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THEoREM A. Let (S, e, 4 be a comþl'ete Menger sþace uith conti-
%,uous T-norm t, A be ø closed, subset of S and, H : A - A such thøt:

(1) F¡1p,yo(kx) 2 Fe,o@), for euery x >O and. euery þ, q = S,

uhere A e (0, \. If there exists þo e A such' that:

(2) sup Go"(x) : l, ukere Gp,(x) : inf {Ft,,-4(x)ln e N)

ønd' þ* : Hþ*¡ for euery n e N, then tkere ex'ists one and' onl'y one fixed'
þoi,nt þ of th,e møþþi,ng H a.nd. þ ::!X þ".

By e.(M) we denote the family of all nonempty, closed and convex
subsets of M, where M is a subset of a topological vector space. fn l2l
the following theorem is proved.

THEoREM B. Let E be ø Høusd'orff toþological' aector sþøce, M be ø
nonemþty, conue% and. comþact subset of E, Q: M ¿a"(M) be øn uþþer semi-
continuous ma.þþing such that for eaery y = M tke set:

O-Ly:{xly eQx)

is oþen. Then there exists øt least one fixed' þoint of tke møþþing Q.

Now, we shall prove a fixed point theorem for mapping fI + O where
H is a singlevalued and <Þ is a multivalued mapping.

THEoREM. Let (5, &, t) be ø comþlete ra.nd,om normed, sþace aitk conti-
tuuous T-norm t, M be ø nonemþty, connex ønd, comþact subset of S, H be øn
øffine maþþi.ng frorn M into S such' tha.t'.

(3) Fuþ)-n@,\(he) 2- F,,-n,(e) for eaery fru x2 = M

and, eaery e >0, uhere h e (0, 1l ønd,@:M *e.$) be an uþþer serniconti-
nuoots møþþing such tkøt HM + QM c M and' the set A-L y is oþen for
eaery y e S. Then there ex'ists ø.t leøst one fíxed' þoint of the maþþing H + A.

Proof : First, we shall suppose that h e (0, 1). For every y = A@
we shall define '* ä;iï 3.'ï r:i:,:î.':';:"' 

*"''

Using the inequality (3) we conclude that:

Ferlr)-erl*,)(he) 2 F*,-*,(e), for every y eA(M)

every %t, xz e M and every e > 0. Since Î-norm I is continuous, S is a
Hausdorff topological linear space and so it follows that the compact
set M is bounded which means that lor every neighbourhood V of zero
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there exists I > 0 such that M s 82, If V: {xlF,(e) > 1_ À} we ob_

tain that ! =V i.e. that:
I

F,(")> l-Àforevery xeM
and so Fr(8.) > 1- Àô for every x = M. From this it follows that the
condition (2) is satisfied. Now, from Theorem A it follows that for er/ery
3t e a(M) there exists one and only one fixed point Ry of the mapping G,
and so Ry : HRy + y Ior cvery y = OlU-U¡.I,et us prove that the mapping
R: y - Ry is continuous. Su.ppose that lim y^ :y (y*, y e @(M)) and

let us shor,v that lirn Ry*: Ry. Since R:@(M) nM arrd. M is compact

it follows that the?J?xists a ,rbr"qo"n" e {!,øt}n.ro such that lim R!n6¡:
: )*. Then from Rlttlht: HR(y"øl) I yurÐ we have:

y*:Hy*iy
and- since_the equatiorl z : Hz i y has one and only one solution R¡1,
we have Ry 

= 
y*. Since gvery subsequence of the sequence {Ry,} has-a

convergent subsequence with the limit Ry we have tñat the mãþþing R
is continuous. F'urther, we shall define thê mapping R* : M -+ zft'in"the
following way: R*x: U Ry for every x = M. ft-is obviuous that the

mapping R* is upper Je=råicontinuous and we sha1l prove that R*xis con-
vex set, for every x e M. using the fact that mapping rr is affine for every
d., þ>0o"]-þ:lwehave:
(4) R(oyr I þyr) - nRlr l þRy" for every !t, !z= ex.

So from the fact that Qx is convex, using (4) we conclude that R*ø is con-
vex. It is obviuous that there exists R:i:'RO(M) -qr(M) and. so:

(R*¡-t, : {xly e R*x} : {xl R-ry e A(M)}: O-1(R-1y)

Since O-"y is__open for _every -! = S we conclude that the set (R*¡-r it
open and so all the conditions of Theorem B are satisfied for mappiág R*
which implies the existence of an element þ = M such that p e^R*p"and
sg ! = Hþ + (Þy'. Suppose now tlnat h.:1. For every n å N *" sh"lt
define the mappings H* and O, irr the following way:

Hnx:),,rHx, for every x eM;
@nx, : ),n0x | (l - ),^)xo, for every x e M ;

where {À,},=rv(O, 1) such that lim À,: 1.
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Since I{,,M + @,M : 
^,,(HM 

+ AM) + (1 - \n)xo' M and:

A|'y:{*lY =Qnx\:{xlY =t',Qx]. (1 -À,)øo}:

Àr, \,,

there exists, as we have proved, for every 'n e N, xn e M such that

xneHnxnl@nx*

This means that there exists yn e Qxn such that xn: 'ì"nH%n * )"yn *
f (1 - l")*0.

Then we have:

,,*r,- Hxn-ln:l1T (n" -l)Hx,+(r,- L)y,+ (1 - À")øo:0'

sincef/ø.*y-eMand'Misbound.ed,'Further,sinceMiscompact,
irrãã ã"iåts ã'subsequence {ø(å)}ÀeN Ç N such that :

|i\ 
H*"ta I !n(n): !*

and so lirn xr¡¡¡: y'0. Since ],11¡ e Qxn6¡ and' lim itg¿\ -- J* - Hyi:

*" trrrr"lrì* - Hy* = Qy'o i.".y* = Hy* * @y*, whicñ completes the proof '
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ITNEN BINIGE INTERVAI-.I,MI\SSIGË
TTERATIONSVDRFAIIREN

vof

J. ÍIERZBERGER
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Wir geben hier eine kurze Darstel
in letzter Zeit entwickelt wurd.en un

die Gröl3e I forturihrend uerbessert ei
gelegt sein, døfi beim Ubergang uonl, /
nenz ahlørithme t'ih'en [l ¡a alle w e sentlic

Abkür'zend. fassen wir nun die ob

xf) zr:,to Intervall X&) - Wf), *f\l zusammefr. Damit läßt sich die

gårtãlt" Àntgut" im einzelnei' ¿urõtr folgende Forderungen umschreiben' "

Êr s"i ein E"inschließungsintervall ¡tot = E fur die gesrrchte Größe vor-
glg"b"tr. Das angewendeie Verfahren ¡¡, so1l Folgen von Intervallen {Xtrl1
6eiechnen, mit den Eigenschaften

(I) t, e X&t, k > 0, (I,ösungseinschließung)

(II) X(0))X(r)l XQ')) ..., (Monotonie)

(III) livv¡ f,@l : l, (Konvergenz)
Ë+æ

(IV) .{@fi - øtÞ))} soll von möglichst hoher Ordnung gegen Null konver-
glefen.
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