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Introduction. In some previous papers [9, 6, 5] it was studied the
spline operator S, as a generalization of Bernstein’s operator which asso-
ciates to a function f, defined on the interval [a, ], the approximation

m+k

(1) (Saf)(x) = E} Ny(x)f(&), m >0, k>0,
where A = {x; mTh  with
2 xu=...=%=a<% < ... KX 1 <D=Fp= ... = Ay
and

X, < X, 1=k+1,,m—1,
(8) gttt il etk
(4 Ny(x) =By, i=1, ..., k
) ) = IR (), mt
and where M;(x) = [%_,_1, ..., %, (B + 1)(- —x)% ] is the (k -+ 1)-th divi-

ded difference of the function M(x, {) = (k + 1)t — x)% with respect to.
the variable 7.

The approximation S, f is a spline function of the degree k& having
the knots at the points of A.

Using the operator S, and the method presented in [12] there are
constructed some bivariate approximation schemes on a triangle, problem
also mentioned in [13]. As an application of these schemes are given
some cubature formulas on a triangle.
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1. Iet G,, G, be two polynomials with the properties
Go(%) = Gy(x) 20 for x «[0, 2], >0, D={(x,y) «eR}0 < # < h},
Gi(%) €y € Gy(x)}and y = G — Gy + G, an application which transform
h

‘the domain D in the square [0, #] X [0, A]. If one applies to the func-
tion f: D — R the operator S, with to the first variable, we obtain

mth LI
(Saf) [0 B0 ¢ 1 () = 5 N8 HETHE L+ 6] |

. GalE)) — Gy(E¢
‘Now, appliyng to the function f[Ei, __(id_k(ﬁ_!_t + G1(§;)] the operator ‘
:SAi with

At = = lh=0 << ... St <h=tf=.. =t '
<t i=1 ..,m—1Li=1 .., m+#k
-we have |
© O] y— Gol&i) — Ga(Ed) 5
(SF)(x, ) = ; > N;(x )NI(G _Gllh)f[ﬁ ——h———"lj“l‘ Gl(Ee)],
where i
/X
Ni 5

and ‘

o
7T s i1
s; + 1

Nj(t) = [Foimts oens 85 (504 D —%]

for j=1, ..., m+s,¢t=1, ..., m 4k

Lemma 1. If G, G, ePy, then Sg=g, g e Py, 1e. Sg=¢, g =
=1, %, y.

Proof. Using the identities
m-+k m-k

S Nix) =1,

=1 =1
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we obtain for g(x, y) =1, x, y respectively

m+k n+s; G,

(Se)(x, ) ZN 2 NJ{G’—Glh)_‘l;
mtk ny +s p G1

(Sg X, y ; 2 NJ (Gz“'G1 h) *

and taking into account the liniarity of G,, G,

m+k n;ts;
' i Y — Gy(&) Ga(&5) — Gy(8s) $ N =
(Se)x 3) = 25 Nif ,; N; (Gz(zn—Gl(a.-) h)[ » 7”'+G‘(£‘)]—

et Gol&) — GiE) v — Gy(E) 1 i
. ;,N,.(x)[ e o =olu) Jh+c:1<£.->]—y.

The operator S. generates the approximation formula

(6) 4 f=Sf+Rf |

where R is the remainder operator.

Taking in (6) some particular functions G, G, and some convenient
partitions A, A; there are obtain approx1mat1o11 formulas for various
domains. Such if G, =0, G,=~#% and

Atys= . =y =0<y < ... Sy <h=y,=..=
=Y =1 ..., mIk
yj<y]+s)]=1; ey n—l)

then the operator (5) becomes

mtk nts
Sf x y ;];1 1 .1 (Ew 7)]) | ‘

studied in [2].

If Gi(x) =1, Go(x) = h — %, then the domain D is transformed in ‘
the ’cr1angle Ty={»y<R|x>0,9y >0, x4y < 4} and the opera-
tor (5) becomes

EEN

Respecting to the remainder term of the formula (6), in this case,
we have

@) SN, )

mi-k Hits; (
l

x)f(i;,h _}: 2 71;) :
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Lemma 2 Iff e By (T}) [8), then the vemainder term of the formula
(6) has the representation

(Rf) (%, ») =S Kyo(x, 3 s)f®Os, 0)ds + S Kol y; 0f09(08)dt +

+ ([ Rube y5 s 9700(s, fasi

T,

wheve

Koolx, v; s) = R(x,y)[(x = S)+]
Koo(2, 35 1) = Rypl(y — )41
K%, 35 8 1) = Ry, pl(x — )4y — 0% 1.

Proof. Using Taylor’s formula with the integfal representation of
the remainder term [8], for p = ¢ =1, and taking into account the
lemma 1, we obtain

(®F)(w 9) = R { (x = 9), 7005, 0)ds + § (3 = 47420, )t +

+Syx—@uy_nﬁmm,quzs&wmx—@ﬂWW&mﬁ+

iy A 0

h
+ { Renlly = 9117090, 028+ {§ Rl — 94y —931/0D0s, Hdsd.

Th

2, In the next it will be studied the operator (7)for some given parti-
tions A and A,

" For m=1, m;=1, s =k —¢- 1, the operator (7) becomes the
Bernstein operator on the triangle T, [12].

Iet A and A; be given uniform partitions, i.e.

h m — 1
gop =il = ahi= 02 ==, . L oxg, s imer—th e Xy =l == = R
m m
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and respectively

g i : h i m — i ;
t—k:---:tozoyfi:%:--wtin—‘i:—,h; t:an»I:'--:
m— 1+ 1 m — 1+ 1
1 .
:tm—iJrkJrl ;h’: = 1: ., I,
1 . 7 y 7 P .
t_k+ﬁ:,,‘:t020,t1:...:t;;_j)+1:h,j):1,...{k,izm—[—'l,...
co, om R,

It follows that

i — 1) .
V; =1, ....
2mk 1)7’ bl Jp
TpEZ—p =) . Im 4+ k1
po 4 £ 1 = 3., —
(8) & = 2mk a 75 + 1, ,[ 2 ]

m+k+3
2

k N E.~m+k—i+1; /L:[

}, oo, m—4k, p=min {m, k},
and respectively

r.j(j;l)h,jzl, Jlb

2k(m — 3 4 1)
p2i—p—1) . m—1i+ k42
— Lk, = L . —
©) il 1T [. 2 l
%

= ,om—1 4 k41,

; Co. s — 4 < k-4
h— 7]:u~i+k—j+2,w, ]= 1'7; ] ] .

p=min{m —i++ 1, k}

for 1 =1, ..., m and

mti = ho1 =1 — 4 | Eue
] '_k—¢+1’] , e k—1 1 e=1, ..., k.
The explicit form of the operator S will be given in some practical
cases.
1°. The linear-linear case (k =1, m > 2). Taking into account (8),
(9) there are obtain '
_ BT el '
&izz h,h E"Yf.:] lh, j=1, ..., m—1+2;

m h J m

Ni(x)Nj( hy )f(i-—lh,]-_lk]y



: . BLAGA and GH.-COMAN :
148 P. BLA an 6

where

Ny () = o (b — ma)s

Ny(#) = %{-[(i o)k — maly — 206 — Db — mxly + (ih = ma)eh

1 =2, ..., m,

Npsa(n) = = [m — (m — Dbl

and
N2 =g o =i
N () = (6 = 2 = A — =i DL
0 — )b —#) — (m— i+ D1+ U — 0 = fm =6+ DL

j=2, ..., m—itl

:',,_,f+z("—y] _l (m—it iy —m=Dl =2l i =1

h—x h—x

Ny (——"y ): 1,
h—x
The remainder term of the approximation formula generated by the
eperator (10) can be obtained by lemma 2. _
For a detailed study, let us consider m = 2. In this case we have

(11)
 (h=24)4 (h—2—29)4 o(h—22)4 h—r—y— (h=2=2)+] (o, i)
fle, $="—E =0, 0 + W — %) st

(h—28)s 4% =W g ;-';,) L ofh — % — (b — 204 1(h — % — 9) f(—;’- 0)+

T hh — %) h(h — %)

oth — % — (b — 2041y B B) o B2 =Bt g 0) 4 (Rf)(x ¥,
1 —b f{z et A )+ (Rf) (%, y
where by lemma 2
5 . h
Rf)(x, y) = SKzo(x, y; s)f@0(s, O)ds + S Koo(x, 5 £)f0P(0, f)dt +
0 0
b SS Kulx, v s 0/00(s, f)dsdt,

Ty
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Kaolt, 5 8) = (x — 8)4 —% [h— % — (b — 22),1(h — 25)4 —

(13) — L @x = W= 5) Kl 5 ) = (0 =) =

Gy = = 20r D =W g gy

(=204 (x+ 2y — Bt (h — 1)
Wk — %) ’

h(h — %)

+

} _ 20h — % — (b — 2%)+1y
Kulx, y; s, )=(x—3)%(y—1)% — T (h—2s)° (h—28)°,

raroreyM 1. If f e BUY(Ty), then
vy | <2l renc, 0 + 5] re00. o +5

where ||-|| 4s the uniform norm.

i}

B2
< —
32

| Fan

Proof. In order to apply the medium theorem one studies the func-
tions K,y Ky and Ky sign.

Tet us consider first the function Ky, ;

h
A s £ —
2

Koolx, v 5) =

It follows that Kyo(x, v; s) <0, (x, ) e T}

B.s>—;i
2

—}l (2x — W) (b —s) for x <s
'+

Kgo(x, 33 8) =
(h — %) (h — 25)
h

such that K,o(x, y; s) <0, (%, 3) e T},

for x > s,

In an analogous way one obtains that Koo(x, v 1) <0,
(x, y) « Ty, t [0, ]

It is easy seen that the function K, changes the sign on the do-
main T},
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In this way we have
(Rf) (%, ») = fBOUE, O)pao(%, ) + @0, n)guy(x, v) +
+ SS Ki(x, v s, §F00 (s, t)dsdl,

TI;

“where &, n< [0, 4] and

x? RB8x — h 1

el N (] for x > =

| 2 2
Pa0(®, ¥)= -

¥ hx h

§— — for x << =

{ 2 4 2

Y2y — 1) MR = 2%)(x - 2y — k)

xsgand x4+ 2y 20

4 4(h — x)
“(P(]z(x, y) = (2 .
Q%L) ,  otherwise,

It follows that

73 — 17 4/17 1
“‘/hz

‘(14) ma ) =" —
( ) . X I(P2O(x1 J)' 32" H;aX lCPoz(x, y)l i = < ﬂihz‘

h . h

Hence

RN 0 < LU0, O)) -+ 5 17020, 1+ WO ([ [Kos, 3 5, s,

Taking into account that |K, (¥, y; s, #)] < 1 on T, the proof follows.

2°. The Bernstein-linear case. Using the partitions
Avx _,=...=25=0<h=un,=... = X1

. 3 N i ih
Aty =1=0, t;=—

] 1 . 1 4 )
_m—i—{—l) ] = 11 ceey M— 1, tm~i—l—1——tm~£+2:h;

-one obtains

o ;T —~ 1 h—E,,; 1 | — . g
Bom B s i, k=, L, m i 2
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and

Nl [ C S I AT

N} having the expressions from the previous case.
We remark that S, in this case, is a spline polynomial operator.

In detail will be studied the practical case s = 2. One obtaines the
approximation formula

fl 3) = = (b — Db —x —2)1f0, 0) + = (b= D)[h — 5 —y —
(15) = (b — % — W) IF(0. 2] 4+ 2 (b — 2)(x + 2y — B F(0, B) +

+ 2 alh =5 = f(5. 0) + Zwf (5. 5]+ S0 0+ (RA) )

k 2
where
2 } I
(Rf)(x, 3} = S Koo(x, v; s)f®0(s, 0)ds + S Koolx, y; 1)fO9(0, #)dt +
0 o .
o SS K%, y; s, t)f01(s, t)dsdt,
Th
with

Bl yi 8 = e o) = HEE = 29, — 2 — ),

Ka(t, 75 ) = (3 =)y — ~{b =0 —x —y— (h— % — )] +

h —x

h?

Ku(x, y; s,8) = (% — ) (y — £)% —Zﬂ'(—k— — s)o (ﬁ — tJO.
iy | he 12 +1 2 +

+ b — 2y BT 2y — B 0),

THEOREM 2. If f < BYX(T,), then

h? B2 ; B2
IRAI < Zppe0(, o) + % o, - 2 0,
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. Proof. As in the previous case the functions K,, and K,, are nega-
tive and the function K;, changes the sign on 7T,. So we have

(RA(%, ) = a0(®, 2)fENE, 0) + @oolx, ¥)/O2(0, =) +
+SS Ku(x, v; s, ) fan(s, ¢)dsdt,

Ty
with £, 4 < [0, A], where

b= 4 ol 5) Y@y =B (b=t WK

Po0(% ¥) = — " B 2

It follows that

hz
16’ n;‘aXlKu(x: Y%t =1

h2
max | gyo(%, )] = =, max |ogp(%, y)| =
T 16 T h

h ]

—

and the theorem is proved.

3. Next, using the approximation formulas (11) and (15) there are
constructed some cubature formulas on the triangle 7.

If we integrate on T, each member of the formula (10), one obtains.

({70 )ixdy = E[57(0,0) + 107 (0,2) + 5/, 7 + 12/(F, 0 +

T

g mf(g, 2) + 41 0)] + R(f),

where

R(f) = Coo f®NE, 0) + Coof*9(0, ) + S S Pu(s, 1) fU0(s, t)dsdt,

Ty
with
Cyo = Sg @20(%, y)dxdy = — ‘1—h4,
96
Ty
= §§ et~ o
02 ) FPoz(x y)dxdy 384k’
&

Pu(s, ) = S S Ku(x%,y; s, )dxdy = .‘ﬁ%—i N % (h — 2)% (h — 2£)%,.
T

]
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Taking into account that

S S lp1a(s, ?)|dsdt =

Ty

13
384

h4

we obtain

IR(f)I < 5"—1;4 [4]f@9(-, 0)I| 4- 51f@2(0, )l + 131/ *|].

In an analogous way, using the formula (15), we obtain

SSf(x, 3)dxdy =f11”§[3f(0, 0) -+ 6f(0, %)Jr 3/(0, h) + 4f(%, o) 4

Ty
+4f(50 )+ 40 O]+ RO,
where
|[R()I < ;;i [8]1/@0(-, 0)]] + 6[lf©2(0, -|-+ If/*]].
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