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Il/CRES'I' - Bttcuresli
oN INTERPOLATION OPERATORS (II)

(A PROOF OF TIMAN',S THEOREM
FOR DIFFERENTIABLE FUNCTIONS)

by

R. B. SÂXENA antt K, B. SRIVASTÀVÀ
(Lucknow, India)

1. In continuation of our stu

I,et

-1 < r < 1, cos /: x, and cos /¿a : xÞn

with

(1.1) lhr:-'":-- , h:0,fl*,
2n*l

n :7, 2,

Frrrther lot Jt, : -n, 11,, let
2n*l

ri"- 2 
(t-t¡")

(r.2) I *,(t) :
(2n ! 1) sin- (l - f¡")

t ¡ : O,ø stanils fo¡ h - 0, 1, 2, t.
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and

(1.3) þo,u) :1 ¡roosl;"1t) - r}z}l"Þ,(t) + g60tL,(t) - 1051;"(r)l

Then for any functiot f(x) given on [-1, 1] we define the operators

("1:4) Q*,(f, *):l+/(1) +'j tt-ul+

*Ð,[å @-*0,)Íþt@0,)-\+/(r) + ]t(-t)]] .ro*@)

br r:0 and 1, u'here

I qo,@) : þo*(t)(1'5) 
lru,ø) : þu,u) * Þ-*,(t), h: ri'

As in l4l, we observe that Q ,U, xl is an algebraic- polygomial.of
degree < B; + | l'rt. x interpolating tfue function f (x) and, its derivative
at the points x¡,,, Ìe: O,n.
We shall proYe the follorving

THE9REM. Let ft'\(x) = C[-1, l), then for,the oþerøtors Q^,(f, x),
ue h,aae

- tì',.,..fui-*fl
(,1 6) lQ,,(.f,x)-I@)l *t,(.# t n)*t,t\ n .n,),

r,:0, l; -1 < ø ( 1. Here a¡,t() is the mod.ulus of continuity of fvl
ønd, C, is øn arbitrary þositiue constant.

The convergence properties as shown in (1.6) are due to structural
propérties "t Qi,(Í, ø¡. Tite basis for the coustruction of Q*(f, x) is t'o
bbsèrve and. obtain the identity

(,1.7)
43

Ë [r008l;,(r) - r}z)t"h,,(t) + s60t;,(t) - 10slÊ"(r)] :

iB 
oN INTERPoLATIoN oPERATORS (IÐ

2. Prool ol'the irlentity (l.7) Following Krs-vÞRrnsr [3]

ta1),-'wï"itã"ä ioi a positive'integer rn*

(2n + 1)'-' ,Ð, 
li,çt¡ : co, - * 2

f -!-1
Lzn+rl-D - 

C¡zn+t\i,* cos (2n + \rt'
i:r
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(also c.f.

42.r)

,wlrere the numberc C¡,n satisfY

Ë c¡,^Zi - t-*"(l - zzn+\ßl
i - -ï¿fl

(i + 1)(i + 2) +n¡-l) z,
\2.2) (*' r)

From (2'1), we see that

,(2.3)

{2n ¡ r)t *å, t"þ.(t) : Co,s -l 2lC'*+''5cos(2n' + 1)' + Cu+z'scos(4n +z)tl'

,.t2.4) (2n i 1)' 
oÐ" 

t"h*(t): Co't * 2lCzn+t'øcos (2n a 1)ú +

* C¿,+r,u cos (4n + z)tl'
fr

r(2.5) (2n + t)' uÐ, 
rþn(t) : Co't * 2lCz'+t;t cos (2n + l)t +

* Cu+ztcos (4n | 2)t lCø,+s,7 cos (6ø + 3)'l'

(2.6) (2n l1)t Ë fhi(t) : Co,e I 2lCzn+\e cos (2n + 1)'+

* ,r,,.* * s (4n 1.2)t ! Csn+a'a cos (6ø + 3)'l'

Thus to calculate the sums in (2'3);.(2'6)' we need' to calculate the num-

bcrs C¡.^ rom (¿2) Iori in'multipl""J';i- þ-i7 tl We have alreadv

shown'in [a] that**

,(2.7) c.n+*,, : !,ll'n * 3)n - 5(7n | 2)n I r0(5n * l)n -

- 10(3ø)nf 5(n - 1).1 : !,t"' + 2øs - n2 - 2n)',
_ I _l_ t4(n * 2)(n i t\n(n - 1\ 

tlg _ 15 cos (zn t \t I
- 

¡ I A'Qn¡.\t 
L^

| 6 cos (4n + 2)t - cos (6tr' ! 3)tl,

which, as we shall see, plays a vital role in these i¡vestigations. we will
say tírat once the iáeåtitv (1.7) is established, the work is half done.

Sõ in the following section we first prove (1.7).

I

* We clescribe the wotking ín short only for completeness'

'; üi"ö;î tïi *lti'f* + t). .' 6 + 'n + n - t\
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c2¡¡r,s: |ltr" * 2)n - 5(5n | 1), I l0(3n).' 10(n - 1).1 :

I rt6nt ¡ t12ns f l04nz | 2Bn),-¡\'

Co,,: |,fOf, * 1)n1- 5(3n)nl to(n - 1)"1 :

: ! ¡zsonn { 460ns + g7(n2 | l40n + 24),
4!'
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czn+t,z: f,, ttn" * 2)u - 7(7n I l)s+21(5n)u- 35(3n - 1)o * 35(n - 2)l':

(2.15)

: 1 ¡t05+ana ¡ 3l629rxo -r 38845na ¡ 24975n3 | 8572tøz ¡ l356nl'
6t-

co,, : !,rtrn* l)u - 7 (¡n)u | 2r(3n- 1). - 35(n - 2)r) :
(2.16)

: .! lZgS¿g n6 * 7A644rro -u g1000 na ¡ 64260rrs ¡ 26572n2 ¡ 6216n +720),
6l'

(2.r7) cen+e,e : )Ur+" I 4), - B(12n * 3), * 29(l0n -l 2), -

- 56(8ø + 1), + 70(6n), - 56(4n - 1)' f 2B(2n - 2),1 :

164n6 ! 192n5 | l6na - 2BBn3 - B}nz | 96n1,

(2.1s) Crn+r,, : )Ur"" -l- 3), - 8(10ø * 2), f- ?-8(Bn * 1)' -
56(6n), t 70(4n - 1), - 56(2n - 2)r) :

- 
(2n * ]) l7ûon6 | 2104on6 ! 23424n1 f B44Bøs - 864n2 - l249n),

7l

(2.19) crn+t,r: f,,llto' -l2), - B(Bø f r), | 2-8(6n), -

-56(4n - 1)' + 70(2n - 2)') =

:ry 176224n6 122.8672nt ¡ 2l24lona *

*183840ø3 {64656n2 * 10848ø1,

1(2.20) co,s: )tt"f 1),-8(6ø), |2B(4n - 1),- 56(2n-2)'):

ll54624nc I 463872ns .r- 597760nt ¡ 422400n' I 174976n2 *

f 41088ø + 50401.

Thus we have completely found the sums

t,

D li,(t), m:5,6,7,8'
h- -n

4

(2.8)

2lB

12-e)

Ca,¡z,a: j t{to" * 3)u - 6(Bn t 2)u I l5(6n *l)u - 20(4n)o f
(2.10)

I ril(2n - l)ul :'+ l6na | 32nB { 74nz - l2n),

c"n+ts: fi t{t" * 2)u - 6(6n | \)u { 15(4n)u -20(2n - 1)ol :

{2.11)

-"+ (4t6na I BB2ns | 584n2 f 168ø),

(2.r2) co,s: !,rtu" * l)u - 6(4n)u I r5(2n - l)ul:

- 
(2n * r) 

e056na | Zll2ns ¡ 7704n2 * 648n a 120)i
5l

Íot m:7, B, we have from (2.2) after simplification

(2.13) C66¡s,z - !,flS" * 4)u - 7(rrn * 3)u * 2,1(9n -f 2), -

- 35(7n * l)u * 35(5n)u - 2r(3n - l)u * 7 (n -- 2)i :

: 
lrfuu i Bnu * íno - líns I 4n' | 72n),

(2.t4) ca¡¡z,z: !,lttt" * 3)u - 7(9n {2)ul2l(7n f l)o -

-35(5n)u t 35(3n - 1)6 -21(n - 2)o):

: ! g22nu | 2166n6 { 2}ffina | 570n3 - 262n2 - l56n),'
6l'

(2n' ] t):
7l

'l
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After making the substitutions of these sums on the left hand side of
(1.7) and performing cumbetsome calculations we can verify theidentity
(r.7).

3. Proof of the theorem. We shall prove the theorem only for r : l.
For z : 0, the proof follows on the same pattern. We first notice that
'on account of (1.5) and the id.entity (1.7) we have

F'urther replaciug ø by cos I and xn, by cos úon and using (1'5) we can

rl'rite

(3.5) îr: D [/(cos l) -/(cos to,) - (cos ú - cos l*,)/'(cos l¡')] 'þr,U)

D
,t -o

qh,þc)-L: Dþr"(t) -1-

Denote by t¡ tine nearest node to I i'e' let

(3.6) tt - tÀ 
" #.

since the functious invoh,ed in the expression for ?-, -do not change if
*" irr"r""." or decrease the numbers A iñ multiples o1 (2n f 1), we have

j+r
'(3,7) Tr:'Ð [/(cos l) -/(cos tun) - (cos I - cos lon)/'(cos ú¡,)]'þ*(t)'
' þ:j-n

tí(nl2)(ntt)n(n-t)
[10 - 15 cos (2n { I)t I

13(2n { l)'

f 6 cos (4n + 2)t - cos (6n | S)tl,
'which gives

,(s.1) 
l¿o^,f,t -rl

Now owing to (1.4), we can write

,(3.2) Q^,(.f, x) - f (x) :[+

+'+ {/(- r) - r@Dl.

In the following we estimate llrl.
'On account of (1.3) lve write

T,: Ttt + T!:l

{f(t) - Í(x)} +
'where

rooe ,il
'(3.8) Tt': ^ L*o h:j_n

f '-å qr^@)]-
[/(cos l) -/(cos to,) - (cos I - cos /o')/'(co;tr*))li"(t)

I
rand 

' i ln
(s9) T?:;,rD_, [/(cos l) -/(cos tn,) -

- (co; I - cc; to.,)f'(co; tu,)ll- Ig¿)I'k,,U) + TÐI'h, (l) - 1051i" (')l'

Now on account of (3.3) and the ineclualiti

llÉ,,(l)l < 1'

- D ff @) - f (x*) - (x - xw)f'(xt *)l . qe,@) :
Þ-0

:l+{/(1) - f(*) - (t - x)f,(x)} +}{/(-1) -f(x)r
+ (1 + *)f,(ù\] [t - ptr,øt]-

-Dr¡ø - f(x*) - (x - xo)Í'(xn)l . qu,@) : Tti- Tz.
'r:0

Making use of the well-known relation

(3.3) Í(") -f(o) - (u -a)f'(a):O(lu, -a\ar(lu -al),
we have

we have

(3.10)

Since

(3.11)

:and.

,(3.12)

j+n

lrl')l < uur:Ð-,,lco; I -- cos fo'l o¡'(lcos I - cos th,DË',,(t)

lcos I - cos lu,,l ( 2 sin ¡ ,irtV-L-n"l l2 sirßt-!e"'
(3.4) lr,l < ,,t+ [,¡, (1 - x) * a¡. (r * x),[r - [ ø,,f øl <

" 
?,r,(t - xì),'r(l) < 4c, 

- 
.r, [l1----l <

( 4c, (+* å)*,(ry*i,l

I o¡,(lcos f - cos fr,l) (

4 2nz sinzt-J-!!. ,o¡,(llnz) | 2n, pitt'=t" ^, (+l'
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we have

(3.13)

IIence from (3.10) we have

(3.14) ¡rf)l < 272nza¡,(rlnz)

lcos I - cos t,,,la¡' (lcos I - cos lo,l) (

( 4.r, lln'z)fø'z sin / sins t+ | nzsina*l*

+ nl"si' ú si'2'+ | nsinz'=^l* (#,| '

-:ä,[rt" ¡ rintlt--t*'l * sir.a'-*]n,V) +

| 27%t*,(*J 
,:ç_, [rt" 

t ,in"' -r'on f sin3 " 
-"'0"'lt1,1r¡.

Norv we can easily show (see for example [4, lemma 3l) that

i *¡t
(3.15) Ë r¡nrlr--/¿'l fo,(t)4^r ^-o 2'1.

h:i-n 2 " (2n + 1)Þ' t' - '' v'

Thus from (3.11) and (3.12) we have

(s10) t4')t < z?r(ry**)^,,(ry.;)
For the cstimation of l"Í)l we shall use the idea of VERTEST-Krs [3i

for estimating such sums pairwise. We write

(3.17)

f!) :ff t/t"or l) -/(cos t¡,) - (cos I - cos l¡n)/'(cos {,)J' li"P) +

+ +P i f/(cos l) - /(cos tn ) - (cos I - cos /¿')/'(cos lr")l' tË,(t) +
4.5 h:i +r

l- ß o'Í, ,/{"os r) -/ (cos tnn) - (cos I - cos l¡n)/'(cos te'))lf'(t)'

We denote these parts respectively by S,., Sr, S, and show that each
has the order

"ff*;),'(ryn,+)

On account of (3.3) and (3'11), we have

ls,l ( 96n2a¡,(rlnz)[sin r siÑ[-!À f sina'-+]lry'(t) +

! e6nr'ty(;)[.t t r¡n'L*f sin' V-LzL)r;"çl

Now

thc surn

'(3.1e)

ìSrl :

2n*l
"io, 

--; (t - tj")

sil¡ Y--:.it ü,,(t)l:
(2ø * 1)õsin6-1

l-tjn
0

hence

(3 rB) ls,l ( rn (++ j),"[Y.;)
'The estimations of the sums S, and' S, are similar' so we estimate only

1008

43

j) r'¡ 
¡¡1"ot l) -/(cos tm) - (cos I - cos ú¡,)/'(cost¡")lli"(t)

1-t

We cousider the estitlates of the pairs

' 
lf(cos l) -/(cos t*,) - (cos I - cos l¿n)/'(coste')ll'i"(t) {

-¡ [/(cos l) -/(cos tt,+r,n) - (cos / - cos le11,n)/'(cos tp¡r,')]'IÊtt'"(t)'

If ø is odd theu apart from such pairs which arc!-J in uttlnllers' therc

will be an extra term

[/(cos l) -/(cos t¡¡n,n) - (cos I - cos t¡¡,,o)/'(cos tir*,u))'lit',"(t)'

.,I.his term is estirnated in the same way as the terms in lStl and give

'the desired order.
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To show (3.19), s/e observe that

lcos l¡n - cos t*+t,nl:lzri"ffiri"ffil - ;;l lsin le11,n | (

< t " ' 
sinIf +-' t¡o l'-'¿+t''l'

2nll 2n*l 2

from which (3.19) is obvious after using the properties of modulus of
continuity. Now on account of (3.11), (3.12) and (3.20)

So r,r'e assume m to be even and estimate each pair as follows :

I,et h. : j + 1, i + 2, . . . , i + rr _ 1. We write

lf/(cos f) -/(cos tnn) - (cos / - cos l¡,)/,(coste,)lti^(t) |
f [/(cos t) - Í( cos l¡".1,,) - (cos I - cos tea1,n) f,(cos tp+t,,)].tí*r,,(t)l:
: lf/(cos l) -/(cos t*n) - (cos I - cos l¡,)/,(cos l¡,)l Lto^* ti+r,,(t)l l_

f (cos I - cos t¡¡1,,)(f'cost*,) -/,(cos to+r,,))ti+r(L) f f/(cos tn) _

-/( cos tn+r,,) - (cos l¡¡ - cos t¡+r,n)/,(cos tn+t,n)]/å+,,"(t)l (
( Crlcos / - cos /¡,1 ty,flcos I - cos t¡,]ltí,,(t) * ti+t,,(t)l +
+ cos I - cos t¡¡1,^la¡,(lcos lrn - cos l¡..1, *l) . ltÊ+r,"(l)l +
f fcos l¡¡ - cos t*+t,*l .to¡,(lcos l¡¡ - cos t*+r,n)llun+r,*(/) I :

: sf;) + st') + st ).

(s.23) ¡sf)¡ < 5æ
sin I

_l
¡

1
n'lt - tn*l

d¡, +
(2ø f l)asin8

t
(2n t l)t 

"inat-Lø-

* Srt
sin I + *'(#)

(2n ll)t.";o't! (22 f 1)r sins l, - ,0,1

o

We first shorv

(3.20)

and

From (3.11) and (3.21) we have

V'r"(t) + li+t,"(t)l 4 5zy
(3.24) rsl')r <#,*,(ry)hä.

l2
lt - tn+1, +

6
ah sins

2

co7,(lcos l¡¿ - cos lr+r,"1) (

( 4<,,¡,(ff) * (zn* sin!-l-tt ¡ 1",,[]):

on:(2nf 1) sing-r¿ù, j<h<j+r,.

+#"r'(:.1 +
(3.21)

+ 2ni'
where

I sing
, - ta+t,nl

Similarly from (3.21) a:nd (3.22) we have
We havc

I sl')l < #. r,, (#) sin ú

(3.2s)
I - lk+t,,,2n4-7(- I¡rr s¡or - 2 , sinõ

Vi"(t) + l'h-tl,"(t)l:
.)

(2n I t). t - t,
&fr +;?-rr*'(i)1ffi*

I stfl.
l2

sin I

. .lt - f¡+,, n I
Sltlo 

-

+
I: 
lt- \6'(2n * 1) sins '"# r (.ir,t - 'o*'' " - ,¡rrt-!z) *

f =f-*,' +.=+t= I - I ìl<iI
I "Ín on-r,,, oî,4+r,, oï*osn+t,, ' o?, ol+r,n- 

"*r**ll 
- e

q

+
4nn

X sint l'- tn*t,,1

$ - L'analyse numérique et la théorie de I'approximation - Tome 8, No. 2, 1979
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(2n )- t)1 t,n

, 4nrsittt , 4nr ,  n#sittl
- (2" + r)rl"r*r"1"- tz" + t¡u"**t t"" + rr"ru*

2n sin t

(2n { l)lcpa1,,l'

4nttz 4æ

] 
* *'[*J[#Ë# + ø;iire;i +(2n I l)sc8þ*r,, (2n I l)zoto*r,n

, Ssinl , 8 , Brsinf 16r
' (2n i 1)ol+r, u' (2ø a l)zlc¿a1,,13' (2n + l)loå+r,,1' (zn + l)'oi+r -

{24o¡'* r-,',,ià. .,i+n-1ito- çi7+ f_+*tffi+ ffi+
, 4siuf , 2 lGsinf 4sinf 8 1 1-r- ,þil;J - "'4+r--T;4;1- ',þil,,"I 

+ 
"'þt+r,J 

+;'"ilJ -
)- 24 <t¡' (Y) r:,:.,,,*Ð..,r*", [+# + # + ;#: + ffi +

, 16sinl 
,-r r",o+,,,1- ,-tsr,] <24s_:*,(+)å* *'Å^r(*)å# .

+ 24vl,6r,[f) å + + z4+*.[î) å * (840 <^,¡, (+)tî + *l '
.å* +720*(#)[ry*;l Ðq<B4o[#*r] .h:t ahn

* [*,(# * ;)l Ë + " 2s2olv: *:,]r, (Y. *)
In this wâ12 ¡¡r" have shorvn

(3 26) trf)r< ,,lY * *l^,,(# * å)
Thus from (3.7), (3.16) and (3.26) we have

(3.27) tr,r < ,,(+ * å)r,[#.;)
rrcncc trom (3.2), (3.4) and (3.27\ we have obtained trre desirecl resultand this completes the proof of our theorem.


