
MITTHEMÀTICA, - REVUE D'ANAI]YSE NUMÉRIQUE
ET DE THÉORIE DÞ Ii'.{.PPROXIMATION

t'aNALysE NrIMÉRrguE ET LA tgÉohrp DÐ L'appRoxlüarloN
Tomo B, No 2, 1979, pp. 177 -180

i

I

THE PRINCIPLE OF THE MAJORANT
IN SOLVING OPERATOR EQUATIONS
WHICH DEPEND ON PARAMETERS

by
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; (Cluj-Napoca)

[..Iret us consider the operator equation

(1) P(t, d) :0,

where P:X x M-X, M isa normed. linear space, anð, X is a Fréchet
space [1], P being continuous.

The èxistence ¿o¿ snicity of the solution x*(æ) of the equatioû (1),
using the iterative method

(2) xnrl: xn - l!P(xn, a.),

principle of the majorant
plete normed linear space
[3], using the method of
method of Newton-Kan-

torovich, where X is a space as above.
In. both cases the Frãchet d.erivative of some order is used., to solv "

the problem.
in this paper we take again this study, considering a coTplete supef--

metric sp"cä i, using the õoncept of diviilecl difference, which is much
more general tinar- the notion of Fréchet d.erivative,

\2') nn{r: ,, - P(::, no_,]-rP(xn,o)

2. Let P: X x M '* X be a nonlinear op-erator -which has partial
divicled. differences in respect to x anð. d., X anð. M beíng as above.

We denote by p*(P) and gxxu,"(Pliì,,e') the generalized norms
of the operator P aud 

-of its partial divicled d.ifference with respect, to x,
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':'
denote by pxxu,"(PÍrll, nrr¡) th.
d difference oî the operator with

e operatol, of a partial divicled dif-

(Plîì,, ,p¡)fi\t,"1,¡: Pfiì, *p\, *(s\

(P!iìr, ,,r)ÍÀ), a(2) 
: P(J\¡*tn1r¡,o1r¡, o1r¡

and for their generalized. norms I 1

P(xxu\,,* (Plliì, ,Qt, *p¡)

P 1x x ar), r@ |i¡,,1rn rrrr,,ra)
respectively.

Since they are important for our study we recall here two theorenrs'

[4] about the existencè and the unicity of the solution of the operator
equation

(3) a : U(x)

obtained by the iteration

(3') x,tt: U(x").

This equation is majorized, in the sense of the definition given in l2),
by the real equation

(4) z:li(z)
whose solutions are obtained by the iterative method

(4') z,¡r:V(z)
rrrEoREM 4. IÍ the equation (3) is majorized by the equøtion ( )-wkose'

smallest' ,oot it z*'e l?,'z'1, then it h'as-ø solution x*, uerifuing the con-

d,ition

px(x* - xo) 4 z* -zo ( z' - zo

and, uhich' is tlte tinit oJ the successiae aþþroximations l3')
,r.rrEoREll B. IÍ the conlinuous u : x - x has .dioid,ed' .ilif-

lerences, X bein,g a'comþlete suþern_el.r and V is a continuous func--tíon, 
defined. in lzo, z'f, and' if the s

(i) ?¡,1r((J *ol,,rrl) ( I/,ot, ,t t, Vø(t) for which
px(x$\ - xo) ( z(;) - zo 4 z' - zo

(ii) V (zò >- zo, \t(z') 4 z'

are satisfied, theu from the unicit¡' of the root of the ecluation- (4) in
(2, z,), it foliows the unicity of th.c solution of the ccluation (3) froni S

delined by

Px@- xn)<z'-zu'

If this solution exists, it is the lirnit of the succesive approxirnatiori (3'),
for an), iuitial approximation øo e S.

3. In conection with the operator equation (1) rve prove the fol-
1o'rving

Tr{EoREM. If the equation. (l) is majorized' by tke equøtion

(1') z:l(2, P)

uhere | (2, þ) is ø cotttinuous real,. function, d,efined in the rectangle zo 4
42 4z', Þo < Ê 4þ', th,e cor'ditions

1". pt @¡ - P(xn, as)) ( I'(ro, 9o)) -'o
2o. px*u,"(pliiì,,(2)) < l,ifil,,1,¡, to'

p*@þ) - xo)( z(¡l - zo 4 z' - zo, (i: l' 2)

3". p**r, 
"(PÍìì,,(2)) 

< t [fìr, ura)

4o. p6*r,¡,, olP\\\¡.t 
"1¡,,,(r), 

c(2)) < [l?il'),rrl,eol, prrl,

px@-øo)(z-zo(z'-zo

pu@-do)(Ê-90(Þ'-Þo

assume tlrut solutio ç [Þ0,. g,J,

(1) has & u. e S, bY^ Pu@ -
This sotu'tio bY the of succesiae

is unique ' - zo (llt'atrcn \L'|-

høs unique sol,ut'ion z* e (zo, z').

Proof. To prove the existence of the solution of the eqüation (1)

we use the theoreme A. We shall show that the conditions 1" and 2"
hold for aîy d. and P.

(s)

px(xo - P(*o, o,)) ( px(xo - P(xo, 
"o)) * P*(P(xo, æ) - P(xo, ao))'

Since

P(xo, ø') - P(*o, *o) : PÍ")*.(o - oo),

2

for

and
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and taking in account the conditions 1o, 3o the relation (5) becornes

s¡(x¡ - P(xo, a)) < V(zo, 9o) - ,rl Vti!s,(p - 9o) :
-l/(zo, 9o) - ro t V(zo, þ) - V(ro, þr): V(zo, þ) - zo'

Then

P(j\¡, ,1r¡: efilt, .ø i PÍlt, ,1r¡ - Ptii\, *t t:
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: nfill, *1r¡ i P(j\¡'),(r)rn, n.(d - do)

and

p***, r(P(iÌ,,,,r) < l'i?iì, ,p¡+ t'!li¡i),(2)rs, p.(9 - 9o) :
: v,,?il,"rrr -¡ I.j?Jr, ,1r¡ - t/(,ll¡, ,rzt: v(!àt,,tzt.

Usireg theorem B all assertions of the present theorem follow ime-
diately.

THE METHOD OF CHORDS FOR SOLVING OPERATOR
EQUATIONS DEPENDENT ON ONE PARAMETER

by

SEVER GROZE
(Cluj-Napoca)

I.et us consider the operator equation

(l) P(x, u) : g,

where P: X x M* X, X is a Fréchet space, ar,d M is a quasinorrned. li-
near space. Suppose that the equation is majorized by

(2) Qþ, p) :0,
where Q is a real function of real variables, continous, defined on tl-re rec-
tangle z e lzo, z'), P = [90, 0'].' fn order to obtain the solution x(a) of the eqtìatiorl (1), *g use the
iterative method

(1') xtttL: xn - L,, nP(x, u) (n :0, 1, ' 
" 

'),

wlrere Ln, o : lP:r, ,,-J-1 is the inverse of _th_e partial divized <liffe-
rence of'' îtt" õpëiutoi- P with respect to x [l],'method known as the
method of chords.

I'o find the solution z(p) of the majorant equation, rve consider the
iteration
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zrl 2,,
z* - z¡-t

Q@", þ)L

(z',) Qk", P) - 8þ"-', þ)

(n:O,1,...),
Iu [2] the following theorcln lvas proved


