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Exemþl,e 7. Si. A: [-3, 1], alo¡s sur-l'arc de_parabole. (Pr)_qous
aurons B : [3 * c, 3 *3c * c2l2l et en efectuant les calculs, 2Ãß :
: [-18-l8c _ 3c',6f 6cf c2] et sqA+sqB:[O+Or+r', 18+

ques. Dans notre pays, l'artihméti-
ravaux de plusieurs mathématiciens

ï,Ëåilü,îå)u"å"îiJÏü",!i#:i::
rcru de l'année 1937, concernant la

détermination des estimations de certains déterminants fonctions d'inter-
de n2 variables), ainsi que

I#";"îiïåTiîl,åï:"t-
I'axiomatisation de la thé-

orie des tolérances(1968), les travaux à caractère apliquatif de l'ingénieur
i- *"t*onrCr (estimatiôns fonctionelles et technologiques, tolérances, ajus-
tages).' Ár, cadre de I'Institut de Calcul de Õluj de l'Académie de la Républi-
oue Socialiste de Roumanie se sont tenus deux symposions, au cours des

åeux dernières années, d.ont l'un à caractère national et l'autre à caractère
international. À ces symposions les préocupations concernant le calcul des

intervalles ont tenu une place de choix.
Nous renvoyons le lec-teur qui desirerait des références plus détaillées

à l'ouvrage ,,Aritmetica çi analiza interv_alelor" de 9{Erar'r N, BPRTT,

àuí r p"rü aú'vol. l, fasc.-1 d.e la fevue,,Revista de analizâ numericä çi
tioria'aproximafiei", pp. 2l-39 (1972), éditée par l'Institut de Calcul
de Cluj.
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1. Introduction

The Barnes'G-function (see l2l, p.264), saüsfies the recursion rela-
tion,

(1) G(, + 1) : l(z)G(z),

where G(l) - l. The Eulerian integral of the first kind is defined by

(2) B(m, n) : !V)|'(t')- '

Then, by expressing B(m, ø) in terms of Barnes' G-functions and by making
use of the identitY

(3) Bþn, n) : B(m + l, n) * B(m, il'+ l),

B.A.cCHr [l] recently obtained an identity in_G-functigns. fn this paper,
we extenä ihis work and obtain some more identities in G-functions.
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2. Some identities in G-functions

In the sequel, we will make use of the following two results quite often.
From (l) and (2), we have,

(4) B(m, n) : "(?^r*rt) ' 
G(n 1- tl G(¡n * n)

G(ml G(nl G(m*n*t)



2.1. k is known that

(6) Ðu(*,n*k): 
B(tn-1, n)'

Ilence, if we substitute for B(m, n) from (4) in (6), and simplify' we get

t1\ yrc(ø * Þ * l) G(m t n i-h) 
- 

G'à(ttt')G(n T l\(Gm I n - r)

\// ?-e1" ¡ e¡ Gþn ! n + Þ + l) Gþn - t)G(nt' * t)G(n)G(m * n)

From the identities in B(rn, n),

(8) B(m, n + 1) : *ut* + 1, n)

and

(e) B(m, n * 1) : ffiB(m, n)

we obtaín the corresponding identities in G-functions:
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set several relations for the Barnes' G-function by using (12). Here we

õonsider only one such relation:

(14) (ø-b) F(ø, bi ci tc): øF(ø+7, b; ci tt)-bF(a', b*l;c;x)'

If in (14) lor tc: l, we substitute for F(ø, b', ci l) from (13), we get

(15) G('-a.+bf 1) G(c-d-b-l) lc(c-ø) G(c-b)l':

:Gz(c - ø -ull: -Gþ - ø - L) G(t - a. + r) GL(c- b) --'lo-b'

-*rt' - b -l) G(c - b +'1) Gz(c - ")f, a' + b

Many more relations for Barnes' G-function can be obtained, from the

"ort"rpoãaiog 
relations for contiguous hypergeometric functions'

In view of the importance of Barnes' G-function in the applied field

*" 
"o"riaãi 

additional^relations derived from the corresponding relations
for binomial coefficients.

2.3. We know for the bimomial coefficieot (l),

n(i\ : r(ilÐ + (l*') :
: (r + 1) (Í*') + /(i),

Ø + (':-'): (i*')'

substituting ror (i) from (5), we get the corresponding relations for
the Ba¡nes' G-functions

(re) G(n - r + 2) G(n - r) lG(r * 2) G(n * 2)l' :

: lG(n - r I l))'z lnG(r t l)G(r | 3)G'z(n + 2) -
- rG(n t 3)G(n I L)G'z(r + 2)),

(20) G(n - r | 2)G(n - r)Gz(r l2) :ffi G'(n- r I r)G(rtl) G(rf 3),

and

(2r) G(n-r t t)G(n-r t 3)[G(z lL)G(nl2)]':
:Gz(n-r *2)lc(n]-})G(n lt)G'z(r + l) - G(r)G(r | 2)G'z(n +2))'

respectively.

G(n * 2)

G(n { 2)
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n Gþn) Gv(n t l\
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and

(5)
n

/
Gtu!2\ G(v*1) G(n-r*r)
G(n+r) G?*2) G(n-rl2)

m G(n) GÀ(m t t)

(16)

(17)

(18)

(10)

and

(1 1)
G(rn + +l)

2.2. The hyPergeometric
of the argument is

G(n * z)G(n\

function of the second kind for the unit value'

(r2) F(ø, icil):ffi*,

Now, using relatiog (l), wq get the relation between Barnes' G-function and

the hypergeometrlc tunctlon,

(13) F(a, bi ci l)-eþt't)9\a-2-t-+t)'^1"t"). ,, -g!--')t-'Gþ) G(o-o-b) G(a-a* t) G(a-b1-t)

c *0, -1, -2 ... i c- a'-ä >0

From Gauss' relations for contiguous hypergeometric functions, we can
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From the relations, slnce

åffil :2', a,'d

å(;)':(':),

(22) Similarly, we can obtain several relations for Barnes' G-function from
the corresponding relations for binomial coefficients. Ilere we list only
two more such relations.

It is known that,
we get the relations in G-functions,

(23)

and

(24)

(2e) å l:iii)(":_r):(;L)
and

(so) hçl¡;-_'r):(:)
îhen from (29) and (30), we get the following relations for G-functions,

,l

D
Þ-0

G(h+tlâ(t, -¡+ l)
Glh+2)G(n-e+21

Gt(nlt\G(zn*21
--t G'(n + z)G(2nltl

respectively.
From the relations,

(25)

and

ú
G(zh + 2)G(2m - 2h + L)G(n + h -l z)G(n I h - 2m I t)

å ffi)' l"io\:(;)'
(3r) Dþ:0 G(zh + 3)G(2m - 2h + z)G(n + h - t)G(n t h - 2m t 2)

G(2n * 2)G(2m + 2)G(2n - 2m t t\
G(zn t 3)G(2tn J 3)G(2n - 2m t 2)

å ('i 
o) : (" 

*:*'),
and

we get, (32)
tn

D,t:0
G(h * l)G(r - h t t\G(m - h I l)G(n - r - Ín + å + l)

(26) år l
z G(n * h t z)G(n * h - 2þ * tl 

-
G(h | zlc(r - h -f z)G(m - h + 2)G(n - r - m + h + 2)

G(r -l rlG(m * l)G(n l- z)G(n - r j t)G(n - m t r)G(n -t h * tlG(n + h - 2þ + 2')

G2(þ * t\ G(n * 2) G(n-m{l) G(2þ + 2l

G(2þ + t')

G(r t 2)G(m + z)G(n -t t)G(n - r \ 2)G(n - m t 2)

Two more relations, similar to (31) and (32) can be obtai-G"(þ + 2l G(n t t) G(n - m I 2)
respectively
ned from:and

e7\ fG@+h+Ltc(þ+rt_
iF;oG(a + ft + l)G(È + 2)

G.(a * 2\ Gln*tlG(nta*81 hr":')(" :*r):(*:*')G(øtt\G(ø *3) G(z ¡2)G(n*a]-2)

respectively. fn fact (27) can be written as:

/rr¡\ $c(o+¿+z)c(¿+r) _ | Gþl)eþlÐ,
\æt Hoep+È + l)G(È +2) (r¿ * l) G(n 1-zlc(n * ø l 2l

and
î
Dà-0

þ

)(
n-h nll

mIlf ,n-/
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, x eR and tr e K\{0} where K 
-

for every þ, q = S and' every

introduced bY the familY of (e, ì)-

U,(e, À) : {ulu e S, Fu-,(e) > I - À}'

rrorfit t is continuous then S is' in the
al space.
soaõe t4l if we take Fu,,:
ing theðróm is Proved'
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