MATHEMATICA — REVUE D’ANALYSE NUMERIQUE
ET DE THREORIE DE IL’APPROXIMATION

I’ANALYSE NUMERIQUE ET LA THEORIE DE I°APPROXIMATION
Tome 8, N° 1, 1979, pp. 27 -31

ON APPROXIMATE SOLVING BY SEQUENCES
THE EQUATIONS IN BANACH SPACES

by

BALAZS M. and GOLDNER G.
(Cluj-Napoca)

Iet X be a Banach space, Y a linear normed space, and the equation
(1) P(x) =0,

where P: X —» Y is a continuous mapping, and 0 is the null element of Y.
We consider a sequence (x,) of elements of X and a positive integer s.

DEFINITION 1. [4]. The sequence (x,) has the order s with vespect to
the mapping P, iff there exists a positive number « which does not depend
on n so that

1P(wen)l]| < AP for n=0,1,2, ...

DEFINITION 2. [4] The sequence (x,) is convergent of the order s with
respect to the mapping P iff (x,) has the order s with respect to the mapping P
and it 1s convergent.

In the present paper we study sufficient conditions on the mapping
P and the sequence (%,), for the convergence of the order s with respect to
the mapping P of the sequence (#,), so that the limit x* of the sequence (x,,)
is a solution of the equation (1).

Further on we shall suppose that s > 2.

rHEOREM. If the mapping P, the scquence (%,) and the number § >0
satisfy, in the spheve S(xy, 8) = {%:]|x — %oll < 8}, the following conditions :

(i) sup {||[#s, g, - +» Usq1; P2 the, %y <o) Usr & S(x, 3)} <
< M < Hoo,
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wheve [y, Uy, ..., Usy1; P is the divided difference of the s-th ord th
mapping P in the different points uy, s, . .., 44y [1],f[2], [5]; £ ettt

(ii) there exist the poimis x_ 4y, % x S 14
; s+ stz vy X%y & S(%g, 8) and a 2
numver A which does not depend on n so that SR i

3
HP(xn——H-l) ‘I’"j; [xn—s+1, Xppms 425 » v s Xu—stj, P] X (xn+l " x”_’+]._1)

(Zns1 — Zn—syjz) + oo (Fnpr — Zuosi))ll < |[P(x,)II°
for n=20,1,2 ...(x, « S(x, 9));
(iii) there is a positive B which does wot depend on n and k, so that
i1 — %)l < BIIP()|
forn=0 1,2 ...andk=—s+1, —s+2,...,0,1, ... withn > k;

1
(iv) By = [|Px)|I(4 + MB)Y =y, v <1,
B,
ol — hg)
then

(j) the sequence (x,) is convergent of the ovder s with vespect to the mappin
P, and x* = lim %, 1s a solution of the equation (1), 1. e;b P(x*) = ]515 g

#— 00

(i) x* = S(x,, 3);

l

)

Bh
(1) wps — 2]l € —= for n=0,1,...;

12

k BE
(v) llz* — x|l < M1 s VO for n =0, 1,
o(1 - ')

(v) 1P <

Proof. First we prove by induction the following relations

(2) %, eS,4i=1,2,...;

st—1

(3) (1%, — %;4l] < —ho

,1=12, ...;

(4) ”P(xf)“ < vs_l”P(xi—l)”’ 1= 1: 2) e
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a) For n =k = 0, (iii) gives

Bu|| P( Bh Bh,
12, — ol| < BIIP(xy)]| = ZAIEGI . Fho o <3,
v v 1 — &y

which means that (2) and (3) hold for ¢ = 1.
By (ii) we have for #» = 0.

Pl < |P(#1) — [P(%—s41) +
+ Z [Xs i1y Besits oo Bsiss PUH1— X spim1) (BT mstjpa) oo (B1—F—s1)] ‘-i—
P(x_s41) + 22 [X—s-t1y 5425 oees Kmsths P:](xl—x—s+j+l) (xl'—x—s+l) <
=

< [|[Hosity Fsize -« %z %o %15 P+ AlP(%)]]° <

< M - B|P(x,)|[B* + Al|P(xg)|I' = [|P(xo)|I"(4 + M - B) =
1 Js—1

= HP(xo)ll‘[(A -+ MBS)S"] = [|P(x)][* w51,

ie. for 1 =1 (jv) is also true. Hence the relations (2) — (4) are verified

for ¢ = 1.
b) We suppose that the relations (2) — (4) are satisfied for a fixed

7 > 1.
¢) We prove that the relations (2) — (4) are verified for ¢ + 1.
Multiplying booth members of the inequality (4) by v, it results
(5) ;= o||P(x)]l < vIIP_n)F = (| P(xi-1)l])” < @1P@-2)l[?) =
= @IIP(-2))* < .. @I = B

From (iii) we obtain for n =k =1

Bol|P(r)ll _ BAS
s~ %l < BIP@) == ——
ie. (3) is true for ¢+ + 1.
We have
Uaigr — %oll < % — %l A+ 1% — Fall + -0 [l — %ol <

< 205+ m T R ) <

Bl _ s
v(1 — ko)

si;(ho+h3+ B =

which shows that %4, e S(¥o 9).
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Using (ii) for » =1, we can write

1Pl < || Pl — | Plascen)

$
o D (Himstty Fist2s + - os Kimstis Pl Hip1 — Ko id) (Bigr — Xilsqiye) -
=2
¢ g ‘x,-_s+i)] H + “P(xi_m) T
s
7}— E [Xicst1) Xizshay -+ o) Fimstis P](xi+1 = xi—s+j—1)(xi+1 = xi—s+j—2) .
=2

o (Figr — Ximst1)|| < AP + MB®||P(x)|I° =

= ||P(x)|I*(4 + MB*) = v=!||P(x)ll,

hence (4) is true for 7 + 1.
TIn conclusion the relations (2).— (4) hold for all the positive integers.
The property (4) shows that the sequence (x,) has the order s with
respect to the mapping P. ’ . o
Now we prove that the sequence (#,) is a Cauchy-sequence, hence it is
convergent,
Using (3) we have

(6) %n+p — Zall < Wty — Fnpall + o o0 A 1%nar — 21 <

<B4+ <
ki

S”
B

<EWa+mta ) ==
i o(1—#")
hence
Hm ||%sp — %,l] =0

for every p = N, ie. (#,) is a Cauchy — sequence, and x being a Banach
space the sequence (x,) is convergent. o |
For p — oo in the inequality (6) we obtain (jv). Also from (6) we obtain
(iii) puting p =1.
From (2) it results that x* < S(s,, 9).
For ¢ =n (5) implies
o
Pl < —->

v

i.e. the relation (v) holds.

or
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For proving the fact that x* is a solution of the equation (1), in (v)
we make # — o0, and so we obtain (0 < &, < 1)

lim |[P(x,)|| =0,

hence lim P(x,) = P(x*) = 0.

Rzajzrk. If P is Fréchet-differentiable, choosing the divided difference
for which [x, x; P]= P'(x), [3] we can reobtain the results of the
paper [4].
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