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1. Introduction

Many methods exist for the

gral representation of the derivative..
de its stability, the easy with which
error estimated, the iterative nature.
.for coding purposes. Since it pro-
ive, it may be used for numerical
interval.

al disadvantages. In cases when it



we shall estimate the coefficients a¡ from reration (2.4) by using a
mrmerical quadrature rnethod. Since the integrand is a'periodical fuäc-
tion, one of the most efficient methods of n-umerical quädrature which
can be used. in this case is the trapezoidal rule

(2.6) Rt',tts : 1Ë í2n '\- MF^sl¡ 1)'

The resulting value for rhau ts

(2.7) rþ ø{) : i¡t, eztitn) ¿-2*iihtM ,i:t
h:-(n,-1), 1,0, 1,..., ln-L, M:m*n-1.

. .Ntrmerical a_ppro g in (2.4)
by the trapczoidal r loved'thé
convergence of the m foflowing
we shall rework this of obtailning some relations useful for numerical quad.rature schema develãped
below.

'rhe error int¡oduced by using relation (2,6) can be estimated by
,,aliasing" 14]. Thus, since
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I?Uvr,1l oíhï _
0

1

iÎ klM I integer or zeÍo
if HM : integer oÍ zero

by using relation (2.6) we have

rþ a{l - rþ ap * rp-u an:_¡n i rh+M a.o** *
(2.8) lvh-zuøo_r**ru*,*oo*r*+...

Accordingly, formula (2.7) is exact if the function .f (z) is of the form
(2.9) 

"f 
(r) : P-,,,-2(z) lz"-1,

!,o**-" (e) bging an arbitrary polynomial of a d.egree at most equalto mlø-2.
Moreover an iteration procedure 9a_n be given for d.etermining the

coefficient ao. T},:us, the use of the mid-pointlrapezoidal rule
M

ftrø,or ,: l*Ðr(g#),
leads to the following approximation of the coefficients øo

(2.10) rhb{):;ärb,*P),-'%',
h - - (n - l),..., - 1, 0, l, ..., !r* - L),
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val, or if this iiiterval is infinite, the direct use of this method becomes
highly impracticable.

In the first section of this paper rve give a direct extensiou c¡Î results
obtained in [6] for the case of an analytical lunction in an annulus.
The resulting integration method thus obtaiued. has all advantages of
the l,yness method. Meantime it is more elastic related to convergence
interval and can be applied for example in the case of the integrand
function having a singularity near the integration interval.

In the next two sections we describe simple transformations r,vhich
can be used when the integrand is an analytical function. Their purpose
is to replace the original problem by one amanable to the straightforrvard
method..

2. A quatltature scherna based on Laurent-series expansiorr

T.et f(z) be an analytical function in a domain u'hich includes the
smooth curve l. We shall attempt to evaluate numerically the integral

zz

(2.r) \tøla, 
: 

\l@)a,,
l¡t

z, and, z, betng the end, points of the curve I (the origin is claosen so
that we have lz.l : lzzl: /). We assume that the function ./(z) is holo-
morphic in an annular region whose centre is at the origin, which inclu-
cles the curve l. l,"t R, be the radius of the inner circle and R, the
radius of the external one. In the annulus the function f(z) can be develo-
ped into laurent-series

+æ(2,2) f(r) : D o, ,¡.
,:_co

llre coefficients a¡ are given by

(2.3) dC, j:0, +1, +2,

C, being the circle of radius z, (R, ( r < Rr), with the center at the
origin. Formula (2.3) can be also written under the form

2E 2ß

(2.4) riai: |\ttr",l e-iiø d,0 =*l g(0) d0, i :0, + 1,...
00

'Ihe series (2.2) converges uniformly on the circle C,, and we have

(2,s) f (r e;ø) :
+æ
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'rle coefficients. thus obtained permit to give the following rational
approximation to the function f(z)^

(2.1,3)
il-l

ftu)(z): D øjû zi
i_ _ (n_ l)

fn ord.er to estimate the error we write

,f(z) - ¡rat(z): I þ¡ - /Mt) zi +Do¡ri,i__þ_1) 
F:;.

By using relations (2,8) and the cauchy's inequarities we obtain

(2.14) tÍØ - ftut(z)tn r(*,Jï * M,*) = .

This relation indicates that the function ftM)(z\ constitutes a uui-
fonn__approximation of the function f(z) on the ôiícle lrl : r.

We have also:

imfrutþ) : f(z)
H@
ñ+@

uniformly on the circle mentioned above.

. Performing the quadrature of the function ftvi(z) u/e o
{ollorving approximation to the prirnitive F(z) of "the'flnction

"j-'#r¡ ø\tog z
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btain the
rk)

(2.1s) pr.v\z) : Dj - -(n-r)i*r
rf the function f.(z) .is a rational function of ilre lorrn (2,g) the inde-finitc iutegration rúle 

'is 
exact. We have also

lF(r) -Prut(z)l( 2æe,

pror.idecl both functions F(e) ard. FtM)(z) have same value at a pointon the circle. The recurrence relations (2.11) and formula (2.1s) "tä¡t..us to obtain an iterative cluadrature schemé.

3. The indefinite integral of a lunetion analytical on the real axis

Now' let us assrlme that the real function f(x) is the restriction tothe Or axis of the complex analytical function 7i¿', W" assume that allthc singularities of the ^function lie v'ithin the '"ìiå1", -

lr+*U,+(t)r;l:o.s (q-lù; o< þ<,1| 2'' 
I

in the complex plane e,
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This formula, like those above, is exact for the functions /(z) of the
form (2.9).

The relations

rh-Ma. Yl, : rht Àr øffu : ,'o aY),

rh-M bf,lt* - rk t rr btYtr: - rh bf),

k: - (n - 7), ..., 1, 0, 1, ..., (m - l),

as well as the formula which results form (2.6) and (2'10)

Rt2M,t) g : 
+{Rrar, 

rr g + RLM,ot g)

permit the obtaining of the following reccurence reletions

,oofut: ï{rooY)+ rhb{t¡, - n I r <k <rn - l;

(2.rr) rh-M øp*!].r: i{ronytt - rrbf,at¡, h:1,2, ...., rn - l;

rh+tr &(2M't : T{rroytt - rhb{t¡, h: - \, -2, ..., -(n - 1) ;

when these relations are used, account must be takcn of the fact
that u,e dispose of two arbitrary parameters (" ?ld m) anð. hence rvc

can increase'either the number nt. o1 coefficients with positive subscript's
or that of coefficients with negati the numbet of boths
sets of coefficients, function of the under consideration'

The convergence of this ite arr be easily proved.
Thus, from (2.3) rve obtain the

la¡l<MrRlt, j>0,

lø¡l 1M, Rri, j <0,
where

M¡: maxlf(z)l i : r, 2'
t'c j

The introduction of these inequalities into (2 B) leac1.s to the esti-

mation

(2.12) lrh a{) - rÈ &pl < M,ËL I NI,#y'

where pz: rlRz, pr: Rlr. From relation (2'12) we have

lim rÈ aff) : 7n or
M+û
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Formula (3,2) is exact for the rational functions of the form

f (x\ : P"(*)
(xn I ø")^

Its use requires the evaluatiou of the function Í(x) at 2m points lying
on the Ox axis. A discussion similar to that given in the preceding section
can be used to pro\:c that rve have lim ¡;r*rt@) : F(x) over eyery finite

intenral of the real axis. 
n+@

Now let us assume that the function f (x) }ras singularities on the real
axis outside the interval lc, d.l where its primitive is to be calculatcd.
We shal1 perform the change of variable

rvhich yields

'Ihe new fuuction

o:(Z)'' o:(=)i; þ':ffi)
I
1

ßg',

\røt a*:\r(*,#)T!;0.'
a4'

h¿rs no singularities on the real axis. In addition, since in the argument
of the fu.nction f llne variable x' interr.enes only by its square, it follorvs
tlrat the use of form.ula (3.2) implies the er.aluation of the fttnction f (x)
onllr ¿1 ø points.

l'he theory above can be used for obtaining numerical quadrature
forrnnlas for integrals rvith. r'veighting factors. 'lhus, using the approxima-
tion (3.2) to f (x) s'c obtain the follorving cluadrature formnla

( +1+ ¿* : tarctg 1 - 1Ë pn¡,îl*!t *
(3.1) )'Y"-tn' û a u ¡-t P'

8@'):r(?#)'##

x sir.L lTre + i : - ô:rn )* lì,,n,

l'ircre

ätrSø(fl 
' p-t :Ç\ttt ,Qttn

aucl R,¡, deuotcs the truncation error.
'I.he abor'<,- quadrature rnle is exact Ior same class of functions such

as fcirr¡ul¿r (3.3) . It constitutes an approxirnation for the primitive valid
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We want to approximate f(z) on the whole teal axis Im {z} : 0.

îo this end we use the transformation

- z*iau - , 'rn

w.hich takes z : fi: arctg 9 (real axis fuorn z planc) t:nto Z: ¿'0 (unity"2
circle from Z plane). By this transformation the fnnction /(e) becornts

the function
/ z+1

@(z) : Í lt,"V-.,
which takes real values on the citcle lZl: I and is analyfic in an'an-
nulus 1 - z¡ ( r 1l | î. FoI the.function aQ) we can use the previous

theory to obtain the approxtmatton
+n

6tut(Z): D ot*tzi,
¡7- t

where M :2 ,n + l. The coefficients ajwl result norv from relation

Taking the inverse transformation we obtain tire following approxi-
mation of the function /(r)

The primitive of this function approximates uniformly the primitive
,n'1ø¡ J-tñ" function f(x) over 

"rr"ty^fitrite 
interval of the real axis' Thus

we have

¡;rn@) : xf(æ) - Aaln p . pÍt) . sitr 9lt) ¡ 4qøp\M)cot 9tt)-
(3.3)

j-r

(3.1)

fr

where

cos
ot*\
i-1p'

(2o)ro\\
-LL j:2

(3.2)

{,;nç}') +u-r)ç}

ät'SøY):pi*),,n'l*'|

xliø:peio; 0<91æ;

aY) : t-l[, ? 
.ts T) s-2níi Þt M + /(*) 

ï

oY): ã{t, h:0, l, 2, . ., ln

I

I

l

I

l

fr

frut(x) : D o,,*,
J: _fr

ll

l

1t
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on the whole real axis and is useful for evaluating sl.owlV convergent inte-

.ãfr. ff the intesraiiãn interval coincides with the Oø axis the numerical

ft;ã;"t";;l;;;ú. (3.4) red.uces to the TAN rule considered in [B].^ To estimate the error R", we can write
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This is an analytical function in the complex plane which has the cut
fa, bf on the real axis. The values of the real part of the function h(z) on
Lhe Ox axis are

Rtt: < max lÍ@) - ¡wt(x)l
réR

l-'"i.ljj
dx-n<€-

1Ì+o2 o

(4.2) Re {h(z)) :
0 x<q.; x>b, J:0
Í(x) a<x<b, y:+0
-.f(*) ø<x<b, i:-0t

As an 
"ppti""Ëñä 

we sha1l estimate the integral

,-

r,:(. '**u ,."p{---l--}at, c>o'
' )@f 1),(xf 4)'' [(ø-f l)(øf a)J

This quadr"lnr" 
"uo 

be analytically performed and gives

- ( r l.,1, : exD{-¡1 - LÃY 
ì(o + l)(, + ¿)f

eal axis, the use of
of variable 1' : Ytz'

rrom 0,5 to G4. oi'"iît:'"ii"1"1åÏå:
formula, we need different abscises

less than 4 the accuracy is greater

about 10-7, but for the larger values of c this ¿lccuracy degrades being

iO-t "t ,: A4. Whcn formuiá (3.4) was applicd results ot rclative acctlracy

i0-u *"t" obtaiuecl for values òf c rangiug form 0,5 to 1020'

4. Numerical integration scheme based on the residue theorem

Let us estimate the integral

where /(ø) is the restriction to the real axis of an analytical function in
tn"-"ãírþrLx plane ,": i l¿y,-without singularities on the segment la, bl'

We consider the function

(4.1) k(z) : )tøl 'lr,s 

='

We apply the residue theorem to the function k(z) lor the domain
bounded blthe cut indicated above and. by a circle of radius R which inclu-
des this cut. ff in this domain the ftLnction h(z) has only isolated singulat
points, we have

b

(4.s) 2 
tf @ n. *: h@) d'z:2æi f nez {h(z), a¡}.

The sum *nan unn"orl"rr the right-hand side of this relation extends
to all singular points a¡ of the function k(z) in the considered domain. ff
z: zlol -l- Rr¡s is the eciuation of te circle C*, lrom (4.3) rve get

c

Thus, we get lim Ru :0

ò Zr

d*: | Ç hþ,o, I Reao)Reio + d,0 + æif Rez {k(z), æ¡}
2i .t u)

(4.4)

The residues which appear in this relation can be analytically estima-
ted [5], and the integraf in the right-hand s;ide of relation (4.4) can.be
nurncriôally approximated. As the intcgrand. is a periodical function
forrnula (2.6) cãn be usecl for its cstimation. Irr this formula we set ,4f :
:2nt, and, assume that zn is real.

Since on the axis OX tlne function /(e) assumes real values, we have
f(z) :Í(z). Consecluently, the application of this formula -recluires -cnlyn-t êiátttations 

-of the compleiJunction f(z) and tu'o evaluation of the
real fnnction f(x). Finally, rve get

(4.5) irOro-:,,0Ð ne,{/(z) bg] .,} ;{Ð þ¡-zto)) x

x.f (r¡)bc=, _ "4-'o 
-'(o)J(zo)los!:-J ¡zt!¡p,,) log *=1,

rvhere

z¡: z0) I Reii"l", i :0, 1, ,. ', nt..

'I'he error resulting frofr the use of formula (4.5) can be expressed by
relation (2.12) wbere h :0 and

Mj:mexlh(z)1.
,-Cj

xÍ(

dx,tçÍ(
b
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This relation shows that the error is the smaller the more remote is
the circle-C* lror-n the singularities of the fuuction h(z). 'lhis givcs a critc:-
rion for the choice of this circle.

Relation (4.5) can be extended t the calculation of finite part integrals.
r'ikewise, -it can be successfully us I to the problem of quádrature "close
to an unintegrable singularity.

As an example of application of the mcthod desclibed above, \\¡e shalltry to evaluate numericall), the integral

which was also considered in [6].
The function

Í(,) : #-- ",
has second order poles at the points z :0, rras second orcler poles at the
has second order poles at the points z:0, +1, +2,...-We choosethe circle Ç" 

= 
{, :.0,2 -1. 0,5 q;u}, I'sic1e this circle ihe function kþ)

has a second order pole.at thc origin u,ith thc resicluc

F.ez {h(z), ,t : 0} : 1- t - 2A 
.

irus A

The results of calculatiou indicate th¿rt this methocl sirres results of
an order of accuracl' compalable u'ith that gii,en in 16], tlät is a relative
error of about 10-12.

The theor¡' of complex \¡ariablc lunctions can bc succcssfulll' zippliedto problems of numerical anal1.sis for analytical functions. The ieiults
obtained_in [6] can be extended to the case of holomorphic f¡nctions in
an anllrllar region.

The formulas for the indefinitc integral obtainccl on the basis of this
generalization prove to be particularly efficient in all examples considerecl .

r,ikewise, the use of the residue theorem combined. with th<-: numerical
quadrature formula for periodical. functions to the quadrature scheme (4.5)
which is also efficient for analytical functions.

ed can be successfully used due to
pticity.
(3.3), (3.4) are also advantageous in
ssions for the primitive functions at

ewback of all formulas gir.en is that
they can be applied only to analytical functions,

10

sinz n *
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6. Conelusions
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