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Let x be a Banach space and let’s consider the equation
(1) P(x) = 6,

where P: X — X is a continous mapping and 0 is the null element of
X. The equation can be written as follows -

(1) x — O(x) = 0.

The sequence (x,) (v =0, 1, 2, ...). which consists of points of X,
is called convergent of second order with respect to the mapping P, if

(x,) is convergent and a number « > 0 exists, which does not depend on.
#n, so that

[P (sl < | P(x )]

for all # =0, 1, 2, ... [4].

In this paper we shall give sufficient conditions so that a sequence
(x,) of the space X is convergent of second order with respect to the
mapping P and the limit of the sequence is a solution of equation (1).

In the followings we shall note by [z, Zy; P and [z, 2y, 235 P
Tespectively the divided differences of first and second order in the points.
21, %3, 3. We shall also use the notation #y, = O(x,)., n=0, 1, 2, .

THEOREM. Let’s presume the sequence (x,), the mapping P and the
number o> 0 are so that in the ball S(x, §8) = {%:lx — x|l < 8} the
Jollowing conditions are satisfied .

1° sup {l|[z1, 23, 235 P]|l: 2y, 2, 25 S(xe MM < o;
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2° There exists a positive integer A which does not depend on n so that
”P(%n) + [xnr Uy 5 P](xfb+1 =4 u’n)” < A“P(xn)llz

Jor all n=1, 2, ...;

3° A positive number B exists, which does not depend on n so that

(#5410 = %l < BIP) - (%01 — #all < BIP(%,)]
for any n =0, 1, 2, ...
__h(1+ B)
(1 — k)

In these conditions the sequence (%,) has the following qualities

4° hy = |P(x) (4 + MB?) = noy < 1,

(i) (x,) is comvergent of second ovder with vespect to the mapping P
and the limit x* of the sequence is a solution of equation (1);

(it) 2% = S{x,, 9);

(i) ysn — %l < B_f:aifor n=0,1,2 ...;
(iv) ||x*—xn||<%forn:0, 1, 2,
v) ‘ |1 P(z,) | gf’%ﬁfm’ n=20, 1;2,,... .

Proof. First we shall prove by mathematical induction the following
relations :

@) winit gl S 8,
B C
(3) Iz, — xp—all < ?hgk L
() 1Pl < vIIP(%_o)|f for all E=1,2,3, ...

a) From 3° for n = 0 results

B B
%1 — #oll < BlIP(xy)]| =22Y . B
Y Y(1 — k)

therefore x;, = S(x%,, 38) ((2) is ture for k& = 1).

< 3,

From 3° for # = o also results

; : B Bh
I = oll < BIIP(ig)| =L = 2,

which means that (3) is true for & = 1.
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We have

2, LB =T 12 DG [ |PED] =m0 bk
l| o oll |E2S ( o)l 1P o)” Mo T S0— b

»

therefore %, = S(x,, 9).
Using 1°—3° we may write
IP()ll < IP(x) — Pluo) — [%or tt05 P — s)| + [ Plowo) +
+ [%o, %o Py — wo)ll < I[%0 %0, o5 PI(%1 — %) (%1 — to)|| +
+ IP(xo) PA < My — xoll - Nlxz = woll - A[P(x)]F <
S(MB? + A)|IP(xo)|F = v P(x0)]
and so fore & = 1 (4) is also true.

b) We presume that (2)—(4) are true for any 2 < m, m > 1 and
we prove that they are true for & =wm 4 1.

¢) From 3° for #» — m we have
“zn.u—l =¥ xm” s B”P(xm)”:
which together with (4) lead us to

1 il B
I¥mtr — Fmll < :YB”P(xm)” s By ||P(%, ) |? = = Iy P —a)|I* <
B 5 B " B "
< = [y P(xpo P < ... < = [y Pxo)lF" ==h,
% il Y
and so (3) is proved for &k = m - L.
By (3) we may writte
[¥mir — Xl SN%pmp1 — Xl + oo+ l% — %ol <
BT R < B,
4y Y(L — k)

which means %,.;  S(x, 9).
Further we have _
Nty — Zoll = 1Q(x,,) — 2ol < [[=%p + P 4 [ — Fuall +

px B < ho(l + B)
y(1 — ke (1 — hy) v(1 — hy)

F %y — Zpall + - oo {2 — Xoll <

therefore #,, is also in the ball S(x,, 3).
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Using 1°—3° for #» = m we obtain

“P(xm+1)“ < ||P(xm+1) W P(um) 00 [xnw Uy 5 P](xm+1 W um)“ "l‘
+ 1P(un) + s s Pl(Xpipr — )|l <
< A”I)(xm)”2 -+ ”[xm+1: Kons Yo 5 P](xm-l-l - xm)(xm+1 . M,,,)” <
< A||P(x,,) | + MB||P(%,,) | = (4 + MB)||P(,)|* = y||P(x,)
and so (4) is proved for & = m 4 1.

We have thus proved that the relations (2)—(4) are true for any
positive integer k. '

(4) shows that the sequence is second order with respect to the
mapping P. Let’s prove that the sequence (x,) is a Cauchy sequence.
Using (3) it results:

(5) . ”xn-l-? = xn“ < ”xn-l-P . x”'H"l” + OROO + “xn-l-l i xn” <

L & Bh"
ST < IR R ) =
3 N v(1—m"

therefore ||x,., — %,|| — O when # — o for any p which means that the

sequence (x,) is a Cauchy sequence. The sequence is convergent because
X is a Banach space. So the sequence (x,) is convergent of second order
with respect to the mapping P.

From (2) results that x* < S(x,, 8) and so (ii) is true.
From (5) for p = 1 we obtain (iii).

For p — o (5) leads us to the inequality (iv).

From (4) we obtain successively

VI < VPP ()P = (I P(x,—)l)? < (VPIP (o) IP) =
= (P, ) ) < ... < (VWP = A

and so (v) is proved.

We only have to prove now that x* is a solution of equation (1).
From (v) for # — o we have

Lm ||P(x,)|| = |lim P(x,)]| = §P(=*)| =0 (b <1)

W
therefore P(x*) = 0.
Thus the theorem has been proved.

Let x, be a point of the space X and let’s presume that in a neigh-
bourhood of x, the mapping [z, 2,; P]-! exists. Let’s consider the seque-
nce (x,) given by recurence with the following formula:

p:

(6) x"+1 = xn = [xn: M” ;P]—lp(xu)) Mn = (D(x”), n = O’ 1’ 2' M
(Steffensen’s method, [1] and [5]).
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Consequence. If the point %, = X, the mapping P and the num-
ber v > 0 are so that in the ball S(x,, v) = {||x — x,|| <7} the following
conditions ave satisfied

I° sup {”[31; Zay 235 Pt 21, 22, 23 & S(x, 7’)} <M<+ o
I1° there existsa positive number B, so that
sup {|[{z1, 225 P17 121, 22 & S{x,, 7)} < By
III° Jy = [|P(%0)[M(1 + Byl = me0 <1,
— ka2 + By
T e(l =)
then

i) the sequence (x,) <s convergemt of second order with respect to the
mapping P and the limit x* of the sequence is a solution of equation (1);

1) #* e S(xo, 7);

14 Byns"
i) Wen — 2l < S22 for all =0, 1,2, ...

. (1-+ Bo)hs"
iv) It — ol < R Z e =0 1,2 ...
o(l — 1)
v) IP(x ) < L7 for all w=0,1,2 ... .
w

Proof. We shall prove that the former theorem can be applied. The
conditions 1° and I° are the same. The condition 2° is satisfied for
4 = 0. Really using (6) we have:

P(un) + [xn' LW P](xn+1 = u’n) = P(%n) + [xn’ U, ; P](xn-l-l_
" + Xy — %“) = P(%n) e [xm Uy 5 P:I [xnr Uy, P]"IP(x”) +
_I_ [xm Uy, P](xn —_ Mn) = P(%n) - P(xn) —I_ P(xn) - P(M”) = 0.
From (6) using II° results
”xn—{-l e’ xu” < BOHP(xn)”
Further we have
Xpt1 — U, = xn-l—l . q)(xn) = X, — [xw Uy s P]"IP(XM) - (D(xn) e
= X, — (I)(xn) i [xnl L P]—IP(Z”) _ P(xn) i [xu’ Uy s P]_l P(xn):
from which we obtain
#n+1 — 2]l < (14 Bo)l|P(x,)].
So for B =1+ B, the condition 3° is satisfied.
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The condition III° is the same with 4° if we take A = 0. The nota-
tion ® = M(1 4 B,)? has been used. :

The conditions of the theorem being satisfied we may use it and we
obtain j)—v).
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