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Let X be a Banach space, Y a linear norrned space, and' the equation

(1) P(x) : 0,

whereP:X-rYisacontinuousmapping,and0isthenullelementofY'
We consid.er a seçLuence (xn) of elemén:ts óf X ancl a positive integer s.

DEITINITIoN 1. l4l. Tlte sequence (xft) lt'øs,the older-s uith resþect to

tu, ;r;ìþ;';g^ e, ,¡'tl)re- exi,sts'ø þosi,ti.aià' nulnber a'uhich d'oes not d'eþend'

on n so tka.t

llP(x,r)ll < "llP(x")ll' fo' n :0, 1,2, ' ' '

DEFTNTTTON 2. 14) The sequence (x,), is co?taergent of the ord'er s uitlt'

/rrþ;î;;]i; *ip1rt"þ Þ l¡¡ 1*,¡'no' the'oí'd.er s uith rãsþectlo the maþþing P
G'rLd it is conttergent.

ufficient conditions on the mapping
rgence of the order s with respect. to
tiat the limit ø" of the sequence ('rtr)

ats>2.
THEoREM. If I'he mq'þþing P, lke scqøtence !!,).on|.the nurnber I > 0

,.tirfy:;; it;^sþtíere S(xo,'á) j {i')l* - xoll 4 8},.the folloaing cond'itions:

(i) sup {ll[ør, %2, .'., üstti Plll: ur, %2, "', üstr é S(øo' à)] <
(M{*oo,
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ukere lur, ü2, . . ., ,t/tsrt , P) is the d,i,uí,d,ed, d,ifference of tke s-tk ord.ey of the
møþþi,ng P in tke d,ifferent þoí,nts %þ ctz, . .. ¡ üstt [1], [2], 15] ;

(iÐ tkere exist the þoints fr-srt, x-s*2, ..,, it-r e S(ø0, 8) ønd, a þositiae
nutnaer A ahiclø does not d,eþend, on n so that

t
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a) For n : ry: 0, (iii) gives

llx, -øoll ( BllP(r.)ll : g{ltdlL :+* f; " 
t'

which means that (2) and (3) hold for i : l'
By (ii) we have fot n :0'

lt

llP(ø,)ll * llotr'l - [P(ø-'+') *
s

+ È [r-.* 1, x - s 12, ..', % -s *ii Pl(xr- x -,+¡ -r) (xr- x-s+i +e) "' (x''- x -' +ì)
i-2

I

* lln,r-,..,) 
* Ð lt(-,+r, %-s*2,..., x-s¡hl Pl(xr-x-"+¡+')"'("-'-'*')l

( ll[ø-,+r, %-st2, ' . ., %-!, xs, Nr; P]ll + z4llP(øo)ll' <

< M'B"llP(øo)llB' + AllP(rJ¡¡s : llP(*o)ll'(,,4 + M' 88) :
-l

: llP(øo)ll' (A + MB')s-1
l" : llP(øo)ll"u"-1,

i.e. for I : 1 (jv) is also true. Hence the relations (2) - (4) are verified
lor i: L

b)w",oppo,ethattherelations(2)-(4)aresatisfiedforafixed

llP(ø,-"+r) * D [r,-, ¡rt xn-s¡2t ...t %n-.s,.j; P] x (*,*r- x*-,+j-t)
j:2

(x*+t - %¡-s+j-z) ... (x,+, - x"-,+ìll < llP(r")ll'

for n:0, l, 2, ... (*n = S(ø0, à)) ;

(äi) there is a þositiae B ukick d,oes not d,eþend. on n and. k, so tkat

llx,+t- r¿ll ( BllP(x")ll

forn:0, 1,2, ... and, Þ: -s * 1, -s +2, ..,,0, 1, ... uithn > h;
1

(iv) ho - llP(xo)llØ + MB\;=: to' a 1 t,
B'¿o < Ð;

u(l - ko)

then

(j) the sequence (x,) 'is coøuergent of tke order s uith, resþect to the nr'øþþing
P, and. x* : Lim x, is ø solution of tke equøtion (I), i.e. P(r*) : 0;

ßi) x*=]ä,, r, ,

an!(jjj) llx,+' - x,ll < -*, f- n :0, l, . . . ',

nn'!
(jv) llø* - x*ll < -.-+ for n:0, 1, ... ;

,( r - r';")

n'!
(v) llP(x")ll < -L for n:0, 1, ..., i

Proof. First we prove by induction the following relations

x¡ e S, i :1,2, ... ;

Ilx¡- *¿-rll ( " h{-', i:1,2,...;

llP('tl)ll( u'-r¡ inr*,-rrl, i - r,2, ...

i>1.
c)Wel)rovethattherelations(2)_(4)areverifiedforifl'
ü"üiprii"g ¡áóih members of tìré ineè1úaüty (a) bv u, it results

(5) kr: ullP(x,)ll < u'llP (xn-r)l¡" : (ullP(øn-t)ll)" ( (u"llP(r¿-')ll')":

: (ullp(x¿-r)ll)" ( . . . (allP(xo)ll)"t : äå'.

From (iü) we obtain for n : h : i

llx¡+, -'r¡ll ( BllP(x,)ll : IAYIL: ":t '

i.e. (3) is true for i f l.
We have

llx,+r- øoll ( llx¿+r- xill+llxn- ø¿+rll * "'+ llx'- øoll (

. ( +øt+ht-' +"'+k:,+h,)<

"!Øo+kg+...+ 
kt+ ...) :AIr: t

which shows that x¡¡1e S(ø0, 8).

(2)

(3)

(4)
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Using (ii) for n, : i, r,ve can write
For proving the fact llnat x,F is a solution of the equation (1), in (v)

we make^ n - á, and. so we obtain (0 < ¿0 < 1)

tu llP(x")ll : o'

hence Lirn P(x^) : P(x*) : Ê.

A2ñ2rn.If P is Fréchet-differenliable, choosing the divi<led difference
forwhichlx,x;Pl:P'(x),[3]wecanreobtaintheresultsofthe
paper [4].

llP(ø¿+')ll < P(xr+t) - P(x¿-,+ì *

+ i [rr-.* tt xd-s+2, ' . ., fri-,+i; P)(x¿+, - x¿-"+i-ti(xn+, - x¡-,+i+z) " '
!:2

.. (xo+,- ,,-.*,)]ll* 
llo,''-'+,) 

*

+i trr-.* t,xi-s+2, ...t x¡-,+i', Pl(xn+, - tc¿-s+i-t)(xn+, - x¿-,+i-z) "'
lr

..,. (xn+, - ,n-,*')ll < AllP(x,)ll' + MB'llP(xn)ll :

, - llP(xn)ll'(r4 + MB') :2";tllP(ø¿)ll,

hence (4) is true for i f 1.

In conclusion the relations (2) - (4) hold for all.the positiv-e integers.
Ch";t"úti' t+l shows ttrât'the'sóqu"ttce (x*) 1¡as the order s with

respect to the maPPing P.
Now we prove irtã? tft" seqtlence (ø,) is a Cauchy-seçluence, hence it is

convergent.
Using (3) we have
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(6) llx*+ø - x,ll 4 llx*+p - x"¡p-rll I
<u(nt+ht*'+...

. i llx"+t - ø"ll <

to':*o) <

^fr
Bh"o: 

,(, - u'{)'

+

<2n:ío+hð+hg"+...)
U

hence
r¡1¡llx-:+ - xnll :0

for every I = N, i.e. (x,) is a Cauchy - sequence, and x being a Banach

space the sequence (x*) is colvergent.-"--F;;¡ -.- * i" td;h;a""litv (6) we obtain (jv . Also from (6) we obtain
liii) outins b :1.
"""' Ëro*"12') it results that ** = S(so, ò)'

For i:n (5) implies
-fr

|P(x^)| < +,
i.e. the relation (v) holds.


