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The above inequality implies that P(xx):r-*O(*"), while from (10)

it follows that 1im P(x,) : 0. Thus x* is a root of the equation P(x) :
flâó

: 0. The inequãlity (4) ca' be obtained by letting þ -æ in (12). On the
other hand, ftottt (11), we have

o /-, fr* - xntþ * * (x,-, - x,) :ry(xu-, - xn)'

tion implies the inequalitiy (5), and
leted.

supposed to satisfY condition
perator P is continous in the
the above theorem remains

the conclusion of the theorem
by the relation xx e B(xo, h).
there exists no other root of the

-'l ff"'lîlä;å,:Ï 5í"'iî:iiltr;
P(x) : 0, in the set 11.- '"'c) fi tne same case, when ( is a total order relation, the condition
(3) irriplies the continuity of the operator P in the set fI'

+>k

1'o"ii:1"ï åî *" "î':i'Xii liiÏ',ï;ence is compensated by the particu-
by the faCt that the condition (3)

in ord.er to assrtre the convergence
eak. This condition is as weaker as

h is larger.- f"?h" particular case when lt, +@, the only conditio_n required^frorn
xo is-tiat iis image trough P be comparable to 0 in the sense of the
order relation,
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0. Introduction. I,et x be a nonempty set. By definition, a generali-
zecl metric on X is a mapping d: X x X - Rn such that

(Ð d(*, y) >0, Yx, Y = X and d'(x, Y) :O+x:li
(ii) d(*, y) - d(J, x);Yx,! e X;
(iiÐ d(x, y) < d(x, z) | cl(2, y), Yx, !, z e X.

By a generalized metric space we mean an -entit¿- (X, d) consisting
of a nonerripty ,set X and a generalized metric d' on X.

Exemþle l. X :\1", d'(x, y) : (lxr- !rl, ..', l%,,- y,l)

E xemþle 2. X : C (la, b)), R), d(f , g) : (l l,ft - Srllcø,lt, . .', ll,f *- g,ll" v,ut.

Exemþle 3. X: C(la,b),R'), d(Í,g) : (ll,å - grllcr*ø, llf, - Erllq^,u¡).

Several fixed point theorems are known (see [1] - [3]), t5l) for
mappings in generalized metric space.

In this note we ptove the following common fixed point theorem

THEoREM l. Let (X, d) be a complet generalized metric space (d'(x,?-) e
e RA) and/, g;X - X twó mappings for which there exists A e M6r(R'¡),

t[ - l¡-iAl - 0, when n - *oo, such that

d(Í(x), eþ)) < Ald'(x, l@) + d(y, eUDl, for all x, y e X.
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Then

(^) F¡: Fr: {xr'}
(b) for each øo e X, the sequence (xn)n-w defined by

tczr: kÍ)"@o), xz,+t : Í(xz,)

converges to x* and

d(x,, x*) < (/ - A)(I - 2A)-L](I - A)-'¿,ld'(xo, x')

(c) for each frs e X, .f"@o) - %*, 8"@o) - fr*, when n -æ and

d(f (xo), ø*) < (I - A)(I -2A)-L]{.I - A)tAyd@o,Í@r)),
d(g (xo), x*) = (I - A)(I - 2A)-LLg-A)-'Al"d(*r, g(xù).

(d) I,et k:X * X be a mapping which approximates the mappingJ,
and s : X -, X aproximates the mapping g, and

d(l\*), h(x)) < ï, Vø < X
d(e@), s(ø)) < n, Yr e X

I1. Yn: h(xr), then

d(y^, x*) < (/ - A)(I - 2A)-t, *
+ 2(n - 1) t(/.- A)-LAld(xo, .f (xo} +

+ (/ - A)(I - 2A)-L](I - A)-41d.(xo,,f (xr))

(e) If /,, g,: X - X, are suçh that f^=Í, gû=8 and øn eF¡n,
bn e Frn, fl.en

&o.- fr!, bn - fr*, when ø * oo

I. Proof of theorem I
(a) + (b). I.et xo be any element of X. We have

d(*', xr) : d\f@ùt g(r1)) < Ald'(xo, xt)' t d\xt, xr)i)"

and

d.(xr, xr) < (/ - A)-LAd(xr, xr).

By induction

d(xn, xo 1) < [(/ - A)-'¿'l"d'(xo, xr)

IIence

d.(xn, xn¡p) < (1 - ,A)II - 2A)-L|(I - A) t/)îfl(tco, xr),

J APPRoXIMATIoN OF CoMMON FIXED POINT 85

which implies that the sequence (x,)n=ru is fund,amental. Let ø* be the

limit of tñis sequence. We have

x* eF¡llFr: Ft:Fr:{x*\
and

d.(x,, x*) < (1 - A)(I 'LA)-LI(I - A)-t¿')"d(xo, x..)

(c). Ve have for all x e X:
d(f(*), f'(x) < d(f(*), e(øt)) + d(f'(x)' g(ø*)) <

4 Ald.(x, Í(x)) + d'(x*, g(x*))l + Ald(f(x), Í'(x)) + d'(x*, g(x*))l:
: Ald(x, Í(x)) + Ad(f(x), Í'(x))l'

IIence

d(f(*), Í'(x)) < (I - t¡-tad'@, f(x)), Yx e X'

this implies

d(Í"(xo), ¡"+ø1xo)) < (1 - A)(I - LA)-L](I - A)-'¿'f'd(xo, f @o))

andthe sequence (f"(x¡)),.rwis fundamental' I,et xl be tlne lirnit' We have:

d(Í"@o), xi < (I - A)(I - LA)-LI(I - A)-'¿')"d(xo, f @'))'

On the other hand from

d(l'@o), rn) < Ad(f"-t(xo), .f'(xò)

we have

limf*(x):x*:xl'

In a similar way we prove that the sequence g"(xo) converges to ø*

(d). We have:

d(y*, x* 4 d(!*, Í"(xou I d(f"(xo), x*),

:d.(y,,,ft'(xo)) < r¡ I d(g(y"-r), "/"(øo)) <

< î + Ad'(y*-t) g(!*-t)) + Ad(f"-t(xo), Í"(xò)

and

d(y,, g(y^)) < (/ - A)-'d(y*, Í"(xo) * Ad(f"-r1xo)' Í"(xo))'

From:these 'we have bY induction

d(y,, f'(xo)) < (/ - A)(I - 2A¡-t, *
+ 2(.tù t r)i(f - A)tA," d,(xn, f @o)).

.)
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(e). We have'

d'(an, x*): d(Í*(øq), Í(x*)) 4 d(f,(ø"), f(y")) i d(f(ø*), g(ø*)) <

< d(Í,(o,), Í(a")) iAld,(ø", f(ø")) + d(x*,S(r*))l <

< (/ + A) d,(f"(ø"), Í(o"))
*) *0, w]r'en n-æ,
similar way we prove that

bn n fr*, when Z¿ * co.

2. The ease whtin d(*, y) c R. fn the case when d'(x, y) e R from
theorem I we have:

THEoRÐM 2. (X, d) be a complete metric space and f, g :X - X
two mapping and n = [0, ;[. "

d(f(*), s(y)) < æld.(x, f(*)) + d(y, ej)f, Yx, ! . X,
then

(Ð (Kannan) : F, : F, : {x*}
(ii) (Kannan) : For each x¡ e X, the sequence defined by

xr, : (gÍ)"(x¡), xzo+r : Í(xrr)
converges to x* and.

d.(xn, x*) * f_fl¿] o{*,, *,,

(iii) (new result) : For each øo e X, f"(xo) - %*, g"(xo) - x* and

and

d,(z*, x*) * fff n * 2(n - t) 
[, - "]" 

o(*0,8(r.)) +

+#[Ë;]"d'(xo' g@o))

(v) (see isl). If f,, g,: X ' X, are such that

.f,=Í, g,3g and ø* eF¡n, b* eFro' then

an - x*, b* - x*, when ø * co

3. Open problems. Is theorem 1 true for the mappings which satisfy
one of the conditions

(l) (d.(x, y) =R). There exist æ, p eR1, "J-2þ 
( 1, such that

d(f (*), e(r)) < a.d'(x, y) + þld(x, (Íx)) + d(v' s0)))
(2) (d'(x, y) = R). There exist ø, p, y= R¡, " i29 l2y < l' such that

d(f (*), e(y)) < æd'(x, y) * þld(x, f (x)) + d(v, ej))l +
i tld(x, e(y)) f d(Y, f (*)))

(3) (d'(x, y) =Ro).There exist.4, B, C eMou(R*),

it¡ - B - c¡-t Ø + n+ C)l' *0, when'v¡ +@, such that

d(f (*), s(-1l)) < Ad'(x, y) | Bld'(x, Í(x)) + d(v, e\))l -l
! Cld'(x, sU)) + d(Y, Í(*))l'
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and d,(an, x
In the

d(fr(xo), r*) < 

=i, 
_ 

"1" 
d.(xo, f(xol)

,d(s*@ò, #*) < E[ål' it(x,, s(xo))

(i") (see [4] and [6]). Let h, s: X * X be such that

d(f(*); h(*) < n, Yx e X
d(e@), s(ø) ( r¡, Vx = X

I1 yn: k.(xo), ln: s"(xo), thgn

d(y,, **) * t'ff n + 2(n - t) [å1" d'(xo,f@o)) ¡
+ ] =:-[å]' d.(xo,, f lxo))


