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î. In the paPçr [2] it was stud'ied some properties of triharmonic fuuc-

'tions.
'Ihe rote is to do analogolls ploperties for the solutions

of "quati 
ere A is I,aPl

For and' Ior sim onsid'er

the case á variables , ^s 
well

.as, made for the f nnctions it n > 3 partial

dcrivativcs rve usc the indices (tl fi: ",' etc')'

I,et D f Rs be a bound'ed. domain, 'with the bound'ar¡' l' We cousider

the solutiorrs of thc eqtration

'(1) , , a4u:o

;in the dotnain -D, rvhére A is Laplacg's operator

^azï,4'\'2) a : ln + 
an, 

-t 
az, 

'

2.Irrtlrissectionwededtrcefromthesolutionsofeqtration(1)some
.triharmonic, biha¡rnä"il ;t¿ li"rmonic functions in thc clornain I)'

It holds thc following
,fHBOREM 1

funation
If u: w(x, y, z) is ø solut'ion of equation (l) tken the

(3) *n-L(x.- a)L,w

.is tr'iharmonic, for ønY (ø, Y, z) eD'
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Proof. We show that

(4) of*. - i t. - a)a,al:0 ,

For this we use the linearity and omogenity of the operator Âs. we have.
successively

o"f*, - i t- - ")ml- Lsu), - 1 
^, 

\x - ø)A,al: L,w, -
- 1l'l(x - ø)Lzzpl ¡ 2Ã,w,1 - /:u, - 16 f@ - ø)Lsa -l2Azwn f-
¡ 2L2w,l - Lr, - | U. - ø)Laa ¡ 2Lsu, ¡ A$szø,l - Lsw, _

-iø-a)Ltu- l,u*,:0,
because u is a solution of equation (l). Thus the Theorern is proved..

Also, we have the following

TrrEoR-EM 2. If u : w(tc, y, z) is ø sol,ution of equation (L) then tkø.
function

(s),rszz- Io* -|ø- ø)Lw, +;^@- e)zr2u)

is bih,armonic, for any (ø, y, z) ç D.
Proof. We must shorv that

(6) o,l** - I o* - ! t- - a)L,un +;n@ _ a),L,wf :0.
We have successively

o,fr* - * o, - ! t- - a)Lw" + ;nø - a),L,wf: /\zro*"- ! L,, -
- ] n f@ - a)Lzw,¡2\w,,l+ ;olzt,le + (x - a¡b¡,* + 4(x -' ø)Ara,.l:,

- L'u,, - LLtr, - ! U, - a)LBw, ¡2Lsrø,*¡2L2w**)+;Ol2Fza _f

+ (x - o)r4w + 4(x - a)Lzu,l'- Lzt!)*-*'O, _å tf" _ a)LBa,,¡

¡2L3u,, | 2L2w,,l + )12rc, ¡ 2Lsw + (x - a)zyau + 4(x.- ø)Lszi,n {
+ 4(x - ø)LBu, ¡ 8Ãrar,1 : Lru** - ! Lr* - | ø - ø)Lsw, -

- Io'*',+ f n', +;@ a)zvaw ++@ - ø)L'zun + |L,*,,:s,
becatrse u is a solution of equation (l), therefore the, Theorem is proved._

Remørk 1. The theorem 2 
''.,¿y 

be demonstrated'and by using the Theo-
rcrn 1 from l2l lor thc triharmonic functiorl to, - i ø - a)L,u.

Analogous, it holds the following
THEoREM 3. If u : u(x, y, z) is ø sol,ution of equøtion (l) then the

Junction

u** - ï o*, - | ø - ø)L,w,*+ * (, - ø)L'w I
(7)

! t- - ø)zLzu, - irø - a)3ssu

is kaymonic, for øny (ø, y, z) e D.
Proof. We must show that

of*",, - i o*" - | ø - ø)Lu,,+ f f* - a)Lza I
, + jt,- ø)zLzu*- i"t--ø)PL?wf:o.

We have successively

of*,,,-ïo*, -|ø - a)\u,"+ +(, - ø)4,w + +(, - a)2V2a*-

- fiø - ø)"l .,]: Lu,," - I o'*, - | X- - ø)L2w,,l 2Lu,,) |
+ j ttr - ø)L'u ¡ 2L2u,l + ! lzN*.*(x - ø)zLBu,+4(x - a)ùza,nl-

- n{ Iot, - a)L'a + (x - ø)sVau + 6(x - ø)z$sunl : Lt*n, -

- i o,*, - | ø - a)\zw,* - o*:nn,+ 
+ @ - ø)Lz* + + 

a,*n +

+ | n * + + @ - ø),\stu, + : @ - ø)Lzw,) - iø - a)Lsw -

irø- c)3,\,zu - ] t" - ø)z$sw,:0,

because w is a solution of ecluation (1), therefore the îheorem is proved
Rema.rh 2. The'lheorem 3 may be established using and the Theorem

from [2] for the tiiharrronic function *, - ! (x - a)L,w.

Also, it holds and the following

(B)
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THDOREM 4. If the function w: w(x,y, z) is a. solution of equøtton

(l) then tke function

(e) L'u,- |t.-a)Lxw
is lt'atmonic, for øn,Y (a, Y, z) e D'

Proof . \4/e have sttccessively

r[r',', -; ,_ 

^1.-'4;ï_'.,*jrl. 
o,*',,:^;¡ 

2'l\r'za't -
"2

which shos,s that the frrnction (9) is harmonic, and the Theorern is demons-
trated.

3. In this section, by using maximum principles, rve establish some

estimates for the functions of theorems fron previous section.

'I'hus, it holds the {ollorving

l.HEoREìr 5. Let u: w(x, y, z) be ø soltttiotø of equøti^on- (I).in lhe

aoml¡"-f ç R3, whiclt, køae àtl,-partial deriuatiaes until th,e 6-th oriler con-

tinuous ønd, on tke boundary I of-d,omøin D. Tlten, for any þoint (ø, b, c) e
e D tke inequølitY

(10)

u,,,(a, b, r) - !Lu,(a, ó, ,) < ,r3*{*,,, - io*'- it- - ø)Lu,nl

+dt" - ø)Lzu+;(, - a)zvzun-1n"@- a)'Nul

holds.

ProoJ. Accordiug to 'Iheorem 3 the function .(7) is harmonic in the
domain ó. So, *" "uî 

apply to it the common maximum principle and the
inequalit¡' (10) is obtained.

proceeding analogous for the harmonic function (9) in Theorem 4 we

have

TTTE6REM 6. Under the øssumþtio,tr,s of Tlteorent' 5 the foll'owing ine-
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For cstablishing a new,result rve introduce the following notations:

:'ì V,szg: (u*r, 'tÐrrr,. 
""'r), 

(Lu)' : (Lw*, Luy Lur),

(Lw)" 
=,(L,w*r, 

Lwyy,.Lrr"), rt: (x - ø, ! - b, z - c),

ra x (Lw)" :'((r * a)Lu,,, þt - b)A'wrr' (z - c)Lw,,)'

(12) rrÂzu : ((x - a)Lzu, (y - b)L'zu, (z - c)Lzu),

rr: ((x - e)', (y -b)', (, -,')), r5: ((r - a)t, (y -b)t, (z - t)t)

(.L2w)' - (Lzun, L2uy Lzur), r, x (L2w)' : ((x - a)zLzw*'

(),- b)"Lruy, (z - c)zLzu,), r"LBu: ((x - a)3L3w, $t - b)s\3w,

(z - c)s|sw).

The following theorern holds

trr¡onplrt 7. Und.ø the assu,mþtions oJ Theorern 5 we høue the inequølity

lvrtlo, b, ,) - | {n*@, b, c))'l < rnaxlvrtø - } {m)' -
(13) ' 

,
-lr'x 1Àø)"+*r, Lzw+*", x (Lztø)' -firrl"zøl'

Proof. The vector

(14)

Ysw -|ttr)'-)r,x.( u)" * |r,azu+*t, x (Lzu)' -lrra'ø
has as components the following functions

unr* - ï,orr - | t. - a)au,*+ ] t, - a)Lzu+ ] t, - a)z!zu* -

,l-ø - oI'Lu.Y'

utyy- î.o*, - it, - b)t.u,,+ J tr - b)Lzu + i tr - b)z¡z',-'

(1s) i" t, - blsLsu,

u,,,-Tor,- |t, - Ç)Lu,,+ + (, - c)L'w +* þ - c)z!tu,-

- irt' - c)s$sw,

which are harmonic functions, in accordance with the Theo¡em 3'

quølity

(1 1)

holds.

Lzu" (a, å, c) ( ^^.{L'** - } t. - 1)L'ul
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We know (see [1]) that the square of an harmonic function ø is sub-
harmonic (L^u> 0). Then the square of mod.ulus of the vector (14) is a sum
of subharmonic functions, which is a subharrnonic function. Now, we apply
the rnaximum principle for subharmonic functions, and we deduce that
the inequality (13) holds, and thus the Theorem is proved.

We finish this section with the following

'THEoREM B. Under the øssumþtions of Tkeorem 5 the ineqwality

u,,(ø, b, r) - ! Lr@, ó, c) ( t.at1r* - t o* - } ø - a)L,w, !

(16)
+ )t- - ø)'L'a - zr,v 

I
u,,-*or-!ø.-ø)L,w*l

l*,,-lo*-iø-ø)L,w*r
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SOUS-ENSEMBLES REMARQUABLES
D'UN ENSEMBLE INTERPOLATOIRE

psr

DI,ENA POPOVICI{'
(Cluj-Napoca)

nt la convexité par raPport à un
it souvent à considérer d.es sous-en-
emple, si F et G sont des ensembles
nt nll, sur f intervallelø, å] et F (
f :lø, bl* R, d.'être F - convexe sur
ralisation d-u cornportement d.es élé-
l'ensetnble F. On est aussi conduit à
s dans l'étude de certains problèrnes

iiåîi- 
",i,3åio 

"å 

ll;:ä"';iåi,'"ï T,i;
rviennent aussi. En ceux qui suivent,

nous esayons de présenter des exemples concernant la construction deS

;;r-";r;;b1es doiit nous avons parlé plus haut. r,es- foncti-ons qui inter-
,ì""¿-t."t seront cles fonctions réèlles et d.'une variable réelle.

2. Soit F un eusemble interpolatoire d'ordre n, strÍ un. interval lø, b7:

n,otat.-"¿2 est fixé. Pour la définitiott de la propriété d',un ensemble F
,ã"-f-o""tio* d'être interpolatoire d'uu certain ordre sur un ensemble donné

d;;;i;¿;, "olr trl ou bìen la monographie [3]..r'a fonction rée1le / éta't
ã¿tl"i" stir f intèrvaTle la, ö1, pour chaç1ue système

(1) xtlxz<...<xþ
de points de f intervalle lø, bl, oìr 1{ h 1 n-1, on peut considérer le

sous-ensemble

(2) {kltoeF, k(x¡):fØ), i:1,2, ''',h}
rle l'ensemble F. Nous avons considéré, pouf la première fois, l'ensemble
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,t
'21 rlAl*i)'L'u&x t

+;^@ - ø)'æafl,

.hold.s.

Proof. The function

u,r - * o* - i ø - a)L,w ! )ø - a)zvzw

is the biharmonic function (5) of Theorem 2.
We know (see tll) that if u is a 3-dimensional biharmonic function

then

'1t7)

is a 3-dimensional harrnonic function.
'Ihus for the function (17), where u. is the biharnr.onic function (5),

,\Me can apply the common maxirnum principle, which lead.s us to the ine-
.quality (16). Thus the 'Iheorem is proved.
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