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1. Introduction

The Barnes’ G-function (see [2], p. 264), satisfies the recursion rela-

tion,

(1) Gz + 1) =T(z)G(),

where G(1) = 1. The Faulerian integral of the first kind is defined by
2) B(m, n) =27,

T(m + n)

Then, by expressing B(m, #) in terms of Barnes’ G-functions and by making
use of the identity !

3) B(m, n) = B(m + 1, n) + B(m, n 4 1),
BAGeHI [1] recently obtained an identity in G-functions. In this paper,
we extend this work and obtain some more identities in G-functions.

2, Some identities in G-funetions

In the sequel, we will make use of the following two results quite often.
From (1) and (2), we have,

(4) B(m, n) = Gm+1) Gm+tl) Gmtw
Gom) G Gmta+ )
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and

5) n_ Gm+2 Gr+l Gu—rt
[] Gm+1l) Gr+2 Gm—r+2

14
2,1. It is known that
(6) Y Bim, n+ k) = B(m — 1, u).
k .

Hence, if we substitute for B(m, n) from (4) in (6), and simplify, we get

(7) EG(n +E4+1 Gim + n +F) s G*m)G(n + 1)(Gm + n — 1)
) Gin + k) Gm+»n+ k4 1) G(m — l)G(m + I)G.(n)G(m + n)

From the identities in B(m, #),

8) M%n+&%:%mm+Lm
and
9) BWJ%FU:%iann)

we obtain the corresponding identities in G-functions :

Gm+2) _ m G Gm +1)

(10) 2

Gin+2)  » Glm) Gn+ 1)
and
(11) Giom + w4 T)iin Clm Toetet 1

m -+ n G(n + 2)G(n)

9.2, The hypergeometric function of the second kind for the unit value:
of the argument is

(12) Fla, b; ¢; 1) _TOre—a—"Y

T'(¢c — a)T(c — b)
c#0, —1, —2... ic—a—b>0....

Now, using relation (1), we get the relation between Barnes’ G-function and
the hypergeometric function,

_ G+ Ge—a—b+1) Gle—a) Gle =8y,

(13) F(a, b; c; 1) : : .
G(c) Glc — a — b) Gle—a+1) Ge—b+1)

From Gauss’ relations for contiguous hypergeometric functions, we can
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get several relations for the Barnes’ G-function by using (12). Here we
consider only one such relation :

(14) (@ —b) F(a, b; ¢; x) =aF(a+1, b; c; %) — bF(a, b+ 1; ¢;x).
If in (14) for x = 1, we substitute for F(a, b; ¢; 1) from (13), we get
(15 Gle—a+b+1)Gec—a—b—1)[Glc—a) Glc—bF=

Ge—a—1) Gec—a+1) GYc—1b)—

— G¥c — a — 1)

a—b

b

a—b

G@—b—UG@—b+U@@—m}a¢b

Many more relations for Barnes’ G-function can be obtained from the
corresponding relations for contiguous hypergeometric functions.

In view of the importance of Barnes’ G-function in the applied field
we consider additional relations derived from the corresponding relations
for binomial coefficients.

2.3, We know for the bimomial coefficient (7),

(16) n() =7(CH) + (1) =
(17) =@+ 1) () +706),
(18) @)+, =0,

Substituting for () from (5), we get the corresponding relations for
the Barnes’ G-functions

(19) Gn — 7 +2) Gin —7) [Glr +2) Gln + 2)* =
= [G(n — 7 + 1) ]2 [0G(r + 1)G(r + 3)G*(n + 2) — -
— 1G(n + 8)G(n + 1)G*(r + 2)],

20) G(n — 7 + 2G(n — 7G(r + 2) =" - Gn— 7+ 1)G(r+1) G(r+3),

y+ 1

and

(21) Gn — 7+ 1)G(n — 7 + ) [Glr + 1)G(n + 2)* =
= Gn — 7 4+ 2)[G(n + 3)G(» + 1) G + 1) — GGl + 2)G'(n + 2)],

respectively.
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From the relations,

(22)

we get the relations in G-functions,

BG4+ 1)GB —k + 1) on Gn+ 1)
E -

(23) & Glh+ 26—k +2) T Gm+2)
and
201Gk + )G — k 4+ 1|2 G'n + 1GE2n + 2)
(24) ; Gh + 2Gn — k+2)] ~ GHm + 9G(@n+1)
respectively.
From the relations,
?
N (P8 n 4+ A) (n)ﬂ
25 =
@) I i
and
Z":(a+kj= n+a+1)
h=0 k ( ” ’
we get,
(26) i [G{k + 1G(p — k+ 1) ]2 Gn+h+2Gn+h—2p+1) _
Elokh+26p —k+2)] Go+E+ 160 +5—20+2)
_[SMp+ DG +2) Gm—m-+ )]G+
[G"(p +9Gm+1) Gr—m+2 | G2p+ 1)
and
@7) S Clthi6GED _ Get? GnilGniad,

EoGa+k+1)GE+2 Ga+1Ga+3) Gn+2)Gn+at?2)

respectively. In fact (27) can be written as:

(28) NGa+A+2GE+Y 1 G+ 16 +at?)
ELGa+r+10)6k+2 (m+ )Gl + 26 + a + 2)
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since
Gm)Gim +2)
G + 1)
Similarly, we can obtain several relations for Barnes’ G-function from
the corresponding relations for binomial coefficients. Here we list only

two more such relations.
It is known that,

(29) . i(2m+l)('n+k =(2n)

k=0 22 +1 2m) 2m

and
N (v — 1 __{®).
@ 2 (== ()
Then from (29) and (30), we get the following relations for G-functions,

m

31) ) G2k + 2G(@m — 2k + 1)G(n + b+ G+ k —2m + 1)
£ G@k + 3)G(2m — 2k + 2)G(n + k — 1)G(n + & — 2m + 2)

_ G(2n + 2)G(2m + 2G(2n — 2m + 1)
G@2n + 3)G(2m + 3)G(2n — 2m + 2)

and

m

(32) 2 (k+1)G(r—k+1)G(m—k+l)G(n—r—m+k+1)
S Gr+ 26—k +2Gm —k+2Gn —r—m+ k + 2

e G + 1)Gim + 1)G(n + 2)G(n — 7 - 1)G(n — m + 1)
o G + 2)G(m + 2)G(n 4+ 1)G(n — 7 + 2)G(n — m + 2)

respectively. Two more relations, similar to (31) and (32) can be obtai-
ned from:

() = )

k=0 2m 2m

and

o e ]

& m—r m+1



A8 A. K. GUPTA 8

REFERENCES

[1] Bagchi, A. K, A Short Note on Beta and Barnes G-function. The Math Student, 37,

214—215 (1969).
[2] Whittaker E. T., and Watson, .G. N, A Course of Modern Algebra. Cambridge

University Press, London, 1965.

Received 2. VIII. 1978.

Department of Statistics
University of Michigan
Ann Avbor, Mickigan, US4



