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I'es fortnules (5) et (6) qui nous donnent des représentations de la
valeur B(/) quand B a les propriétés de simplicité c1u'on a supposées, per-
metent de faire une comparaison cntre les divcrscs représentations possibles.
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NUMERICAL EVALUATIONS OF COiVIPRESSIBILITY
CORRECTIONS IN WAKE FLOWS

by

SIMONÂ POPP

(Sucuregtl)

Introduction

The study of compressible fluid flow has been substantiated at thê
beginning of this century by s. À. cHlprrvcrrrN [1] in his well-known
doctorial thesis, in rvhich he gives tw< research methods, an exact one and
an apprÒximate one. Both methods are hodograph methods. This means
that one sl-rould use the independent variables V and 0 (Z is the magnitude
oI the velocity vector and 0 the angle made by this vector with a certain
direction),

Chaplygin's methods led subseqrently to numerous and., important
investigations in the Iield l2l, [3]. However, his exact lnethod and its
extension due to S. \¡. IIAT,KO\¡ICH 14] can be applied only to sornc classes
of motion aud implf iaborious calculations.

fn addition, to th.e advantage of linearizing the systern of motiorr
eqtlatious, the hodograph rnetod has some disavantages related to the
passirlg frorn the hodograph plane to the physical plane.

'l'herefore, it rvas necessary to u.se approximate methods rvhich ope-
rate in the physical plane, that is the so-called. direct methods.

One of the most interesting methods of this kind, which can be applied
to various classes of motion is that given by r. rMAr [5], n. r,aMBA [6]
and c. JAcoB [7].

With this rnethod. and rvith other nrirncrorls re.mark¿rble inr'<:stigations,
c. JÄcoB ilrscribed Romania among the first countries \\,hich contributecl
substantially to the studl- of conrpressible flows even si11ce 1933-1934,
[B], [9], [10], [11], lr2l.

6 -- L'Ãaa¡yse numérlque et la théorie de I'approxirnatio¡¡ - Tome 7 No. 2, 1978
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The function f and. f'can be expandecr in the following power se¡ies,

Í(2, z) :.fo* MLf, + M^_Í, * .. .

3

The Imai-Lamba-Jacob method has been adapted to the examination
of configurations which imply wakes [2], t3l.

In the following, we shall briefly present the Imai-Lamba-Jacob
method and emphasize particularly the formulas we have obtained in a
previous work by using this method [21.

Particular stress will be laid on the expressions of the drag and lift
coefficients in wake problems in an unbound.ed fluid in which a r,vedge-sha-
ped body or a flat plate inclined with respect to thc stream velocity at
infinity upstream, is placed.

The numerical values of the above coefficients are listed in tables and
diagrams and compared to similar values corresponding to the incompressible
fluid.

The purpose of this paper is to estimate, uuinerically, thc compressibili-
ty effects on various rnotion elements.

(1.4)

Í(r, z) : f-; + M,_f; + M'_î, + .. .

rvhere Mo,: n- 
i. the Mach number.

c-
By repla-cing (1.'4) into (1.3) a'd equalizing the coefficients of the samepowers of M n u'e deduce the 

'relations,

f r: f o@) : eo(x, y) I iþo@, y),

fr(r, z) : et(t(, y) + i,þr(x, y) :

:à#\Hfdz¡!'¡n¡
l. Tho trmai-Lamba-Jacob method

Z6

.fr(r, z) : 7z(x, y) i iþr(x, y) -=

We consider the bidimensional, subsonic, stcad1., irrotational motion
of a compressible fluid subjected to the isentropic larv,

(rl) *:(*)"
d specific mass, respectively, þo and go
y anó' ^( : cølcu (cp is the specific heat
specific heat at constant volume). I,et

(x, y) the stream function, u(x, y) and
a(x, !) the projections of the velocity i on the orthogonal coord.inate axes
Ox and. Oy in the motion plane (Ox has the same direction as that of the
velocity vector at infinity upstream).

By virtue qf the fundamental system

Detailed researches in this res-
pect harre been carriecl out in my
papers [2], l3l

^1(1.2) AJ:poôþ
0x pðy

ôe ?o ôþ

ôy ?ôn 2.. Expre^ssion of the drag
coefficient for the wedgesha-ped

body

Wc consider the rvedge PrOP,
(OPr : OPz: l) with an-inclirded
angle of 2¡t, srt:uated in a subsonic,
unbounded florv with the velocitv
T7 

". 
at infinity upstream. Flom the

ends P, ancL P, the free lirrcs I, and
)," separate (!'ig. l).

we obtain the relation,
0

1- P

aîar Po
(1.3)

Az oô2r+-'-
Po

by introducing the functions f(r, z) : I + iú, f@, z) : I - iþ with z ::x*'iy and, z:x-ij.
irig. 1
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The drag coefficient C¡ is defined by the relatioû,

c,:;fikv (2'1)

where R" represents the resUltant of the aerodynamic,forces acting on
the body in -the Oø directiotr, Ry being equal to zero due to the confi-
guration symmetry.

Using the Imai-Lamba-Jacob method and taking account of relation
(2.1), in -paper [2] we have obtained the expression of C, under the
from,

These tables are ¿lccompamied by the diagrarns given în figures 2 anð' 3-

TABLII 1

CD

TABITE 2

Cp

M
03

tr

50 0.10966
0.20746
0.29480
0.37290
o.44284
0.50554
0.56180
0.61234
0.65778
0.69870
0.73558
0.76884
0.79890
0.82610
0.85074
0.87314
0.89354
0.91220

5'
10"
15"
20"
25e
30'
35"
400
45"
50'
55'
60'
65'
70"
750
B0'
85"
90"

o.l23t4
0.23172
0.32794
0.41302
0.48884
0.55650
0.61706
0.67142
o.72036
0.76460
o.80472
0.84128
0.87476
0.90556
0.93412
0.96082
0.98598
1.01000

l0
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90

(2.2) co: 4v'
X

*"i,,r,[ , *':+ *, u(r :)]

where p(z) is the Stirling function,

(2.3) þ(x) :Ë t- 1)"-:,
¡-0 n+x

3. Numerical results

By virtue of formula (2.2) we have carried out numerical calcula-
tions.

The results are given in Tables 1, 2 anð' 3, which include values
of the drag coefficient-for d.ifferent ¡.r, angles varying from 5o to 90o ancl
for Mach numbers M* fuom 0.1 to 0.9.

Meanwhile, the similar values of the drag coefficients corresprnding
to the incornpressible fluid are also iisten in the table 4.

fn this case the expression of the drag coefficient is given by the
formula,

TABLE 3

c¡1 TABLD 4

i

,l

l:

l

ìi
tr

li

il

ir

il

rl

ll
I

il
I
I

l

rl

I

I

ri

I

cD.
I

(3.1) Co
4vz

5'
10"
15'
200
25"
30'
350
40'
45"
500
55"
600
650
70"
75"
800
850
90

5'
100
15'
20"
250
30'
35"
40"
45"
50'
550
60"
65'
70"
75"
800
85"
900

0.1 05 18
0.1 9933
0.283e2
0.35954
0.42752
0.48856
0.54340
0.59268
0.63698
0.67680
0.71260
0.7 4478
0.77372
0.79972
0.823I0
0.84408
0.86290
0.87980

,,.ior,[r *U- *], u[t - *)]
Tables 5 shows the variation of the coefficient Co with respect to

M-, lor selected values of ¡l angle.
These tables are accompamied by the diagrams given in figures 2

and 3.

0.20,1

0.1 0568
0.20028
0.28504
0.36102
0.42922
0.49044
0.54s42
0.59484
0.63924
0.67908
o.71508
0.74738
0.77642
0.80256
0.82604
0.B4716
0.86616
0.88324

0.10716
0.20296
0.28870
0.36548
o.23432
0.49610
0.55 156
0.60140
0.64620
0.68650
0.72278
o.75544
0.78496
0.8113B
0.83530
0.85690
o.87742
0.89410

0.5 0.60.4

0.1 1314
0.21374
0.30336
0.38330
o.45476
0.51874
0.57612
0.62766
0.67402
0.71570
0.75350
o.78762
0.Bl856
0.84670
0.87236
0.89588
0.90752
0.93756

0.11162
0.22184
0.31434
0.39668
0.47010
0,53574
0.59454
0.64734
0.69488
0.73776
o.776.56
0.81178
0.84384
0.87318
0.90016
0.92510
0.94832
0.97016

s

o.72592
0.24340
0.34366
0.43232
0.51098
0.58 l 04
0.64366
0.69986
0.75050
0.79634
0.83802
0.87616
o.01126
0.94382
0.97 426
l.00302
1.03050
1.057 10

0.13706
0.25688
0.36200
0 ,15.160

0.53654
0.60936
0.67436
0.73268
0.78526
0.83294
0.87644
0.9r640
0.95340
0.98798
1.02058
t.o5l72
1.08184
1.ttt42

0.14552
0.27214
0.38276
0.47986
0.56550
0.64024
0.70916
0.76988
0.82466
0.87444
0.91998
o.96202
1.00116
1.03800
1.07308
1.10692
1.1 4006
1.17300

0.7 0.9
a[.

þ
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1.å,Br/E 5

CD
cb

r2ù

1;rs

1,12

.l,oB

rþu

,1,00

oF

09e

0À8

0,El{

0,80

of6

oit2

900

0.10
0.15
0.20
o.25
0.30
0.3s
0.40
o.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90

0.28504
0.28656
0.28870
0.29144
0.29480
0.29878
0.30336
0.30854
0.31434
0.32076
o.32778
0.33542
0.34366
0.35252
0.36200
0.37208
0.38276

0.49044
0.49280
0.49610
0.50034
0.50554
0.51166
0.51874
0.52678
0.53574
0.54564
0.55650
0.56830
0,58104
o.59472
0.60936
0.62492
0.64144

0.63924
0.64214
0.64620
0.65142
0.65778
0.66532
0.67402
0.68386
0.69488
o.70704
o,72036
0.73486
0.75050
0.76730
0.78526
0.80438
0.82466

o.74738
o.75074
o.75544
0.76146
0.76884
0.77756
o.78762
o.79902
o.Bt I78
0.82586
0.84128
0.85806
0.876I6
0.89562
0.91640
0.93854
0.96202

0.82604
0.82890
0.83530
o.84226
0.85274
0.86078
0.87236
0.88428
0.90016
0.91636
0.93412
o.95342
o.97426
0.99666
1.02058
1.04606
1.07208

0.88324
0.88776
0.89410
0.90224
o.91220
0.92398
0.93756
0.95296
0.97016
0.98918
1.01000
1.03264
1.05708
1.08334
1.11142
1. 14130
t.17300

./, tIl.

a

60.

From all tables and diagrams the foilorvi'g co'clusions can be drarvn :

..^^-,-1; 
The drag coefficie't increases with the increase of the p angrereachlng a rnaximum value for {¿ : g0o.

2' For anv angle p-the drag coefficient C, increases with the ircreaseof the Mach numË", ttl-.

al body, placed in a compressible ftuid is
di dirg--lo, the incompr"rsib.t" fluid anàiliã
of coefficients increases u,ith the io"i""iã

: 46.

4. Inclined Flat plate

We considet a flat plate prpr: I placed in an unbounded compressiblefluid (fig.  ).
The plate is inclined by an angle ø with respect to the d.irection of thefluid velocity V^.

-.-, ,rt.t!g nhvsical plane we consider a refere'ce syste'r oxy wíth tr,rcorrgrn at t}ae stagnatiõn point O on the plate.

to iJh" 
or-axis has the direction of v* and the oy-axis is perpendicular

."n"rltî 
the edges P, and' P, or tine plate twofreestreamlines l. and À,

The normal to the plate froms wíth Ox_axis the angle ò,

oSlr

0,60

0,55

q5z

0¡6

0,4tr

0,1¿0

0,3c

0å2

0,28
9 o¡ 0,? 0,3 qb 0.3 0.6 0:t 0't

J..tg. I,

1H*
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c¡

(4.1) R, - iRy: ?* tz|H*lt

4o

PI

lla ¡ 0,9 ¿

Ha:0,¡

lla. o,^

11 ¡. 0,b

Itlar p,5

xll+ ' À[,
| 4{ncost ø l

)

of
P2

" 

-'( fre-z
E slll dR" - iRy: p. l,V2

4
X \o

(4'2) *[t * *år]
f rrsin a

M2.Ø

lJ¿ r
!'ig. 4

o;t5

0Ê0

0,?6

o¡10

0,65

14¡' O,tr

5. Expressions of the drag and lift eoefficients
fn vie¡n' of the relati ns which define the drag and lift cocfficients ex-

pfessed by,

(5.1) CD
p

and c
I

2P*V2ûl

L : Il'
1

tP.vIt
0,go

0,55

cÞ¿

as rvell as the relation (4.2), we obtain the following exprcssions of the abor:e
coefficients for the compressible fluid
(5.2) /- 2æ sin! ø / , ' 2MT I

" 
: 4lllili [' + ;T;i;J and

(5,3) c, : 3-"io ='"'-g (t + ,ooi 
\" 4 fnsinø [ '4*rsinøl

For the incompressible fluid the similar coefficients can be expressecl
as follovvs i

(5.4) c ¡¡, 
''î 

"i", o and c,,. :2n sin c¿ cos ¿
I 4f zrslnø ''¿ 4f n,sinø

6. I[unrerieal results

_ Tables 6,7 and B list the values of the drag coefficient for various ø-an-
gles and Mach numberc M- from 0.1 to 0.g."

. ï'ables 9, l0 and 1l list the varues of the lift coefficient for the same
\¡alues of a.and M-.

rt should be noticed that in Tables g, 10 and 11 the rraximun valucsof the lift coefficient as well as the corrésponding angles are underlinecL.
Accompauy_ing dìagrams are given in figi. S, Ai Z, É.
Similar values for drag_ a_n$-lift coeffi-cients óoriesponding to the in-

compressible fluicl are included in tables 12 and 13.
Tables 14 anrl 15 list the values fi c, anð. c" f.or selected r,¿rlues of p

angles and, lul* varying from 0.0S to 0.90".

0,¡.t

o,l0

03f

0¡0

0¡5

0,15

!¡o

g0r
t' l0' t5' 20' ?5" t" tt' 

;;.t;, 
úo' 55' r¡o' G5' ro' 7.s' 60' t5' sa' 

/¿"
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c¡

0s5 Ol

,{ i5.-
4.¡rò
t.to'

0.30

0,35

oto

0!!

0,10

c05

0,30

0,?!

0,20

0,11

0¡0

0,03

9,00

0ô0

J. zo'

J'¡s

"(, ¡o'
0,30

0)0

0.?5

0,20

{=to.

l,:zo
/.J

015

l. t5¡ 0,r c

0,0s

1, tD'

1. s.
c.o0

0 o;¡ 0,1 û,¡ 0,e O,r -.o [,1 Oi.\ (,,. I ca

Fig' 6.0 0¡ 0,2 0p 0,r. 0.5

Fig. 5

o,q 0;? 0,ô q3
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TABI{E 6

Cp

TA,BI]E 7

CD

TABI/Þ 10

C¿

,IABI{D 
11

Ct

ltIæ 0.90.4 0.5 0.6
0.5 0.6 d

5'
100
l5'
20"
25"
30'
35'
40'
45'
50'
55"
60"
65"
70"
75"
80"
850
90"

0.01200
0.04461
0.09326
0.15398
0.22325
0.29817
0.íi7593
0.45421
0.53094
0.60427
0.67260
0,73456
0.7889s
0.83479
0.87127
0.89776
0.91384
0.9 I 922

0.01247
0.04626
0.09653
0.15911
0.23041
0.30728
0.38698
0.46710
0.5.1555
0.62044
0.69017
0.75334
0.80877
0.85545
0.89259
0.91956
0.93s92
0.94140

(1.01305

0.04828
0.10053
0. r 6540
r1.23910
0.3 r841
0.40050
0.48287
0.56340
0.64020
0.711G3
0.77629
0.83298
0.88070
0.91865
0.94 €20
0.96290
0.9685,)

5'
10.
15'
20"
25"
30"
35"

39o34' 8"
38 0 45',56"
38056' 7"

40q
450
50"
55'
600
65'
70"
75"
800
85"

0.13720
0.25302
0.34806
0.42304
0.47885
0.5r644
0.53688

0.14258
0.26239
0.36026
o.43716
0.49411
0.53222
o.55267

0.14915
0.27383
0.37518
0.45441
o.5t276
0.55151
0.57196
0.57611

5'
10'
l5'
200
250
300
35'

37 "52',24"
3807' 3"
3g "2'l'4"

40"
450
500
55"
600
650
700
75"
80'
850

0.15691
o.28735
0.39281
0.47480
0.53481
0.57430
0.59476

0.55715
0.541 65
0.54131
0.53094
0.50704
0.47096
o.424tO
0.36790
0,30384
o.23346
0. I 5830
0.07995

0.55668
0.54555
0.52061
0.48326
0.43494
o.37713
0.31136
0.23917
0.16214
0.08188

0.57546
0.56340
0.53719
0.49829
0.44819
0.38843
0.32055
o.24615
0.16684
0.08424

0.59856
0.59766
0.58450
0.55679
0.51605
o.46385
0.40177
0.33141
o.25441
0.17239
0.08703

TABI{E 8

CD

at,tBrrE 9

Ca TA B I,Þ 12

. cpo

TABI{E 13

Ct,

0.3
MØ C,, a. co,

d 5'
l0'
15"
20"
25"
30'
350

39'4'24"
39'1 ,',32"
3901 4'17"

400
450
500
55'
60'
65"
70"
75"- .

80"
85.

o.12824
0.23742
o.32771
0.39952
0,4534 l
0.49014
0.51057

0.12899
0.23872
o.3294t
0.40148
0.45553
0.4s233
0.51278

0.52101

0.13302
0.24574
0.33856
0.41206
0.46698
0.50417
0.52460
0.5 2961

5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90

0.01373
0.05067
0.10525
0.17241
0.24938
o.33157
0.41646
0.50150
0.s8450
0.66355
0.73700
0.80342
0.86160
0.91055
0.94945
0.97768
0.99480
1.0005

0,51 58Ô
0.51569
0.50659
o.48443
0.45047
0.40603
0.35250
0.29130
0.223Ð3
0.15189
o.o7673

0.51783
0.51146
0.4863r
o.45217
o.40753
0.35378
0.29235
o.22473
0.15243
o.07700

0.52935
0.5 1957
0.49649
0.46140
o.41567
0.36071
0.29799
0.22901
0.15531
0.07845

0.57552

0.64138

o.70rt7

o.7s373

0.79806

0.83335

0.8590r

0.87458

0.87980

0.4
q

@M

0.01t22
0.04186
0.08781
0.14541
o.21143
0.28298
0.35751
o.43272
0.50659
o.57732
0.64333
o.70326
0.75593
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