials ofthe from

(1.4)
s--l t-l r-l,s_l

P,,(%, !) : x'!" + *, Ðr.,,,?q I \ot,*Þ + D øpqxþ?qc:o þ=0 þ, c:o

3

uhere

the unique
< f < 4 +
(1.5)

where
ficient

Thus, the
for which the

it follows that
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r , ?]:

polynomial which is of least deviation from zcro, on la _ h <h; b-g<r<óf gl, is
j',, (x, y) : h, I' X, (+) * 

" l!),
the T,sgsndre polynominal of the d.egree n havinð, the coef_equal with l.

Xn is
of x'

proof proceeds by establishing thc rnonospline IVI. = Stlintegral

11

, : 
Il 

lM o@,1t)lz d,xcty

takes the minimum value. ,l.his integral can bc writtcn

m+t, n+r ": tj
(1'6) J: ,Ð. I I fruoug,v))'d'xd'v,

. - ,i_l yj_l

where %-l: J-t:0, xm+r: !n*t: I ancl

(1.7) MI@,y) : *1u" 
' '-S-' '-g-1 

afi Ø -.:ùe u -.vt)q *slzl I o{Éo p?o þt t:t

* t i 'f, *x,u--lt + +if ul, 
u - yt)q 

.'"ll-op---o þl 7tt:oq:o qt

Using the notations

,"If otf oþ0"

þtcl
t!" 9!t ôÍ,

rlsl þl rl ql sl

Ml¡(*, ,) : +,N?¡@, 
y),

òH. coMÄN 
2

one observes that the conditions (1,2) are satisfied if and only if

Mo (x, r) : K *,i,'-rä' ^If 
Y-# ry *

++D'i on"V - no. +!.ff ul, 
Q - t¡)o*,

'sl1:0¿:0 þl rlî--_oq:-a" ql

Ði' ot ? - :)þ* - 
(:r - I)r - xt 

,
i:oþ:o þl yl

\\S aq(v-ùI_ t)"-.y" r=1K,,, ll
?r?*v'i ql ' -v - lJ^, ll

for each Mo e. gn1,(m, %, t - 1, s - l).
I^n this paper one considers the problem to find the monospline Æo e

e fllLl,þix, tu, r - 1, s - i) which is of least dc'iation frorrr zero in the
sçluare mean, on 1).

Tlre solution of this minimization problem is given by:
tunonnvr 1. {l) m, n, r, s &re giaen natural nrunbers,

- _2) rfLl ønd, set of nosþtincs
of tke.d,egreer r-l {xr}andthe. set of ,one- of tk cì,ency oford,crs-løn hichs

M?tP) : M?0) :0, (þ- 0, . .., r - r), vML= en:

M!:\e) : a!!t1t¡ : g, (q:0, .,., s - t), VMz = ïrL|.

" _ 
3) Mi 

= 
ÐfL.l- and, il/ï = Altl øre resþectíaely the m,onosþines whick are

of leøst deuiation from zero in tke squire rne&n, on l0,Il,Then tkete exists
a unique monosþIine ilio = ÐlLl,, uhick is of least d.eaiation. from zero in
sqt ale /ne&n, on D, nømelry

Mo(x, y) : tVi@) tïll¿(y)

ønd.

llMoll',ølt: ø+ffi* u e";",

m r-l
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þl
\^ \- -?I"J ¿-J nts
i,=0 þ:o

(* - n,)

and

(1.3)
fl.fr /-1- s-l

ï '-tï' 
^0,? 

- *)i Q - Y)q*:
¡î'o¡lo " f| ql

åe,w,+ ;=¡,:., ii

ll

:il
i

l:
I

l

li
i

I

i
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Frorn (1.9) and (1.11), taki'g into account that in the set of the
frorn (1.13) th" unique polynornials rvhich, on L)í¡-t, x¡f respectively
ly¡-t, y¡1, a'e of least deviation Trom zcro in iquare inea'f are thl
correspondin¡ç l,egendre polynomials hiX,
follows that

(T¡ and r;*"1+ ,it

l- 1 l*2,+r*(rt)a "'
- (rt)z(str,(2rf 1)(2s + 1) I - rey),¡\(*, - x¡-r)"'+t +

+ (1 - **)"*')' [rt"n' + å# Ð,rt -!j-,)"+,+ (1 - ),,,),"*,f

Now we shall minimize the function / with regard to the parameters
x¡, !i. It is easy to see that j takes its minimun value only r,r,h.e'

(1.14) Ìo : ei/Tr.Y, ùt: *o + ih, (i, == t, . . ., nt)

lo: rVGnq !¡ : gu r ie, U : j, . . ., ,x)

r.vh ere

(r.15)

aud

( 1. 16)

f,_Jr: pl@-dÃ-t. S: rtipÐ-t

. , (r !)2(.c !)¿ 2tnun |___ ,_3
x¡,t i Qr i- l)(2s I l) '

2s\

Using again tire iclentities (1.10), rve sh:rll c1t'tcrrninc the irarameters
\tif . tn the sarne wa)¡ ac in ['l rve get

o,til = "i 
pi, o.!, : a.!, P,i¡ : þi ,

n'hel'c

(1 17) *Ê - +{t- ,l' þxlþ) ¡)fpr) !l' ,' - '| t, DT\\ t rl l' \/L\' (r-þlr I

: E# r-tyr,ote), U:.1, . . ., ln - r)

"!*: 
|-l)'-P-'ot, (þ:Q, l, .,., r - l),

NIo,y) - x'!' + 
t-l-"$-' 

oþoi (x - x)þ(), - !r)o -l
k, t:o þ, q:o

i-L r-l j-l s-1

J- y' D D yî"(, - xo)þ + *'DÐ òí(y - 1t)q.
h:o þ:0 l:0 q:s

One observes that the intergral ,I takes its nrinimun value if and
only if each of the integrals 1¿ take the urinimun valtte. tsut Nl, (i :
: 1, ..., flti j: l, ..., n) is a polynomial of the lrom (1.4). It fo1-
lows that the integral 17 takes its minirnum r.alue only if

(1.r0) ¡/øq(,,r) : tieix,(7)*,(T), @,t') = ¡)ii,

lr,hefe D¡¡:{x¡-r ( lu< x¡i ),j-r(J,(1rr} ancl ar:xi-t-*x¡,

l, -!,-ri-t 
,. I.i tt!¡ o.-)ti )'.i tltr: 

Z ,t).i - , ,H¡.- 
z

Assurning that the knots (r;,, _tr;) are Ïiexcl aud takirre irtto accouut that
t j'h

I xi@)¿r: rril t,

)

(i :1, ..., itt; j : I, ..., n).
tr'rom (1.3) it follos's that

(1.12) NI@, y): N1¿(ø) Uï¡{f), @, jt) e D¿o U D¡,n+t U Dn¡ l) D,,+t,i,
(i:0, 7, ..., tt't,+l; j:0, I,..., n+l), s,heLe

Nir(x) : x' li i \þþ"@ - xo)þ, Nur,**r(x) : (x - 1)'
h-o þ:0

(1.ra¡ u!¡x¡:.y" +'ÍË ¡Í,(r,- y,)0, N3,,+,(),): (J,- l)".
l:o q:9

lNl¡(*, y)l' dxdy

GII, COMÀN 4

!:

5

I

xi,t yj_t

(:Y¡ - );¡ t)" rt(;t,, - - Jj 1)z' I t
(r !)r(s !)d

(2r ! t)l(2r\ t)'z(2s -f 1) [(2.s) !]'z

From (1.6) it follows

(1.g) I: 1 "'ï*tr,,, I¡;:" (r t)r(s l), ¡if0

150

where

(1.8)

r,r'e obtairr

(1.11) I¡¡:
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where

(2.3) R(f) : (- 1)'
1 1

MP, ")(x, jt)f?, ot(x, y)d,xd,y I

1 )' t

I

J
ll,tv, ot (x,3t)fro, ") (x, y)d.xd.tt _

- (-1¡'+. \\rr-, y)Í(, ') (x, y) d,xd,y

00
thus we obtain a cubature formula rvith the coefficients
(2.4) Alf : (-t¡r+o ¡ty1?-r-r,'-ø-t)(x, _ 0, ),j _ 0) _

- Xtlk-¡-t,"-,t-t) (fr¡ J_0, g¡ _ 0) _ Mþ-þ-1,,_,t_\(1í¡ _ 0, , j+ 0) +
I À[þ-p-t,'-q-t)(x¡ * 0, ),¡ + 0)]

and u'ith the remaindcr (2.3) . We shal d.enote the sr:t of these cubatureformulas by &,".
Assuming that llfr',,)llr-,(ol ( P,o, ll-fe,'tll,,,ro¡ ( pn" ancl lll(,,")ll.,rrl (( P,,, we obtain

(2.5) R(/) < 
"," (l i lMto,,t (x, y)1, d,xd1,)

l2 +

* Po, (fJ tt.' t))(x,1t)l'¿*d,y)'' * o^ (
55 

t* o, t)t, d*dy)''' .

Orre co'siders .thc foilorving proble'r : 
-i' ,tn, n, r antd, s are givenn¿tural .numbe's, detcrmine F é tr,. for rvhich it "' ."-u¿ member of(2.?), rvhere P,o, Po,, p," rr" gir.åì, real number., tái"ì its minimumvalue.

wc observe that the solutio' of this problcm corresponds to the *o1ro-spiine ll,I e ï11,, for which thc iutegrãls

(2.6)
t* : 

i5 
lMo,a@,y)l,d,xd,y, r,s: !j ,r,' o)(*,y)lzd,xd,jt

00

1^: 
f \rmø,v))'zd'xd'v
00

take the ninimunr value.

152

and
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p6 : +{r- tl"-,a(r) r(2s) rt= - d; r,,t9},
(1.18) þrt : (- l)"---q - tg"-qxjrrlt¡, (j : 1, ..., n - t)

Pl : (_1)"-o-'p6, (q :0, 7, ..., s _ l).
From (l.B) it follos,s ilrat

ilÌî@,Ð:f1._4_ã a=y'li *ãä Þ,+l
Thus the theo¡em is proved..

2'l,tt us consider the problem to approxirnate the intergal
1l

1:f\f@,t)dxat,
00

by a linear functional of the fortr

Q0: D i Alr¡to,o)(*,, !¡),t, t +O þ, q-0

where Alf , *,, ))i are real para'rcte¡s satisfying the conditions:
0( øo < ...

Let M = gt¿:". Because ¡4t's) - l, u,e har,,e

ll

1 : 
i \ttv'u (x,:,).f (r,3t) d.xd.tt,

00
o1

(2.1) , :,i, í'\ *:;")(*, v).f(*, 1,)d,xdi,,
xi-r yj_t

whcre. Mp is. a polynomial of the form (r.7). If u'e apprl' trrc generalformula for integration by parts it follows that

(z.z) 
Iit," 

y) dxd.y: ,ä';Ð;' (-'L)þ+cLÌru-þ-.,s-.ø-t(*, - 0, y¡- 0) -
- MU-p-t,'-c-rl(x¡ I 0, y¡ - 0) _ Mþ-p-t,"-q-t)(x; _ 0, j¡+ 0) +

{ illk-t-t,'-q-tt(w¡ * 0, y¡ + 0)lÍþ,0)(x¡, ),¡) + R(f),
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icl¿o,j,s d,ltd best øþþroxintation. of lineay func_pp.3S2_368 (1940).
ahl.rc .formulae. fn ,,Theor¡. aucl applic:rtions
Greville) Âk¿cl. Press, Nel, york, I,oudon,

Ii,near aþþrcxintation fonnulas in ltuo uayia,bles
J. SI¡.M Numer. Anat. Ser. B, r, pp. tãi_tee ltOO+¡.
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Un i,.tersilalca l) abe.s, Bolyai
Facttltalea de IVIatenwticã,

Str, I{ogd,hticean.tt l
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Taking into account that

it follows
value only

Mþ,,t (x, ,ù : l.- Ð ñ æ!, !' - *)! : M,(x)

Ml,ot(x,r,) :l -åÐ ur,=*== M,b,)

!s;e 
theorem 1) that the integrals (2.6) take the minimum

IVI(x,1,) : Mr(x) . tÍr(y)
r'vlrere M, and M, are the one-dirnensional monosplines of the clegree zr-espectively s r,vhich, on t0,1], are of least devia?ion fro- ,"ro ií th"
square mean. These nonosplincs; are dcfined by the values (1.1a) respec-
tively (1.17) - (1.18) of the pararneters x¡, 1,¡ anð, "!, pl.

Frorn (2.4) onc obtains

. 
-! 

, '-trthcLt ãi and p; are girren b1' (1.17) respectir.ely (1.i8).
Also, from (1.16) and (2.5) it follow.s that

(2.8) lR(/)l< p,o* p, * po.-__t- ¡. ,1 p,* -Jf_ ^,.^"
^,!2r t t' "" .r/2" a , ', ' '" /1zr _¡ ¡¡¡¡ * v ,t

'Ihus rve proved tire follor,r'ing theoren.r :

,c giuct.t, n,a.twral nun,tbers, then in the
which t t lnenxbel'fhe co ls of llois
ae the e ns (1.14)
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