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Let x be a Banach space and let,s consid.er the equation
(l) P@): s,

yh"åî P: x .* x is -a corrtinous mapping and 0 is the nurl erement of'i.. rne equatlon can be written as follows:

(1') x-Q(x):O.

. 1.1h"- sequence (x,) ^(n:0,, 1, 2, ...). which consists of points of X,
lr- :ll*:::_I:'-q""t of'second órder wíth ,;p"Jã"|i" -apping p, if\t(ì is convergent and a numbe¡ ø > 0 exists, 

^wrricn 
does not^ ä"pËoa'orr.n, so that

llP(*"+,)ll < allp(ø )ll,
forall n:0, 1,2,... i4].
,.., tl,lfis paper -we.shall givc sufficient conditions so that a sequence
\xn) 91 th: space x i: convergent of second order with respect to themapping P and the limit of tËe sequence is a solution of e{uati; ai):fn the followings-we shall note by lzt, zzj pl and lz1, 22, zs] pl
respectivelv the divided differences of first "iã r"åo"á ãø"r'iä tue póinti.z!, zz, zr. We shall also use the notation wn : e(xn)., *-:0, l, 2,' , . .

Let's the sequence (x^), the maþþi.ng p and, the
øre so tke bøIl S(zo, g) :{x:llx-_rrll<g} tke.

ions ør d, :

l" sup {llþr, zr, zat plllizr, zz zre S.(xo, S)}< Jll < æ;
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2" There exists a þosítíue integer A uhiclt, d,oes not d.eþend. on n so thøt

llP(u,) + lx*, un; P)(x,+r- ü*)ll < ,4llP(x")ll'

for øl'ln:7,2,...;
3" A þosit'iue number B exists, whick d,oes n'ot d'eþend on n so that

ll**+r- r,ll < BllP(x")ll .llø,+' -u,ll ç BllP(ø,)ll

for øny n:0, 1, 2, ...;
4o ho: llP(".)ll(,4 + MBz) : r¡o'¡, ( 1, U : ",!t 

*,",).
' v(l - ho)

In tkese conclitions the sequence (x*) høs the follouing quølities t

(t) (*,) is conaergent of second, or,der uitlø resþect to . the møþþi'ng P
.and, ilíe i¿tä¡t x* of tke sequence is ø solution of eqwøtion (I);

(iÐ ø* e S(ø0, ð) ;

,(iii) llx,+, - ø,,11 < 
uL{- ¡* n :0, l, 2, . . . ;

(irr) llx* - r,ll < ffifor n:0, 1, 2, ...;
t^2fr -.(") llP(*,)ll < iL for n' :0, t, 2, ' ' '

Proof. First we shall prove by mathematical induction the following
relations :

\2) .. xk å S1ø0, ð,¡,

(3) llxo - *u_-,ll < n- 
üo-',\

'(4) llpØ)ll < yllP(ru-')ll' for all h,: l, 2, 3, ...
a) From 3" for n :0 results

, ll*, - xoll < BllP(øo)ll :41'1 ç '-¿l-r- 4 8,
t tÍ-ho)

therefore ø1 e S(ø0, ò) ((2) is ture for h: l).

From 3" for n : o also results
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We have

ll*o - uoll: llxo - o(r,)ll : llP("')ll : 'lo < ^!=y(l - l,J r(1- åJ

therefore øo e S(ø0, ò).

Using 1o-3o rve may write

llP(*,)ll < llP(",) - P(uo) - lxo, uo; Pf(x, -'wo)ll -f llP(u') *
I lxr, uo; P)(\- ur)ll ( Illør, xs,'u,s; P)(x'- xo)@,- ur)ll*

f llP(r.)ll',4 < Mllr, - xoll . llx, - uoll f .allP(ø.)ll'z <

< (M B' I A)llP(x,)ll' : yllP(øo)ll',

and so fore å : I (4) is also true.

b) We presume that (2)-(4) are true for any k' < m, rn> I and
we prove that they are trtte fot k' : ln + l.

c) From 3o for n - n1, r.r'e have

ll*,,¡, -- x,,ll < BllP(r,,)ll,

which together with ('1) leac1 us to

llx-+, - r.ll < I tI3llP(*,.)il < 1 ¡r'llp @^-,.)ll' : t- 
llyP(ø.-1)ll'z (

T Y Y'

a l llrP(r,,, ,)ll' ( .. ' <
YYY

and so (3) is proved for k : ttt I l.

nv (3) we may rvritte

llx*+, -, roll( llr,,+, - x^ll + ... I llx, - øoll (
B ,,on , toflt-i- , r ln \ .< hoB<-(r?6 +tL6 +..Y | "o/ \ rÍ-ho)

which mealls xm¡1 = S(;vo, 3) .

Further lve have

, llu^ - xoll: ll<Þ(r-) - xoll 4 ll-x* I @@^)ll I llx* - x*-rll I

* llx*-,- x--,ll+ ... t llx,- xoll- #, + i!^ * H#,
therefore u^ is also in the tra1l S(ro, ò).

llx, - xoll < BllP(øo)ll : 4no^t Bho

which means that (3) is true for h : I
f Y
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Using.lo-3o for n: rn we obtain

llP(*^+r)ll < llP(ø.+,,) - P(u^) - lx,u, u^; Pf(x*¡r- u^)llJ_
+ llP(u*) * lx^, u^i P7(x*+. - ø,,)ll (

< AllP(x^)ll? + lllx^¡r, xñ, tcm; P)(x-¡r- x*)(xnn¡r- u,,,)ll <
< AllP(x*)ll'z + MB'zllP(x,,,)ll': (A + MBz)llP(x,,,)ll': yllP(x^)ll,

and so (4) is proved for h, : nt, I 7.

We have thus proved. that the relations (2)-(4) are t¡ue for any
positivc integer Þ.

(4) shows that the sequence is second order with respect to the
mapping P. let's prove that the s€çlrlence (ø,,) is a Cauchy sequence"
Using (3) it results :

rr"' "',ll ( llr"+p - xnl¡- tll * '.. + ll*,+, - r,ll <(5) . lt*n*þ-tut

<!7¡'"*t-' + .. . + h3\< 4¿3"(t + ha" + ht**'+ ... ) :4,
Y y y(l-å8")

therefore llx,+p - x^ll - 0 when n, + æ for any y' which means that the
seqllence (xr) ís a Cauchy sequence. The sequence is convergent because
X is a Banach space. So the sequence (ø") is convergent of iecond order
with r'espect to the rnapping P.

From (2) results that x* e S(øs, 8) and so (ii) is true.
From (5) lor þ: 1 we obtain (iii).
For þ * oo (5) leads us to the inequality (iv).
l'rom (4) we obtain successively

tllP(x,)ll < y'llP(ø,_,) ll, : ftllP(x"_,)ll), < (v,llP (x,_òll,), :
: (yllp(x,_r)ll),, < ... <

and so (v) is proved.

_ We only have to prove now that x* is a solution of equation (1)"
From (v) lor n --* co we have

ÆllP(x")ll 
: l[ir P(*")ll: llP(ø*)ll : 0 (ho < r)

$tr*
therefore P(x*) : g.

Thus the theorem has been proved.

_ Let xo be a point of the space X and let's presume that in a neigh-
bourhood. of uo the mapping lzr, zr; Pl-, exists. Let's consider the seque-
nce (x,) given by recurenCe with the following formula:
þ'(6) x*+L: x, - fxn, u*;P)-aP(xu), ün: Q(x,), n :0, 7, 2, .. ..
(Steffensen's method, [! and [5]).
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Conseqüe nce. If tløe þoint xs e X, the nr.øþþing P aød. the num-
iber r ) O øre so that in th,e bal,l S(xo, r) : {llx - xoll < r} the following
condil.'ions øre søtisfied,

Io sup {lllzr, zr, z"i Plll: z.r, zr, z" e S(xo, r)\ < M { -F oo;

II" there existsa. þositiue number B o so that

sup {lllzr, zr; P]-tll :zr, zz e S(ø0, /)} ( Bo;

III" ko: llP(xr)llm\ + Bo)' : Ioco ( 1,

^,_ho(z+Bo)' .(1 -70)-
'tlten

i) the sequence (x") is conaergent of seconcl ord,er uitk resþect to the
nøþþing P ønd, th,e l,imit x* o-f tløe sequemce is ø solution of equation (l) ;

jj) x* = S(xo, r);

(jjj) llr,+, - x^ll < (1 l- B.)tân 
for alt n:0, t, 2, ... ;

jv) llø* - ,r,,ll <

t)

+ Bo)hT"

4
5

foral,ln:0, I,2,...;.0 -7ß")

v) llP(x,)ll < t h3" for att y, : e, t, 2, . . .

,!ryoÍ.We shall prove that the former theorem can be applied. The
'conditions 1' ancl ro are the same. The condition 2" is sãtisfiecl for
A :0. Really using (6) we have:

P(u") + fxn, r.,t,,; Pf(x^+r- %*): p(u*) * 1x,,, u,; p)(x,or-
- x^ t x, - ur): P(u,,) - lxu, u*; P)fxn, ,u,,,; pl-ap(x,,) ¡
I lx*, u,,i Pl(x,- u,): P(u,) - p(**) + p(x,) - p(u,): g.

From (6) using If ' results

llx*+r- r,,ll < BollP(x")ll.

Further lve have

frnrt - %,t: xøfL - @(*,,) : x,o - fxro, ,tt,r; pl-rp(xr) _ e(r,,) -
- tcn @@,) - lx,, uo; Pl-rP(x,): P(x,) - l_ru, u,,i p)-r p(*^),

:from which we obtain

ll*n+, - u,,ll < (1 + Bo) llP(x,,)ll.
.So for B : I f Bo the condition 3o is satisfied.
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The condition III. is the same with 4" if we lake A:0' the nota-

tion ã : M0 * Bo)t has been used'

The conditio,',,of the theorem being satisfied we lnay use it ancl we

obtain j)-").
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ON SOME BIVARIATE SPLINE OPERATORS
by

P. BLÂGÀ and GI{. COMAN

(Cluj-Napoca)

Introd,uction In ,some previous papers [9, 6, 5] it was studied the
spline operator 56 aS a genéralization of Be¡nstein's opefator which asso-
ciates to a functiãn /, dãfined on the interval la, bl, the approximation

n*l¡
(1) (Sofl(") : Ð N,(x)Í(1n),rn>a,h>0,

where 6:{xj!I}, with

(2\ x-t: .,. : xo: & ( .ør (\/
and

X¡-p 1 I¡, 'i -

{ xm-r1b : x*: xñ +È

(3)
,(
9i _-

x¡-¡|...*xi-t
h

lr + l, ..., ffi - l,

, i:1,...,rn+h,

(4) N¡(x) :trM,(r), i:1, ..., 7n + Þ

and where M,(x): l*,-o-r, ..., xi; þ + l)('-*)u*l isthe (Af l)-th divi-
ãed difference of the function M(x, t) : (h + 1)(l - x)'* with respect to,

the variable l.
The approximation sa / is a spline function of the degree h. having

the knots at the points of Ä.

using the operator sa and the method pfesented in lL2) there _are
constructãd so-"- birr"tiatJapproximation schemes on a triangle, probiem
also mentioned. in [13]. As-an applical.ion of these schemes are given
some cubature fo¡mulas on a triangle'


