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JU. D. FEDoRENKo [2] has proposed a simple iterative procedure of
the form

(l) fi*+r: xn - P(x*)lM, n : o, I, 2, .' .

for solving equations in real Hilbert spaces. But his proof was false, the
ite¡ative procedure (1) being not convergent in the conditions stated by
the author. One can easily construct examples of operators from R2 into
R2 which satisfy the hypotheses of Fedorenko's theorem, and for which
the procedure (1) is not convergent (see [4]). The purpose of this paper
is to give sufficient conditions for the convergence of the iterative proce-
dure (1), in the case where P is an operator which maps an ord.ered. Banach
space X into itself.

Iret X be a Banach, space, and let us denote by 0 its origin. We
suppose that the space X is partially ordered by a relatiorL ,, 1", which'
satisfies the following properties :

41. r 1%, for any x e X,
42. If x 1!, and y 12, tlnen % < z.

.A.3. If x 1!, and y 1 x, then x : y.
44. If x 1!, then x * z /y * z, for any z e X.
45. If x 1!, then Àr I 

^y. 
for any nonegative number À.

.4.6. If (*^)i-, is a convergent sequence of elements of. X, such that
0 I xn, for n: L,2, ..., then 0 <.lírlaxo.

47. There exists a positive ,r,räfr", q, such that llxll S qllyll, for
any pair (x, y) o1. elements of X having the property 0 < x {y.
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It is relation satisfying the above prgpgr-

ties can one (see [3]- for the-definition of the

normal c ments r ànd y of X are comparable'

if either
Now, let *o be ¿ the

PløJ is'"o-p.åbl" to Pgli
bi ií the set' {x = X t S l'),

1í =Xi xol-'x, llx- < 0'

TrrDoRÐM ry there ex'ist tuo þosit'iue numbers m and' M ' suc hthat

(2) rn(x - Y) < P(x) - P(Y) < M(* - Y)

for øny x, y oÍ H, uith x 4Y, ønd"if

(s) llP(ro)ll s Y!'

tken by the iteratiue (l)^, 2n a'-s.eq.uence (*)i-tt.:{ '1,':*:,-of 
H,'ronorrging to .of tlt'e P(*) 

=,9:,s.uch 

that' Jor any

n e {0, 7, 2, . .'}, ing t'ne aYe sa'tvsÌxeø:

(4) llx - x*ll 
= 

3-¡n@)ld*,

(5) llx,- x*ll s oryllx,- x'-ll'

'uhere q. d'enotes the number 
* --*

M

Proof. We shall analize only the case 0 /-P(xo), -because the case

p@rj'<"'g *"v-¡Ë tr"Ài"d simií"rty. we shall prove, by induction, the

loilowing inequalities :

(6) xn I x¡, n :0, l, 2,

(7) llx,, - xoll 1k, rl' : Q' l' 2' ' ' '

(B) 8 1 xn - %n1 t 1 æ"(xo - xr), n :0, 1, 2" '

The above inequalities are obvious ror n:0. Let us sllppose, that they

"* ti"å f.or n-:O, l, '.., h. From (6) and (B) it follows that

(9) xp+t l xo I xo,

and thus (6) is true for n : þ' * l.
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using (8), the above inequality, and the properties of the relation
(, w€ have succesivelY:

ph
01xo- na+t:2,^l*,- tc¿+t) 1(xo- "JÐ nt <fl:+'

wherefrom we infer that (9) is true fot n : h + l.
Now, as xp, xh+r = H, ar^ð, x¡¡r 1xp, wE have

m(xn - x¡¡1) 1P(*o) - P(xu+r) < M(xo- xn+t),

and substracting m(xn - ø¿¡1) from each term of the above relation we

obtain
(10) 0;.P(xn+t) <(M -m)(xo- x*+ì.

This relation, together with (1), imply that:

(11) 0l-xn+t- tçh+z:'-!P 1n@n- xn+t).

From the above inequality if follows that (B) is true lor n: h-+ l.
Thus, accordíng to the induclion principle, the inequalities (6).-(8) are

true for .ny ñotroegative integer n. The inequalities (6) ar'd (7) imply
tlrat x, = IÍ f.ot n : O, l, 2,

þ-r
n¡ - nntþ :"f @^*n - x¡+a+t) ary: '*r' - n",

wherefrom we obtain the inequality

(12) llx^- x"¡ell3 q llP("Jll -.,

-G 

¡

which shows that the sequence (x,)i:r is a fundamental one. the space x
being complete, there exlsts an èlöment x* of X, such that v* - lio' xn'

F.rom (6) and Ä6, it follows tinat x* ( ø0, while frorn (7) it ,"rotiJ?ftut
llxu - x*ll 3 &. Thus x* e H'" " The inequality (10) implies that .x,+þ l xnror any positive integers
n and y'. so that lor þ + oo we obtarn:

(13) xt I tt,, m :0, l, 2, , . .

Now, by (2), we have

0 1m(x^ - x*) < P(x,) - P(**) I M(x, - x*)

and hence, by virtue of .L7,

llP(x") - P(x*)ll < qMllx"- x*ll.

domain of P, such that
tive number. We denote
if 0 < P(xo), or the set

tn
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The above inequality implies that P(xx):r-*O(*"), while from (10)

it follows that 1im P(x,) : 0. Thus x* is a root of the equation P(x) :
flâó

: 0. The inequãlity (4) ca' be obtained by letting þ -æ in (12). On the
other hand, ftottt (11), we have

o /-, fr* - xntþ * * (x,-, - x,) :ry(xu-, - xn)'

tion implies the inequalitiy (5), and
leted.

supposed to satisfY condition
perator P is continous in the
the above theorem remains

the conclusion of the theorem
by the relation xx e B(xo, h).
there exists no other root of the

-'l ff"'lîlä;å,:Ï 5í"'iî:iiltr;
P(x) : 0, in the set 11.- '"'c) fi tne same case, when ( is a total order relation, the condition
(3) irriplies the continuity of the operator P in the set fI'

+>k

1'o"ii:1"ï åî *" "î':i'Xii liiÏ',ï;ence is compensated by the particu-
by the faCt that the condition (3)

in ord.er to assrtre the convergence
eak. This condition is as weaker as

h is larger.- f"?h" particular case when lt, +@, the only conditio_n required^frorn
xo is-tiat iis image trough P be comparable to 0 in the sense of the
order relation,
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0. Introduction. I,et x be a nonempty set. By definition, a generali-
zecl metric on X is a mapping d: X x X - Rn such that

(Ð d(*, y) >0, Yx, Y = X and d'(x, Y) :O+x:li
(ii) d(*, y) - d(J, x);Yx,! e X;
(iiÐ d(x, y) < d(x, z) | cl(2, y), Yx, !, z e X.

By a generalized metric space we mean an -entit¿- (X, d) consisting
of a nonerripty ,set X and a generalized metric d' on X.

Exemþle l. X :\1", d'(x, y) : (lxr- !rl, ..', l%,,- y,l)

E xemþle 2. X : C (la, b)), R), d(f , g) : (l l,ft - Srllcø,lt, . .', ll,f *- g,ll" v,ut.

Exemþle 3. X: C(la,b),R'), d(Í,g) : (ll,å - grllcr*ø, llf, - Erllq^,u¡).

Several fixed point theorems are known (see [1] - [3]), t5l) for
mappings in generalized metric space.

In this note we ptove the following common fixed point theorem

THEoREM l. Let (X, d) be a complet generalized metric space (d'(x,?-) e
e RA) and/, g;X - X twó mappings for which there exists A e M6r(R'¡),

t[ - l¡-iAl - 0, when n - *oo, such that

d(Í(x), eþ)) < Ald'(x, l@) + d(y, eUDl, for all x, y e X.


