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ABSTRACT. In this paper the probability of # uperossings in an inter-
val is obtained. Then the probability of at least # upcrossings in an interval
is obtained in terms of certain multiple integrals. The distribution function
of the interval between an arbitrary upcrossing and the next one 4s consi-
dered in detail and a formula for its #-th moment as a double integral
involving the first occurrence density is obtained for a general stochastic
process. Finally for an ergodic process the #-th moment is expressed in
terms of the (#—2) nd moment of the probability of no crossings in the
interval (0, 2). '

1. Introduetion

The problem of finding the probabilities of some random variables
associated with the upcrossings of a fixed level by random processes is of
profound practical importance (srAxE and LiNpsgy [2]). For example the
analysis of structural systems subjected to random loading (xamMEDA [57]),
communication theory and guidence systems are a few of the many areas
of such application.

2. Some Fundamental Relationships

Let %(t) be a continuous random variable. Here we shall consider some
random variables associated with the crossings of x(t) with the level |x(f)| =
= L in its duration T. Let E,(#) be the event that |x(f)] exceeds the level
L (n — 1) times in the interval (0, ¢) and the #-th upcrossing of the level L
occurs at time ¢ in the horizontal window sense of Ka¢c and SLEPIAN (4].

Define the probability densities p,(f) and $.() as follows :
ult)dt = PLE, () : |%(0)| < L]
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and The probabilityof at most » upcrossings in (0, ¢) is given by
{2.1) P, @)dt = P[E, () :|x(0)] > L]. ‘ "
For # = 1, p,(t) is the first occurrence density considered by RICH and Vall) = ,,20 i)
BEER [7].

The probability of at least # upcrossings of the level L in the interval ‘ which by substitution from equation (2.3) would give

{0, T) conditional to |x(0)]< L is thus given by

| 2
T T a, {l — S pl(‘r)dr}; n=20
‘S P, (@)dt. Similarly S p,() dt is the corresponding conditional probability 5

siven |4(0)] > L. Thus the probability of at 1 h [E35 LEOs : ‘
glven |x > L. us the probability of at least # upcrossings in the g L ~
interval (0, T) is given by . 1 —{ao S Putr(r)dr + o S zb,.(r)df}}: nz1
T T i ) 0
(2.2) a0 { 203 + & B, =
o o ‘ 3. An Inclusion-Exelusion Formula for p,(f) and 2,(Z)
where a, = P[{#(0)|< L] and &, = P[[%(0)] > L]. n : Szl [t ] )
h t i 1] t tai
If the event [|%(0)] < L] is considered to be the first upcrossing of the level Here T puag g He THIRE CSYS QBry BARE LETTI .[ 1] o e
L, the probability of exactly # upcrossings in (0, f) is represented by a representation for p,(f) and p,(f) in terms of certain multiple integrals,
; p Divide the interval (0, £) into m equal subintervals A;, A, ...., A,
= ~ and define the two events ¢; and é; to denote an upcrossing or no upcro-
U,t) = “o{ S Palv)dr — S Pn+1(“)d"} =l ssing of the level L in A; respectively.
(2.3) g . I, Take A;, 1=1,2,....,m so small ‘as only one crossing could take
' t t ' place, if any, in A; Hence if Q,(m) represents the event that the #-th
+ Zio{ S Fos(v)de — S pul) dr}' n> 1 upcrossing of the level |x(f)] = L takes place in the interval A, m > #,
n—1 ” ¥ = . 2 .
] 0 then Q,(m) can be written as the Union of Em 1))7? mutually exclusive events
m — n
For n =0 .of the from
b}
o
(24) U(t)—a{l—ip(r)dﬂ:} nl' [é1mézm--~m‘§il—lﬂehuéﬁ+lm'--méi.—lmei.uéi-+lm--- 7
. 0 1 1 . -
v 0 ThE ﬂ €ipm—1 M tiny N éin—-ri-l [0 ISR ) M 6,”].
Notice that equation (2.3) gives for #n =1 Thus
¢ ! ¢ - m—n+1 m—n+2 m—1
U) = aof{ pa(e)ie — § pu(e)ae} + @ {1 { 1 (as], (3.1) Pl =2 U U U
0 0 0 == t—1=t—1
by the assunption that [|x(0)] > L] is the first upcrossing. H G Nt N N & () e N & () 6 () it () e
7 Equation (2.3) is a generalization of a formula given by RICE and BEER |
] for the probability of failure of a mechanical system subjected to a | - s .
random loading. y : |T‘-\ y m Cip——1 U Cin— m Cip—1t1 n o G m 6m—lm 6m)
L]
|
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replacing &; by 1 — ¢, and after simple manipulations the last formula is
written in the form

(3.2)
m—n-t+1 m—n42 m—1.

P[Q”(m_)] - 4,=21 ¢.§+1 s,,.,.g_,ﬂ {P [(:@i e"‘)m 6"'] B
EfpepeE

m=—1 #+1 i
mei)mem:\+ P[(meo)mgm]—]
i in=1 ,'.n+1’="n+1 k=1 k
Taking the limit as A; —0, p,(f) is written in the form

Palt) = lim P[Qy(m): | %(0)| < L] =

& 3 ]
(3.3) = S dt, S dt, ... S{f (B tas +oer Byzy B} —
0 t th— :
- t t ¢
LIS 1y S dt”S ds, U S Fulths Y, t,,+k)dt,,+,,}
i 0 n tntr—1 .
where
(3.4) Filty, te + oy ) Aty B
krEST. g
= Pl M) (=)< LN =, + dt) > L= [x(0)] < L].
1=1
ie.

folts, toy - o, t)dbdl, .. df 1s the conditional probability of upcros-
sings in (i, &, + dby), (b ta + dts), o (G G+ dt,) given that |x(0)] <
< L. .

The independent variables in f; (i, fy ..., %) can be interchanged
arbitrarily provided that x(f) has the same distribution throughout its
time duration. Thus equation (3.3) can be written in the form

(3.5)

' . ' ¢ t

S fs(tl'tzJ i’ ‘Jtn+i—2:t)dtn+i—2-

‘nti—3

_ A similar expression for },,(t) can be obtained where f, is replaced by
[, Tafid (¢, VT it ,t)dbdt, . ... df, is the conditional probability
of upcros sings in (f, f + dt), (bl + dl), oo, (t, 1 -+ dt,)  given
that |x(0)| < L.
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Using equation (3.5), the conditional probability of at least # upcros-
sings in the interval (0, ¢) given that |x(0)] < L is represented by,

¢

0 w1—2
— 1)1
(3.6) | (Sp,,(f)dT_;( 1) ( n )x
xtdxdtrdt T fltnt t )dt 3 ") x
T ¥ wie ) ,...,”"_,T ""_: . 1 e
SSlSz SsIZ +i—2 +2§(1)(n_1)
o 0 tn i3
t i 1
xgdtlgdtz S i s S A ikt st e T)dT
0 b ‘n+1—3 ’n+£—2
Similarly
¢
- gt n4-1—2,
Szbn(T)dfﬁ}_ (—1)»—1( | X
i=1 n—1
(3.7) i
3 t [
x \ dt S dt, ..., S Ll tay o iy P
0 t tn+i—3

4. Intervals between Uperessings

In this.section we shall assume that x(f) is a strictly stationary process
and that the mean number of crossings of the level L, per unit time,
is finite and nonzero. Hence, the upcrossings of the level L form a statio-
nary stream of events which is also regular in the sense that the probability
of two more upcrossings in time ¢ is 0(t) as £— 0. By Korolyook’s theorem
(kENTenINg [6],) the probability of at least one upcrossing in the
interval (0, f) is given by (crRaMER and LEADBETTER [3])

(4.1) W(t) = Mt 4+ O(f) ast—0.

Using equation (2.5), w(f) can be written in the form

TERET NS SRS ) LR PANC R A VAT

Let Uty ts), Dy, t,) and C(f, ;) be the number of upcrossings,
downcrossings and crossings of the level L be «x(f) in (£, £,) respectively.
Define, for => 0, k=0, 1, 2, ....

(4.3) R(r, t) = P[U(—1,0)> 1, C(0, ) < k]
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and
{4.4) S,(r,t) = P[U(—=,0) = 1, 2(0) > U, C(0, ) < k].

Thus R,(t,?) — Sy(r, ) < P[U(—r~, 0)> 1,D(—x, 0) > ]< P [C(—r, 0) =2].
By the regularity of the stream of crossings, the last inequality gives
{4.5) Ry(z, t} — Sulr, £) < O(x).

Now
Sulmr + 7 1) = P[U(—m, 0)> 1, %(0) > U, C(0, < k] +
+ PlU(—1, — 7y, — 1) 21, U(—714,0) =0, x(0) > U, CO,?) < k],

The event in the second term on the right implies that there is no upcros-
stng or downcrossin in (—=, 0) and thus also x(—;) > U, i.e. it implies the
event [U(—t, —71,, —1) 2= 1, 2(—1) = U, C(0,¢) < k]

and by stationary this is the same as
[U{(—7,, 0)= 1, 2(0) > U, C0, ¢t + ) < k]
Thus
Su(Ty + 7o, 1) < S(ta, £) + Syl £+ 1) € Sylty, ) -+ Splts, 1),

Using a lemma proved by xHINTCHINE [6], since S,(r, #) is mnondecrea-
sing as © increases, S,(t, £)/v converges to a limit as t— 0. Thus, from equa-
tion (4.5), k,(v, t)/r also converges to a limit as v— 0 and hence by (4.1)
Ry(r, t)/w(r) tends to a limit as v— 0. This limit isfinite, since %,(t, £)/w(r)
< 1, and we write

(4.6) Z,(t) = lim Zel2 9,

=0 w(r)
Z, (¢) represents the conditional probability of no more than % crossings
in the interval (0, ), given that an upcrossing occured at ¢ = 0.

Define now
(4.7) F)y=1—2Z_,0), k=12, ...

F,(t) denotes the conditional probability that there is at least one cros-
sing in the interval (0, ¢), given an upcrossing at ¢ = 0. The distribution
function of the length of the interval between an arbitrary upcrossing and
the next upcrossing is represented by F,(t)

By definition, U,(t) is the probability of » upcrossings in (0, #), i.e.
U,t) = PLU(O, 1) = u].
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To express F,(t) in terms of U,(t), we have for + > 0 :

Uglt) — Ut +3) = PLU(O, #) = 0] — P[U(—r, #) — 0] —
= P[U(~%, 0)21, U(0, #) = 0] =
= Ry(x, 1) + Ofs).

Thus by equations (4.1) and (4.6)

4.8) Jim M = —MZ,(1)

and hence by using equation (4.7), the right-hand derivative D+ U,(¢) exists
and satisfies

(4.9) Fy(f) = 1 4+ M-1D+U (%).

5. Moments of the Interval between Uperossings

The mean of F,(f) is given by

(5.1) Stsz(t) = S [1 — F,(t)]dt,

0
where both members may be infinite. I‘herefore

(5.2) S 1AF,(l) = —

iw +
— SD Uo(t)dt.
0

Since Uot + 1) — Uyt)] < w(lx]),
it follows that U,(t) is a continuous function of ¢ and hence the mean of
Fy(t) is given by

(1 — Uy(e0)].

By using relation (2.5), we have

o0 o0

g tF,(t) = .;; [1 L ao{ ] = S pl(t)dt}}.

0 1]
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2]

For an ergodic process, Spl(t)dt = 1 and hence
0

p: 1
S tdFZ (t) = -4;1:1-_'
0

an intuitively reasonable result.

For higher moments of F,(t), it is straight forward to show that

(5.4) ?ﬂmunzﬂfﬂﬁu%@—Udmwﬂﬁ:
:ﬂ{'"ﬂ; L OSO [ao{l — § pl(r)dr} — ao{l — ?pl(r)dr}] Rt =
fﬂ%%ﬂ%??ﬁﬂhwhﬁ

Again for an ergodic process, the # th moment of F,(t) is given by

(5.5)
] <] - 3 [e¢]
n — 1)a, n— (n—1) n—
SNE@:LW)Stzp—ShMﬂﬁzﬂﬁ—Stmwﬁ
0 0 0

"Phe relations (5.4) and (5.5) hold in the sense that both sides are either
finite and equal or both infinite.
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