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Introduction

The study of compressible fluid flow has been substantiated at the
beginning of this century by s aA. cmaprveHIN [1] in his well-known
doctorial thesis, in which he gives two research methods, an exact one and
an approximate one. Both methods are hodograph methods. This means
that one should use the independent variables ¥ and 6 (V is the magnitude
of the velocity vector and 6 the angle made by this vector with a certain
direction).

Chaplygin’s methods led subsequently to numerous and. impoftant
investigations in the field [2], [3]. However, his exact method and its
extension due to s. v. FALKOVICH [4] can be apphed only to some classes
of motion and imply laborious calculations.

In addition, to the advantage of linearizing the system of motion
equations, the hodograph metod has some disavantages related to the
passing from the hodograph plane to the physical plane.

Therefore, it was necessary to use approximate methods which ope-
rate in the physical plane, that is the so-called direct methods.

One of the most interesting methods of this kind, which can be applied
to various classes of motion is that given by 1 1mar [5], E. LaMBA [6]
and c¢. jacos [7].

With this method and with other numcrous remarkable investigations,
¢. jacos inscribed Romania among the first countries which contributed
substantially to the study of compressible flows even since 1933—1934,
8], [9], [10], [11], [12].
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The Imai-Tamba-Jacob method has been adapted to the examination
of configurations which imply wakes [2], [3].

In the following, we shall briefly present the TImai-Lamba-Jacob
method and emphasize particularly the formulas we have obtained in a
previous work by using this method [2].

Particular stress will be laid on the expressions of the drag and lift
coefficients in wake problems in an unbounded fluid in which a wedge-sha-
ped body or a flat plate inclined with respect to the stream velocity at
infinity upstream, is placed.

The numerical values of the above coefficients are listed in tables and
diagrams and compared to similar values corresponding to the incompressible
fluid.

The purpose of this paper is to estimate, numerically, the compressibili-
ty effects on various motion elements.

1. The Imai-Lamba-Jacob method

We consider the bidimensional, subsonic, steady, irrotational motion
of a compressible fluid subjected to the isentropic law,

(1.1) f= [

2o Po

# and p being the fluid pressure and specific mass, respectively, p, and p,
the same quantities for zero velocity and y = ¢,/c, (¢, is the specific heat
under constant pressure and ¢, the specific heat at constant volume). Let
o(x, y) be the velocity potential, {(x, y) the stream function, #(x, y) and

v(x%, y) the projections of the velocity ¥ on the orthogonal coordinate axes
Ox and Oy in the motion plane (Ox has the same direction as that of the
velocity vector at infinity upstream).

By virtue of the fundamental system

(1.2) G ) e gl (T
ox p Oy oy p Ox
we obtain the relation,
R
o wmof
(1.3) 0z p Oz
14—
Po

by introducing the functions f(z, z) = ¢ + ¢, f(z, 2) = ¢ — 1 with z =
=x 414y and z =2 — 7y.
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The function f and f can be expanded in the following power series,

flo, ) =fo+ Mo fi + Mo f, + ...
(1.4)

flo, ) =fo+ Mufi + MY F, + ...

1%
where M, = —= is the Mach number.
4

By replacing (1.4) into (1.3) and equalizing the coefficients of the same
powers of M, we deduce the relations,

Jo = folz) = oo, y) + 1do(%, ¥),
fl(ZJ 2) T (Pl(x' y) "l_ i%(x, y) =

_ L d(dhe, 1
4% sz(dzJ i 4g(z)

Seolz, 2) = @a(%, ¥) 4 didy(x, y) = . ...

where the functions fy(z) and g(z) are analytical lunctions of z which can be
determined by using the boundary conditions specific to problems under
examination. In the problems of Helmholtz type we shall be concerned with,
the function f,(z) will be chosen as complex potential of the incompressible
motion corresponding to the same walls and the same velocity at infinity
upstream as in the compressible motion. '

The function g(z) will be determined through the intermedium of ano-
ther Tunction g,(2) = g(2) + fo(2), that is the determination reduces finally
to the solution of a boundary problem of mixed type.

Once the function f,(z) and g(z)

are obtained, various motion ele- v
ments can be calculated. i T
Detailed researches in this res- ey
pect have heen carried out in my / e
- it

papers [2], [3].

// =AM
...--""l / o9
2. Expression of the drag 5

coefficient for the wedgeshaped Y g

body 0\ %
We consider the wedge P,0P, .. ‘\\\ P
(OP, = OP, = I) with an included \ N
~ Ad

angle of 2u, situated in a subsonic, . . -t

unbounded flow with the velocity \ TG

7., at infinity upstream. From the T L
"-n_‘_‘-“-—.--—_

ends P, and P, the free lines 2, and
2., separate (Fig. 1). Fig. 1
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The drag coefficient C,, is defined by the relation, These tables are accompamied by the diagrams given in figures 2 and 3.
R
Cp=—-?t. 2.1) TABLE 1 TABLE 2
P, V2 Isin
0 Vo e
Cp Cp
where R, represents the resultant of the aerodynamic forces acting on i 73
the body in the Ox direction, R, being equal to zero due to the confi- \ 0.1 0.2 0.3 \‘ 0.4 ‘ 0.5 0.6
guration symmetry. = e
Us_ing the Imai-Lamba-Jacob method and taking account of relation 5° 0.10568 | 0.10716 | 0.10966 5° 0.11314 | 0.11762 | 0.12314
(2.1), in paper [2] we have obtained the expression of C, under the 10° 0.20028 | 0.20296 | 0.20746 10° 0.21374 | 0.22184 | 0.23172
o 15° 0.28504 | 0.28870 | 0.29480 15° 0.30336 | 0.31434 | 0.32798
H 20° 0.36102 | 0.36548 | 0.37290 20° 0.38330 | 0.39668 | 0.41302
Ay ! 25° 0.42922 | 0.23432 | 0.44284 25° 0.45476 | 0.47010 | 0.48884
(2.2) Gl - X 30° 0.49044 | 0.49610 | 0.50554 30° 0.51874 | 0,53574 | 0.55650
LI e ol = W | 35¢ 0.54542 | 0.55156 | 0.56180 35° 0.57612 | 0.59454 | 0.81706
100 P e R | 40° 0.59484 | 0.60140 | 0.61234 40° 0.62766 | 0.64734 | 0.67142
. 45° 0.63924 | 0.64620 | 0.65778 45° 0.67402 | 0.69488 | 0.72036
% Ap? " 50° 0.67908 | 0.68650 | 0.69870 50° 0.71570 | 0.73776 | 0.76460
wsinp ' L = 4 — B[! = ] — 2pe 55° 0.71508 | 0.72278 | 0.73558 55° 0.75350 | 0.77656 | 0.80472
%31 4+ Mt L ™ 60° 0.74738 | 0.75544 | 0.76884 60° 0.78762 | 0.81178 | 0.84128
© = | AR i ! 65° 0.77642 | 0.78496 | 0.79890 65° 0.81856 | 0.84384 | 0.87476
2n sm“ll gofiee ;5[1 E —JJ 70° 0.80256 | 0.81138 | 0.82610 70° 0.84670 | 0.87318 | 0.90556
w  om 5 75° 0.82604 | 0.83530 | 0.85074 75° 0.87236 | 0.90016 | 0.93412
/1 . o ) 80° 0.84716 | 0.85690 | 0.87314 80° 0.89588 | 0.92510 | 0.96082
where B(x) is the Stirling function, 85° 0.86616 | 0.87742 | 0.89354 85° 0.90752 | 0.94832 | 0.98598
90° 0.88324 | 0.89410 | 0.91220 90° 0.93756 | 0.97016 | 1.01000
o0
1
(2.3) Bx) =2 (= 1)
n=0 n 4+ x
3. Numerical results TABLE 3
. i : c TABLE 4
By virtue of formula (2.2) we have carried out numerical calcula- il
. M
tions, i ; e Y 0.7 1 0.8 0.9 " Cp.
The results are given in Tables 1, 2 and 3, which include values P v
ool . . o o
of the drag coefficient for different p angles varying from 5° to 90° and 50 0.12592 | 0.13706 | 0.14552 50 0.10518
for Mach numbers My from 0.1 to 0.9. 10° 0.24340 | 0.25688 | 0.27214 10° 0.19938
Meanwhile, the similar values of the drag coefficients corresponding ég: 8-3;332 8?2*128 82%;2 ég: ggggg%
to the 1nc.ompre551b1e fluid are also listen in the ’.r,a.ble 4 . 250 051098 | 053654 | 0.56550 950 042752
In this case the expression of the drag coefficient is given by the 30° 0.58104 | 0.60936 | 0.64024 30° 0.48856
formula 35° 0.64366 | 0.67436 | 0.70916 35° 0.54340
’ 40° 0.69986 | 0.73268 | 0.76988 40° 0.59268
Ay 45° 0.75050 | 0.78526 | 0.82466 45° 0.63698
(3.1) Cp. = N 50° 0.79634 | 0.83204 | 0.87444 50° 0.67680
i ) 2u 4w " 55° 0.83802 | 0.87644 | 0.91998 55° 0.71260
msinpll +— + — B|1 —— 60° 0.87616 | 0.91640° | 0.96202 60° 0.74478
N K i 65° 0.91126 | 0.95340 | 1.00116 65° 0.77372
- . . 70° 0.94382 | 0.98798 | 1.03800 70° 0.79972
Tables 5 shows the variation of the coefficient C, with respect to 750 0.97426 | 1.02058 | 1.07308 750 0.82310
M, for selected values of p angle. 80° 1.00302 | 1.05172 | 1.10692 80° 0.84408
Th 1 : g ; s 9 85° 1.03050 | 1.08184 | 1.14006 85° 0.86290
ol b ese tables are accompamied by the diagrams given in figures 90 Los710 | 111142 | 117300 90° 0.87980,
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TABLE 5
Cp
v 15° 30° 45° 80° 75° 90°
Ml‘.ﬂ
0.10 0.28504 | 0.49044 | 0.63924 | 0.74738 | 0.82604 | 0.88324
0.15 0.28656 | 0.49280 | 0.64214 | 075074 | 0.82890 | 0.88776
0.20 0.28870 | 0.49610 | 0.64620 | 0.75544 | 0.83530 | 0.89410
0.25 0.29144 | 050034 | 0.65142 | 0.76146 | 0.84226 | 0.90224
0.30 0.29480 | 0.50554 | 0.65778 | 0.76884 | 0.85274 | 0.91220
0.35 0.29878 | 0.51166 | 0.66532 | 0.77756 | 0.86078 | 0.92398
0.40 0.30336 | 0.51874 | 0.67402 | 078762 | 0.87236 | 0.93756
0.45 0.30854 | 0.52678 | 0.68386 | 0.79902 | 0.88428 | 0.95296
0.50 0.31434 | 0.53574 | 0.69488 | 0.81178 | 0.90016 | 0.97016
0.55 0.32076 | 0.54564 | 0.70704 | 0.82586 | 0.91636 | 0.98918
0.60 0.32778 | 0.55650 | 0.72036 | 0.84128 | 0.93412 | 101000
0.65 0.33542 | 0.56830 | 0.73486 | 0.85806 | 0.95342 | 1.03264
0.70 0.34366 | 0.58104 | 0.75050 | 0.87616 | 0.97426 | 1.05708
0.75 0.85252 | 0.59472 | 0.76730 | 0.89562 | 0.99666 | 1.08334
0.80 0.36200 | 0.60936 | 0.78526 | 0.91640 | 1.02058 | 1.11142
0.85 0.37208 | 0.62492 | 0.80438 | 0.93854 | 1.04606 | 1.14130
0.90 0.38276 | 0.64144 | 0.82466 | 0.96202 | 1.07208 | 1.17300

From all tables and diagrams the following conclusions can be drawn :

1. The drag coefficient increases with the increase of the u angle
reaching a maximum value for = 90°,

2. For any angle p the drag coefficient C p Increases with the increase
of the Mach number M.

3. The drag coefficient for a body placed in a compressible fluid is
always higher than that corresponding to the incompressible fluid and the

difference between the respective coefficients increases with the increase
of the angle p and M., (Fig. 3)

4. Inelined Flat Plate
We consider a flat plate P, P, = | placed in an unbounded compressible
tluid  (fig. 4).

The plate is inclined by an angle « with respect to the direction of the
fluid velocity V... '

In the physical plane we consider a reference system Oxy with the
origin at the stagnation point O on the plate.

The Ox-axis has the direction of Ve and the Oy-axis is perpendicular
to it.

From the edges P, and P, of the plate two free streamlines 2 and 2,
separate.

The normal to the plate froms with Ox-axis the angle §,
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Using again the Imai-Iamba-Jacob
method, in paper [2], we have determi-
ned the resultant of the aerodynamics
forces acting on the plate under the
form,

(4.1) R, — iR, = o, [yz S2mcosd

4+ mwcos §
2
Xl —_— 21, or
I +4+ncos8 w]

R, — iR, = o, IV? )
X y—‘ 0 m—_u__

4 4 wsin «

2 2
(4'2) X[l + 4+nsina] M°°.

Fig. 4

5. Expressions of the drag and lift coefficients

In view of the relations which define the drag and lift cocfficients ex-
pressed by,

R R
(5.1) Cp=7—— and C =2
;pwVﬁol PRIREX

as well as the relation (4.2), we obtain the following expressions of the above
coefficients for the compressible fluid

2 sin® o 2M?
5.2 Cp = (1 2 ) and
( ) D 4 4 wsin « +4-|—ﬂ:sl'noc
(5 3) C. = 27 sin « cos « (1 202 )
' E 4 + nsin 4 4 wsin o

For the incompressible fluid the similar coefficients can be expressed
as follows :

2w sin? o 2m si S o
(5'4) CI)_ = ™ Sin“ o and CD. — T SINl « COS ¢
* 4 4+ wsin o * 4 + mwsin «

6. Numerical results

Tables 6, 7 and 8 list the values of the drag coefficient for various s-an-
gles and Mach numbers M, from 0.1 to 0.9.

Tables 9, 10 and 11 list the values of the lift coefficient for the same
values of « and M.

It should be noticed that in Tables 9, 10 and 11 the maximun values
of the lift coefficient as well as the corresponding angles are underlined.

Accompanying diagrams are given in figs. 5, 6, 7, 8.

Similar values for drag and lift coefficients corresponding to the in-
compressible fluid are included in tables 12 and 13.

Tables 14 and 15 list the values of C,, and Cp for selected values of u
angles and M., varying from 0.05 to 0.90.
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TABLE 6 TABLE 7
Cp Cp
M M,
0.1 0.2 0.3 0.4 0.5 0.6
o «
5° 0.01122 | 0.01137 | 0.01163 5° 0.01200 | 0.01247 | 0.01305
10° 0.04186 | 0.04241 | 0.04333 10° 0.04461 | 0.04626 | 0.04828
15° 0.08781 | 0.08890 | 0.09071 15° 0.09326 | 0.09653 | 0.10053
20° 0.14541 | 0.14712 | 0.14998 20° 0.15398 | 0.15911 | 0.16540
25° 0.21143 | 0.21380 | 0.21776 25° 0.22329 | 0.23041 | 0.23910
30° 0.28298 | 0.28602 | 0.29108 30° 0.29817 | 0.30728 | 0.31841
35° 0.35751 | 0.36119 | 0.36733 35° 0.37593 | 0.38698 | 0.40050
40° 0.43272 | 0.43702 | 0.44418 40° 0.45421 | 0.46710 | 0.48287
45° 0.50659 | 0.51146 | 0.51957 45° 0.53094 | 0.54555 | 0.56340
50° 0.57732 | 0.58271 | 0.59169 50° 0.60427 | 0.62044 | 0.64020
55° 0.64333 | 0.64919 | 0.65894 55° 0.67260 | 0.69017 | 0.71163
60° 0.70326 | 0.70952 | 0.71995 60° 0,73456 | 0.75334 | 0.77629
65° 0.75593 | 0.76254 | 0.77354 65° 0.78895 | 0.80877 | 0.83298
70° 0.80035 | 0.80724 | 0.81872 70° 0.83479 | 0.85545 | 0.88070
75° 0.83573 | 0.84284 | 0.85468 75° 0.87127 | 0.89259 | 0.91865
80° 0.86144 | 0.86870 | 0.88081 80° 0.89776 | 0.9195G | 0.94¢€20
85° 0.87704 | 0.88440 | 0.89G66 85° 0.91384 | 0.93592 | 0.96290
90° 0.88226 0.88966 0.90197 90° 0.91922 0.94140 .9685
TABLE 9
TABLE 8 cL
Cp M,
I; - 0.1 0.2 0.3
0.7 0.8 0.9 :
“ 5° 0.12824 | 0.12899 | 0.13302
10° 0.23742 | 0.23872 | (.24574
5° 0.01373 | 0.01451 0.01540 15° 0.32771 | 0.32941 | 0.33856
10° 0.05067 | 0.05341 0.05653 20° 0.39952 | 0.40148 | 0.41208
15° 0.10525 | 0.11070 | 0.11688 925° 0,45341 | 0.45553 | 0.46698
20° 0.17281 0.18138 | 0.19108 30° 0.49014 | 0.49233 | 0.50417
23_“ g-gg?gg g-g%gg 3‘%238‘7’ 35° 0.51057 | 0.51276 | 0.52460
¢ : . g 39°4°24" = = 0.52961
35° 0.41646 | 0.43488 | 0.45576 39°70°32" - 0.52101 =
40° 0.50150 | 0.52299 | 0.54736 39°14°17" 0,51586 e -
45° 0.58450 | 0.60885 | 0.63645 40° 0.51569 | 0.51783 | 0.52935
50° 0.66355 | 0.69051 0.72105 45° 0.50659 | 0.51146 | 0.51957
55¢ 0.73700 | 0.76627 | 0.79945 50° 0.'48443 0:48631 0:49649
60° 0.80342 | 0.83472 | 0.87019 55° 0.45047 | 0.45217 | 0.46140
65° 0.86160 | 0.89463 | 0.93205 60° 0.40603 | 0.40753 | 0.41567
70° 0.91055 | 0.94499 | 0.98402 65° 0.35250 | 0.35378 | 0.36071
75° 0.94945 | 0.98499 1.02527 70° 0.29130 | 0.29235 | 0.29799
80° 0.97768 | 1.01401 1.05518 75° 0.22393 | 0.22473 | 0.22901
85° 0.99480 | 1.03160 | 1.07331 80° 0.15189 | 0.15243 | 0.15531
90° 1.0005 | 1.03749 | 1.07938 8s5° 0.07673 | 0.07700 | 0.07845
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TABLE 10 TABLE 11
Cy, CrL
M / M
“| 04 05 | 06 N 0.7 08 | 09
o &
5° 0.13720 | 0.14258 | 0.14915 5° 0.15691 | 0.16588 | 0.17603
10° 0.25302 | 0.26239 | 0.27383 10° 0.28735 | 0.30295 | 0.32063
15° 0.34806 | 0.36026 | 0.37518 15° 0.39281 | 0.41315 | 0.43620
20° 0.42304 | 0.43716 | 0.45441 20° 0.47480 | 0.49833 | 0.52499
25° 0.47885 | 0.49411 0.51276 25° 0.53481 | 0.56024 | 0.58907
30° 0.51644 | 0.53222 | 0.55151 30° 0.57430 | 0.60060 | 0.63041
35° 0.53688 | 0.55267 | 0.57196 35° 0.59476 | 0.62107 | 0.65089
38°34 8" —_ — 0.57611 37°52°24" — — 0.65392
38°45'56" - 0.55715 38°77 3” — 0.62449 —_
38°567 77 0.54165 —_— —_ 38°21'4” 0.59856
40° 0.54131 | 0.55668 | 0.57546 40° 0.59766 | 0.62328 | 0.65231
45° 0.53094 | 0.54555 | 0.56340 45° 0.58450 | 0.60885 | 0.63645
50° 0.50704 | 0.52061 | 0.53719 50° 0.55679 | 0.57940 | 0.60503
55° 0.47096 | 0.48326 | 0.49829 55° 0.51605 | 0.53655 | 0.55978
60° 0.42410 | 0.43494 | 0.44819 60° 0.46385 | 0.48193 | 0.50241
65° 0.36790 | 0.37713 | 0.38843 65° 0.40177 | 0.41717 | 0.43462
70° 0.30384 | 0.31136 | 0.32055 70° 0.33141 | 0.34395 | 0.35815
75° 0.23346 | 0.23917 | 0.24615 75° .25441 | 0.26393 | 0.27472
80° 0.15830 | 0.16214 | 0.16684 80° 0.17239 | 0.17880 | 0.18606
85° 0.07995 | 0.08188 | 0.08424 85° 0.08703 | 0.09025 | 0.09390
TABLE 12 TABLE 13
Cp; Cr,
o Cp,; o Cp, o Cr; o Cr;
5° 0.01116 50° 0.57552 5° 0.12765 || 45° 0.50496
10° 0.04168 55° 0.64138 10° 0.23638 || 50° 0.48292
15° 0.08745 60° 0.70117 15° 0.32636 || 55° 0.44910
20° 0.14484 65° 0.75373 20° 0.39795 || 60° 0.40482
25° 0.21064 70° 0.79806 25° 0.45172 || 65° 0.35147
30° 0.28197 75° 0.83335 30° 0.48839 70° 0.29047
35° 0.35627 80° 0.85901 35° 0.50882 || 75°] | 0.22330
40° 0.43128 85° 0.87458 39°1511” 0.51414 || 80° 0.15147
45° 0.50496 90° 0.87980 40° 0.51398 || 85° 0.07652
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TABLE 14
Cp
i 5° 10° 15° 20° 30°
Moo
0.05 0.01118 0.04173 0.08754 0.14498 0.28222
0.10 0.01122 0.04186 0.08781 0.14541 0.28298
0.15 0.01128 0.04209 0.08826 0.14612 0.28425
0.20 0.01138 0.04242 0.08890 0.14712 0.28602
0.25 0.01149 0.04283 0.08972 0.14841 0.28826
0.30 0.01164 0.04333 0.09072 0.14998 0.29108
0.35 0.011808 0.04393 0.09190 0.15183 0.29437
0.40 0.01200 0.04462 0.09326 0.15398 0.29817
0.45 0.01223 0.04540 0.09481 0.15640 0.30247
0.50 0.012474 0.04627 0.09653 0.15911 0.30728
0.55 0.01275 0.04723 0.09844 0.16211 0.31259
0.60 0.01305 0.04828 0.10053 0.16539 0.31841
0.65 0.01337 0.04943 0.10280 0.16896 0.32474
0.70 0.013728 0.05066 0.10525 0.17281 0.33157
0.75 0.014107 0.05200 0.10789 0.17695 0.33891
0.80 0.01451 0.05342 0.11070 0.18138 0.34676
0.85 0.01494 0.05493 0.11370 0.18609 0.35511
0.90 0.01540 0.05654 0.11688 0.19108 0.36397
TABLE 15
CL
5° 10° 15° 20° 30°
Moo
0.05 0.12779 0.23664 0.32669 0.39833 0.48882
0.10 0.12824 0.23742 0.32772 0.39952 0.49014
0.15 0.12899 0.23872 0.32941 0.40148 0.49233
0.20 0.13003 0.24054 0.33178 0.40422 0.49540
0.25 0.13138 0.24288 0.33483 0.40775 0.49935
0.30 0.13302 0.24574 0.33856 0.41206 0.50416
0.35 0.13496 0.24912 0.34297 0.41716 0.50987
0.40 0.13720 0.25303 0.34806 0.42304 0.51644
0.45 0.13974 0.25745 0.35382 0.42971 0.52389
0.50 0.14258 0.26238 0.36026 0.43716 0.53222
0.55 0.14572 0.26785 0.36738 0.44539 0.54143
0.60 0.14915 0.27383 0.37518 0.45441 0.55151
0.65 0.15288 0.28033 0.38365 0.46421 0.56247
0.70 0.15692 0.28735 0.39281 0.47480 0.57430
0.75 0.16125 0.29489 0.40264 0.48617 0.58701
0.80 0.16588 0.30295 0.41325 0.49833 0.60060
0.85 0.17080 0.31153 0.42434 0.51127 0.61507
0.90 0.17603 0.32063 0.43621 0.52499 0.63041
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