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1. Tn continuation of our study of interpolation operators which
respectively satisfy the inequalities of jACKSON [2] TmMAN [6] and
TELYAKOVSKII — GOPENGAUZ [5, 1] for differentiable functions, in this
paper, we propose to construct interpolation operators Q,,(f, x) which
satisfy ‘Timan’s inequality for functions f(x) = C'[—1, 1]. Our earlier
work [4] was devoted to constructing and studying the interpolation ope-
rators which satisfy Jackson’s inequality for functions f(¥) e cii—1, 1L

Tet

—1 < x <1, cost=x and cos t,, = %,
with v
(1.1) goanza s 2T e 0 R =120

2n 41
Further for k= —mu, #, let
2n -+ 1
sin (t — fk”)

(12) llm(t) s

1
(2n 4 1) sin o (¢ — typ)

# ) = On stands for 2 =0,1,2, ..., %
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and
1.3) ) =413 [1008l,‘;k,.(t) — 18204, (t) + 9605,(2) — 105%,(¢) 1.

Then for any function f(x) given on [—1, 1] we define the operators

(1.4 Qulf, 2) =210 + 57 A=D] +

+ 35|35 6 — ) — ! £2 1) 4+ 122 7)) - gl

k=0 L v=0 2 2

for » =0 and 1, where

qu(x) i ﬁ(]n(t)
1.5 o]
e sty AT T BT

As in [4], we observe that Q,,(f, %) is an algebraic polynomial of
degree < 87 4 1 in x interpolating the function f(x) and its derivative
at the points x,,, & = 0,#%.

We shall prove the following

rHEOREM. Let fO(x) e C[—1, 11, then for.the operators Q,(f, %),
we have

R R Ay Yoy e | SN CLEE N

r=01; —1 < x < 1. Here mf(,)(-) is the modulus of continwity of f®

and C, is an arbitrary positive constant.

The convergence properties as shown in (1.6) are due to structural
properties of Q,(f, #). The basis for the construction of Qw(f, x) is to
observe and obtain the identity

(1.7) Zlé S [10085,(f) — 182008,(t) 4- 960L,(8) — 1054.(f)] =

k=—n

= 14(n + 2)(n + Dnin — 1) B R
. 43(2n + 1)* [10 — 15 cos (2 + 1) +

+ 6 cos (4 - 2)t — cos (61 + 3)¢],

which, as we shall see, plays a vital role in these investigations. We will
say that once the identity (L.7) is established, the work is half done.
So in the following section we first prove (1.7).
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2. Proof of the identity (1.7). - Following KIS-VERTESI [3] (also cf.
[4]), we have for a positive integer m*

, (2] |
(21) @n+ 17 20 W) =Com + 2 ;1 Ciannj,m €08 (21 + 1)jt,

k=—n

where the numbers Cj n satisfy

(2.2) j_mém ComZi = Z=m(1 — Z““)”‘jé R (2 _1()’ sl 7,
From (2.1), we see that

(2.3) |

{2n 4 1)t 2”: () = Cos 4 2[Can+1,5 €03 2n 4+ Dt 4 Cantas cos(4n + 2)¢],

k= —1

{2.4) 2n + 1) i 18,(t) = Cos + 2[Cany16 €05 2n + 1)t +
k

=—n

L Canyae co8 (4n + 2t),

{2.5) 2n + 1)® i i(t) = Coz + 2[Cani1 €08 2n + 1)t +
k

=—n

+ Cuny27008 (4n + 2)t +Cen+37 COS (6n + 3)t],

{2.6) @2n 4- 1y E B.() = Cop + 2[Cansrs cos (2n 4 1)+

k= —n

+ Cunpap €O (4n + 2)t + Ceny3,scos (6n 4 3)¢1.

i ' lculate the num-,
‘ s to calculate the sums 1n (2.3) —.(2.6), we need to ca
g:rl;s C(;: from (2.2) for j in multiples of (27 4+ 1). We have already

shown in [4] that**

27)  Cumpas= = [On +8) — 5(7n + 2), + 10(5% + 1)s —

y
41

10t S0 — 1] = - (it 200 — ot —2)

* We describe the working in short only for completeness.
(frm, = +m+mED.. (G+m+n—1
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(28) Canirs = = [T + 2 = 5(5n + 1)+ 10(3n), — 10(n — 1).] = Cantrs = & 198 2y = 77+ 1)y -+ 21(5n)y — 35(3n — o+ 85(» = 2) o=
‘ (2.15)

1 :
= (760 + 152n" -+ 104n* +- 28n), — L (1054305 +- 316200% - 38845m* - 249750 . 85720 135601,

(2.9) Cos = L [(51 + 1)~ 5(3n); + 10(n — 1),] = | Con = & [(7n + 1)y — 7(5)y -+ 21(3 — 1)g — 35(1 — 2] =
(2.16)

= gl—l [23548%8 4 7064415 + 91000n* + 64260m8 + 26572n* -+ 6216n 7207,

1

4!
:% (230n8 -1 460m3 - 37(n? 4 140 + 24),
1 .

Cinszs = = ‘[.(IOn -+ 3)s — 6(8n + 2); -+ 15(6n +1)5 — 20(4n)s +- (2.17)  Centas :% [(14n + 4);, — 8(12n + 3); + 28(10n + 2), —

(2.10) D

4 15(2n — 1);] = 221 (160 + 32m° -+ 14n® — 12n), — 56(8n + 1), + 70(6n); — 56(4n — 1), + 28(2n — 2);] =

§!
2L [64ne 4 19200 + 16n* — 288u* — 80w + 96n),

Consio = o [(8n + 2 — 6(6n + 1)s + 15(4n)y —20(2n — 1)s] =

1
2.11) (2.18) Cantos = 2 [’(12” + 8); — 8(10n + 2), + 28(8» + 1) —
= Z"ST L (416m - 832n° - 584n* - 168n), — 56(6n), - 70(4n — 1), — 56(2n — 2);] =
" _ @4 D 768008 . 2304075 - 23424nt + 84488 — 864n? — 1248n],
(2.12) Cos = [(6n + 1)5 — 6(4n); + 15(2n — 1);] = 71
W I . .
(2.19) Ca 251‘1 [(10% + 2), — 8(8n -+ 1), + 28(6m); —
=241 1056nt + 21120° + 1704n? + 648n + 120). |
2l —56(4n — 1)7 4 70(2n — 2)"] =
For m= 7, 8, we have from (2.2) after simplification i Y [76224n8 + 228672n° 4 282480n* -
7!
(213)  Contar = = [(13n + 4)o — 7(11n + 8)s + 21(On + 2)s — 11838407 - 646562 4 108481,
— 35(7n + 1) + 35(57)s — 21(3n — g 4 7(n — 2)s] = ' (2.20) Cos :;1_[ [(8n + 1); — 8(6n); + 28(4n — 1), — 56(2n — 2);] =
1
= - (#0 + 3n® + 5nt — 15n° + 4 + 120), - (2"7“: ) (15462458 - 46387215 + 597760mt - 422400%° + 174976n* +
(214)  Cipyos = é (117 + 3)g — 7(9n + 2)s + 21(Tn + 1) — + 41088% - 5040].
—35(5n)s + 35(3n — 1)g —21(n — 2)¢]= - Thus we have completely found the sums
= -;—l (722n¢ - 2166#° - 2060nt + 51043 — 262n* — 156#),, E (), m = 5,6,78.
i - [ he—n
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After making the substitutions of these sums on the left hand side of
ﬂg;g and performing cumbersome calculations we can verify theidentity

3. Proof of the theorem. We shall prove the theorem only for » = 1.
For » = 0, the proof follows on the same pattern. We first notice that
on account of (1.5) and the identity (1.7) we have '

gqlm(x) — 1= 2” le(t) — 1=

k= —n

:14(n+2)(n+ Dn(n — 1)
43(2n 4 1)¢

+ 6 cos (4n —|— 2)t — cos (6n + 3)¢],

[10 — 15 cos (2 + 1)t 4

which gives

{3.1)

> qam(®) — 1| < =
k=0

ne

Now owing to (1.4), we can write

©2) Oult, %) = 1) =2 (70 — s} +
P2 (0 — | [t 2 g0 -
33 UR) =) = (5 = 5 ()] - gun(5) =

k=0

=fj%ﬂU—ﬂ@—ﬂ—@f@} (—1)— () +

(14 A ]P-E%]e
- E [f(%) — f(%n) — (% — %) (%n) ] * Gua(%) = T1 4 T,

Making use of the well-known relation

(3.3) flw) = f(v) — (4 — 0)f'(v) = O(|u — v])op (ju — v]),

we have

(3.4) wﬂsa“j%wu—m+wﬂ+wﬂb—§ymmk

szca—ﬂmm><mz“““-wfw_”j<

b ]
n n

4C, (‘/Ifj"“; + "%) mf,(Jl ;72 A ;1‘.) _
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Further replacing x by cos¢ and x,, by cosf, and using (1.5) we can
write

35) Ty= 3> [flcos )

k=—1n

-—f(COS tkn) = (COS { — cos tM)fI(COS tkn)] : ?Ian(t)'

Denote by #; the nearest mode to £ ie. let

. t—
(3.6) -t < 5

Since the functions involved in the expressxon for T, do not change if
we increase or decrease the numbers % in multiples of (2n + 1), we have

jtn

T,= 2, [flcost coa tyn) — (CO3 £ — O3 1,,)f'(COS ) 1+ Dpn (£)-

k=j—n

In the following we estimate |T,|.

‘On account of (1.3) we write

Tz . S) -+ Téz)
‘where
. 1008 £
(38) T =" 2> [f(cos ) — flcost,) — (cost — cos tew) (O3 E0) 1 (2)

k=j—n

and

itn ‘
3.9 T = LS [fcos t) — f(cos ty,) —

43 k-—_j/n k

— (c05 £ — 03 L) f (05 £) 1[— 18208, (6) -+ 95)ha (£) — 10503 ()],

Now on account of (3.3) and the inequality

|llm(t)| < 1'
we have I
i4n
(3.10) |T¥| < esk\; |05 £ — €03 £y,| @y (|cos £ — cos tun ) lin(E)-
=f—n
Since
(3.11) |cos ¢ — cos £,,] < 2sin ¢ sin't——%1 -+ 2 sinzt——ztﬂ
and
(3.12) wp (Jeos £ — cos £,|) <

. gt —¢ St —¢ sin ¢
< 2m? ssz”” o (1/n2) + 2n sin l—z—"il o (-—] ,

"
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we have

(3.13) |cos  — cOS by,|wp (|cOs £ — €08 1y,]) <

. vt At I [T
< 4oy (1/n?) [MZ Slnt51n3|_2k”_l_f_nzsm4 anl_l_

. RN L)) 4 t—t
+ 4 [n sin ¢ sin® _2_’"‘ Ton Sln3| kulJ = (sm tJ .
2 ¥{3

Hence {rom (3.10) we have

i+ n

)

(3.14)  |T9| < 27202 o (1]m2) [Sint sin3E:2t"—"| 1 sint ’_LZ’L] 1, () +
k=j—n .
SN e [ gt o 1 — bl
-+ 2720 o3 (—) Y [smt sinzZ " | sind TR 13 (F).
n k=j—n 2 2

Now we can easily show (see for example [4, lemma 3]) that
itn

3.15 et g oy <« L .
(3.15) k;_”sm Sl S o P 2, 3, 4.

Thus from (3.11) and (3.12) we have

n3 n?

For the cstimation of |T§1)| we shall use the idea of VERTESI-KIS [3]
for estimating such sums pairwise. We write

(3.17)

T = %28 [f(cos ) — f(cos ti) — (cos & — cos ta) f'(cOS tjn) 1+ Unlt) +

j+n

+%8 k;ﬂ [f(cos £) — f(cos tu) — (cOS £ — COS tay) f'(COS tha) ]+ Linlt) +
1008 &
ailrey k:,z_,, [£(cos £) — f (COS tyn) — (cOS t — OS ty) f'(COS L) Jin(t)-

We denote these parts respectively by S;, S, S; and show that each

has the order
O('\/l — 7 + }_) mf}(VI — % +l)'
B ‘n

n n ni

If # is odd then apart from such pairs ' which are
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On account of (3.3) and (3.11), we have

[S4] < 96n2wff(1/n2)[sin t sin“l':—_—ZtL"| + sin? t_:zti] Ba(t) +

+ 96u0y (gl—t) [sin ¢ sin2 _ztj” + sin? _th bl ]lf'n(t).
n

Now
2
1t — ti] sm‘”Jrl(t—tj") 1
sin? ——22 12, (7) ‘ = < , b =23, 4_,
alLbS (2n 4 1)¥ sins—p 2 (2 + 1P
hence
(3.18) 15,] < 24 (Si—“'-+l,)wff[si” +%)-
n n n n
The estimations of the sums S, and S, are similar, so we estimate only
the sum
(3.19)
1008 2 : , .
1S,| = S [f(cos #) — f(cos tgs) — (cOs £ — cos tan) [ (COS tn)[ Lin(?)

43 ;T

x

We consider the estimates of the pairs

[f(cos t) — f(cos tun) — (cos t — s Iys)f'(cOS Lin) 1hn(2) - i

+ [flcos t) — f(cos tyy1,4) — (cos ¢ — cos Eort, w7 (OS Brgr,n) ] - Thar, n{E)-

n— 1

in numbers, there

will be an extra term

[f(cos ) — f(cOS tiynn) — (cOSE — COS bjin, W) F(cos tignw) ]+ Lnalt)

“This term is estinated in the same way as the terms in |S,;| and give
‘the desired order.
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So we assume # to be even and estimate each pair as follows : To show (3.19), we observe that

Tet b=741,74+2 ...,j4+n—1 We write
|[f(cos t) — f(cos ty,) — (cos t — cos L) [ (COS tha) JEn(t) +

. 241 27
sin <
2% + 1 2 + 1 20 +

| cOS Zgy — COS tpy1, 4| = (2 sin 5 | sin fyqq,nl| <

! 4 T
+ [f(cos 1) — f( cos tat1,u) — (cOS £ — cOS tyyy,,) f/(cos tort, )] Bgr, ult)] = < i t 4 # . SIHI__;L-I ,
= |[/(cos t) — f(cos trn) — (cos ¢ — cOS ty) f"(cOS tg,)] - Ukt G, () ] 4= from which (3.19) is obvious after using the properties of modulus of
+ (cos £ — COS tyyy, ) (f/COS tyy) — f'(cos tras, ) 1(0) + [f(cOS ) — continuity. Now on account of (3.11), (3.12) and (3.20)
— J(O8 tayr,n) — (COS thn — COS thyi, ) £(cOS try g, ) Vhsr nlt)] < (3.23) ISP < 5 s (4 . wop (i) I
o g =Bl |t — b n
< Cylcos t — cos g, oy (|cos ¢ — cos ty,| () + Biy, u(®)] + (2n + 1)t sin 2 (2n + 1)t sin' 9
T+ €OS L — COS fyy1, uldp(|COS Lhy — COS typq, ) - i+1,(®)] + (g sin ¢ i 1 iy (L‘”) I
- o n
- [COS Iry — COS 41, 4| - 03p(|COS t4y — cOS Lar, w)llhgn,n (8)] = | @+ 1p sin‘j Zthn (25 b 1)¥ sins [t 2tkn|
Y 2) (3)
=S ST S I From (3.11) and (3.21) we have
We first show : Smt il i
5 (3.24) |SY| < . ’ +
(3.20) 2 (2) + Ly, n(t)] < ——:—:— (2n t" tk+1 s Tl = bettn ]
ok 2
and sin # 1
+
e 0y(|cos ty, — cOs Byy1 4]) < , (2n 1 1)8 m’ [mu‘:— b, smxlf_'r'“'“'”l .
) 2
< 4o ,(-sm;t) -+ (ZnTc sin b= ol 1 ( ! 2
) . SN T -+ ('Jf’i;; R + + N
where | L l‘ - ‘k+1,n| Siu,‘ —ft,n
2
( tlm) N .
=@ D) sin——ms, <k <t Similarly from (3.21) and (3.22) we have .
We have @, 8n . sin ¢ sin # 2
| 29 1501 < e () [ e
Lo 41 - - BtL 0 T e
(—1)% sin® ¢ sin : sin 2
Ta(t) + Dhprn ()] = == 1)2 ] ;l == 1 _ ‘
nitd)® by b bpiiin 2 (1) Pnmsint sin ¢
; ins — AL + wp (= +
sin : sin’ 3 : 2n + 1)° 4 s i Lnte LR It l TR l
2
!t — 5
= ,(— 1)54(2m 4 1) sins 2 b1 y{gin T " evnn o P )
) 2 w9 2 ( i 4nn 2
1 1 1 1 1 1 5 . I L T <o g
e EE A I D T
bn Ohp1,m %km Tkt 1, % Ok 1,0 %n Tkt1,m Okn ht1,n o3
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Hence
1008 1 i
l l < 2 o (_) Srsin £
43 k=j+14+53, ..., 54n—1 #»2 /] (2n -I—l)l o |
5¢ 2 sin ¢ 1 2
+ — .
@ 1o, ant 1) hiin @t 0 Bl
4n sin ¢ dnm 4n n? sin ¢ 2 sin £
(2n 4+ Doy, 7 (@04 10ch, ,  (@n o+ 6dy, (27 4+ Doy, y ¢
4 4r ool
. 4 .- W sm 3 57sin # g
(@n+1pe8  ,  (2n 1)%;@“’" 2n + 1)of, Tt 7o}, +
+ 8 sin ¢ + 8 sin ¢ + 16w <
2n + 1ok, , | (2n £ 1) ]ak+1 W Cn+ Doy, T2+ Disg
240)’__ [105111! 1 5 sin ¢ 1
f
nt =i+1,;+;. JiHn—1 w T T Skm ta +1,n N WSk 1l
+ 4 sin ¢ 2 16 sin ¢ . 4 sin ¢ 8 4
”I";H, ul (LR L "‘l°i§+1,n| 70} q, ml ”’0):+1,n
1 sin ¢ 10 sin ¢ 1 4 sin ¢ 2
—' 24 (L)J"( ) - 1 ' [ not +,na| 2 + 4 1] 53
" ) k=j=1,438,...,54n—=1 in Sknl Bk i1, n nog 1, ul
16 sin ¢ 16 sin ¢ 1% 35 24 1) = 20
+ + ] <24y, ( — | e[
7o} 11, nl "20;6+1,n f nl laz.;l % - nl d nl Ic-:EI Thn +
sin ¢ sin ¢ 3 sin ¢ 2 in ¢
+ 24 o (22 )2_,+24—w,,( 1z = <840 oy [ 4 L
E=1 % k=1 %%n n nl

XZ "_,_7200)/(51111) smt_,_i .i 84O[smt _1;]

k=1 k n nl i=1 %n
©

>< l(k)f’ (— + o=
n k=1 kn

nl

2520[5‘”+ l] op (2244 i)
n nt
In this way we have shown '

(326) T91< O 4 Loy (S04 1),

nl n n?

Thus from (3.7), (3.16) and (3.26) we have
(3.27) 1T, < cs(sm‘+ )co,f(ﬂf—f— )

Hence from (3.2), (3.4) and (3.27) we have obtained the desired result
and this completes the proof of our theorem.
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