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SOME THEORETICAL AND COMPUTATIONAI, RESUI,TS
CONCERNING THE ACCEI,ERATED OVERREI-.AXATION

(AOR) METHOD
by

G. AVDEITAS, A. HADJIDIIIIOS ancì A. YEYIOS
(Ioannina, Greece)

1. Introduction

Very recently HADJTDTMos (1978) has introduced a new iterative
method for the nrlmerical solution of a linear system Ax: b, where A
is an n x % knowfl matrix, r an tlnkl1ow11 ?¿-dimensional vector and, b a
known vector of the same dimension. By splitting A into the sum D - A, -
- Au, lvhere D is the diagonal part of A and A"and Au the strictly lower
and upper triangular parts oI A multiplied by - 1 and asstlming that
det (D) * 0, tlne corresponding aon scheme has the following form :

(1.1) (1 - rL)xÞt+r) : t(l - r,l)I f (. - r)L 1- aUlx1ù | ac ln:0,1,2,...
where L: D-rAt, U : D-rAu, c: D-Lb, 1 is the unit matrix of order
n, r ls the acceleration parameter, ot # 0 is the ovelrelaxation parameter
and x9t arbitrary.'Ihe iterative matrix of scheme (1.1) is given by

L,,,: (I - rL)-t [(1 - c,r)1 * (o - r)1. { aU].

'l'his new two-parameter method is obviously a generalization of the son
method (since for r : ro AoR coincides with son) and it should be noted
t1aat lor r + 0 the aon- method is the Bxtrapolated SOR (nson) method
with overrelaxation parameter r arrd extrapolation one s : o)lr. Without
loss of generality we shal1 assume throughout this paper tlnal A - | - L - U
since by premultiplication by D-, the new coefficient matñx A of the
original system will have this form.
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jlhe purpose of this _paper is to present some further basic results con-cerning the aon method ,,.ihen the'matrix A is
í) An irreducible with weak diagonal dominance matrix
ii) A positive definite matrix
iii) An L-matrix and
iv) An M-matuix

and also.to-show by m'merical examples its superiority compa'ed with theSon method.

2. A tsasic Theorem

Ifere we state and prove a basic theorem .,vhich helps us to extend.and improwe the results^of ual¡rDrMos (lg7g).
TrrEoREI,T l. Let A be q. nonsingwlar utatyix. If the soln¿et

?.y:i:r!!*rti:n þarøtnctet. y conaergcs for 0 < o S r < p a 2, thrn
lncLnod,.conacrgcs Jor ø1,[ r and, s suclo lhat a S r S þ ønd. 0 < s Ss : <o/1.

^ ..Proof. (2.7) (r:an¡.rnruos, lgZB)of the aon àr" þ.iì"" iå-i"i*.'of irrã'"sonmetod ionsÀ¿-svd+l_swh"i:peiowith nforå3r3pand0<s
ll,lr: srp, t 2sp(l - s) cos 0 + (t - s), S (sp + 1 _ s)r:

:11-s(l-p)1,<l
and the aon method.converges for r11 q. 3 r S p and 0 < s S l. In whatfollows we examine the extJnsions ,ot 

""Ãíng 
tä"-tr*orv-of aon method

3s w-as give' bv HADJTDTilros (197s) in viJw of irrã-iú"orem which hasjust been proved.

3. xu'ed'cibre Matriocs witrr weak rliagonar rlorninanec

T''EoREM 7. Let A be øn ,irred,wcible møtrix uitli aeøþ, d,iøgonal, d.oyni-nØnce. Then the rop rnethod, (r + 0) conaerges for øtt 0 <-r 1 | ønd. o 1(s < l.

4. Positive llefinite Mafrices

TITEoREM l. Let A be q. þositiue d'efini,te (real) matrix. Tløetø tløe l'op.
nt,etlcod, conaevges for 0 ( o I v 3 2 (a + 2).

Proof. Since ,4 : I - L - U we have L: Ur and also tlnat yHAy >
> 0 for évery complex ø-dimensional vector y with yE denoting the conju-
gate transpose of y. If À is an eigenvalue of L,,,, then for some \ + 0
we sha1l have Lr,. v : À v and hence

(I - rL)-t [(1 - to)/ * (co - r)L + coU]v : Àv, ot

[(1 - <o)1 * (co - r)L + <,rU]v : ),(I - rL)v.

Multiplying both sides on the left by vH and solving for À, assuming for
the momenl that ,'(I - rL)v t' 0, we obtain

. (1 -o)vr{v+ (,¡- r)vvLv!avu(Jv _(1 -o)vHv-F(r- r)vHL't! <¡vHUv
t, 

- 

-

vH(I - rL)v YHe - YeHl':¡

Since I : Ur we have

vH [Jv : vHLrv: (v" ¿v*)r - v?'Zv* : (vHIv) *

where v* is the complex conjugate matrix of v.
Thus if we let

(4.1) ulfu : z, then
vrlv

(4.2) ,. :(#)-: 
''if;"'. 

: # and hence

. 1-,¡-l-(r-r)zfaz+t 
- | -r, 

-'

If rve put z : & f pl rvhere a. and p are real we have

l(l-va!Zaa--a)-rBil
'n' 

:l t-r"-+l l'

'Io prove the validity of the theorem it is sufficient to show that lÀl < 1

for 0 ( <ù S r < 2 (^ ¡ 2) or equivalently tt'at

^z(2a- 1),+2to(1 -ro")(2a -1) <0.

Since co ) 0 we must show that

(4,3) a(2a - l)'z + 2(r - ra)(2a - 1) < 0.

I

r

ll
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Usirrg (4.1) and (4.2) we have that

1 J,,tß - o- 
- !Þ * 

yHtIv _\FI(L +- UI _yH(t - A)v- - 
",r; 

- rrr": """ 
: 

"""-:i--"o,;<i
since ,4 is positivc defi'ite. This gives r]'at a < rl2. Relationship (a.a) isncw equivalent to
(4.4) a(2a - r) + 2(r - ra) > 0

fied for, : o)tsince 2 _ <o > 0. For r : 2 (4.4\
rvhicir is also valid. For r # a, 2 *" t ""! 

'#
f é 0 (,1.4) becomes _2a(r_ ol) + 2 _ ; >õd. If a. > 0 then we have

-2u(r -cù) -f 2-<,t) -2a(r _.) + r _(ù: (r _o)(l _ 2u)>0.
îhus lll < 1 and the.collvergence folrows. rt remains to be proved thatvH(I-rL)v10. tror this r,ve uiu"-"-t?rut v"(I_;[l;-: Ol tfr"r, it will be

vr'l! -rl')v 
- 

o -i,,.i-^. .!-L^/. r vHLvy.v :0 giving tha.t I -, :#:0, or I - rz:0,
whichirnplicsthat I - yot":0and rØ:0. Sinccz l0wchavethat g:0
ilå.i.":rY?T:', llrZ tlz or equivalcntty 2a 

= 
í *rrï"1, is not possible

Ren ar uNc, lg7l, p. 113) and,2.1 of thispaper \\r.j can of the oo*'r',"irrJ¿ to, 0 ¿; ¿^2and 0 < s 5! ho*".r"i dì".-"ït"îrr"lude the caser : 2. So the ent section i; ;;;"-'general.

5. L,and M-Matrices
'Ì'Hr1oR¡)M l. Let A be .n L-nt,*tvix. Tken the ¿,op ntethod conuerges foratt 0 1 r s t and.o < s 1 t, wlter:,e, : ^¡iï¡ à;d;;ti ij"ii, ¡nrobi metkod.conueyges (p(B) <1, Ìì:L+U).

rf i've combine the theorem above with the theorem of section 4(He?¡rnr*os, t97B) we conclude the followìr1g--ãìã^-iËrr"r"r theoremfol Z-matrices.

_ THBoREUT 2. Let A be øn L-ntøtrix. Then the ¡lo¡- metho,
"t '-!;"?-r;;d ó' { o s f. i/ øn"l ontv if the Jacobi },,i:"i";1"í2/r2:(p(B) < 1).

,lHËoREM 3. Let A be øn L-matrix.Tlteneøc/,t,of tke follou'íng statements

is equiualent to tlte otloer tao'

51. Tloe Jacob'i m,etlood' conaeî'ges'

52. Tlt'e sott melhod comuerges for 0 1r 3 1'

SsThexo:nnt,ellncl co?tnerges for 03v31 øncl 0{o < 1'

proof . From lsllwe can easiiy go to ls2landlsSlby using theorelr 5.2

above. By theorems 5.1 (a) (vouNc, p. 120) and 5.2 of this papef /s2l impli-

"ulSllandlSSl. 
Finally ls3liraplies lSt¡ioL y :0, r,¡ : 1 andlS2l_for cù:1/.

THÐOREI,I 4. Let A be atø L-tncLtrix. Tkcn', tlte ¡,Op' ntetltod' conaarges

foy 01r< ' and'0{sl1i,f øttd,ontyif Aisøto M-nt'øt'r'íx'
" I J-p(¿)

Proof .If ,4 is an l[-matrix then b]'thcorem T'2 (vouNc, p',43) we have
p(B) < 1'and by theorem S.g (vouNc, p. 126) we conclude that the so¡.

rnethod. convergcs for 0 { , < : ^. I{ence by theorem 2.1 of this paper
l lp(a)

the aon method conveïges for 0 < , < 7: ^ancl 0{s( 1. Conversely,
1 t- p(¡)

if the aon method converges for 0 <r <=: ^ and 0 < s S 1 this im-
1t p(B)

plies that the son method (, : 1) converges for 0 < / < ==' 
If we

I Ì p(¡)

assume that p(B) 2 1 th.en -: ^ ll and by theorem 5.1 (c)(vouNc, p'- 1 l- p(B)

121) we have that the son method does not collverge.lo.r any value of r
sucÍr that 0 < y < 1 which is not true. Thus we ha-ve p(B) < l. ancl there-
lore A is an M-matrix according to th'eorem 7.2. (vouxc, p' 43)'

THE6REM 5. Let A be ctn M-matrix. Then tlte .p,ott nt'etkod' conuerges for
0 31 3l ønd,0{o¡ I lønd' ølso for 1<r<-}- ønd' 0<cosr'

I I, p(B)

Proof : 'lhe proof follows by Theorems 5.2 and- 5'4'

6. Nurnerical examPles

The following examples ensúfe the validity of all theorems-pr-esented
asymptotical superiority of the a.on
e.'Ilo^r this, u'e-worked out specific

pectral radii of the corresponding
. We hav", to the Parameters r and

,3"r'""åni$lî".?"îi'iu#x:åîÍi?i'i
papef give only sufficient conditions for.the convefgence of the .q.on method
ä"ã ttõt n"""ssury ones as well while in addition lo tlnat the theorem of
r<uft"" states ttai it the son method converges, then it must be 01o<2.
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using the uNn¡ac 1106 Coinputer of the univer-sity of salonica and.

rvith a mãximurn permissible relative error E : 10-4, in finding the spectral
radii, we havc found that :

i) In thc ca.se rvhere ,4 is the following irreducible with rveak diagonal
dominance matrix

I r 0.5 -o.2slt:l o.o I 0.2 1,

[-os os 1 ]

the optimum spectral radius of eon method has been found lor v : 1'26,
. : i.t8 and is Qopt(L,,,) x 0.272 while the optimum spectral radius of
soR method is gir.ón for c,¡ : 1.24 and is p"n¡(2,, 

") 
x 0.327 '

ii) In the cãse where .4 is the following positive definite (real) matrix

I I 0.4 0.4-l,t,lA:10.4 1 0.61,

Lo.4 0.6 1 |

it has been found t:nat popt(Lt,")È 0.196 for r:7.03 and <o : 1'23 while
popt(2., 

^) 
x 0'282 for co : 1.08.' - 'iii) În the case where A is'che following L-mattix with p(B) ( 1, that

is, ,4 is ar M-rr'afuix

[1 -0.5 o]A:l o 1 -o.sl,L-o.s o I i

voI

WOI]FGANG W. BRECKNER
(Cluj-Napoca)

Popt
1.00

(L,,.)x 0.302 for z:1.18, <¡:0.90 and pont(l",,) :0.354

7' Final rernarks

As has been seen from the nurletical examples \ve gave in the previous
section, it is ahvays popt(L,,.) ( pont(I.,^), Llnzt is, the ¡op method con-
vefges faster tharrthe cbìrespondini soir one. This simply suggests that the
aon" method should be used in the place of the son rnethod'' rvhenever the
latter is used.
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1. Ðie Aussage, dass eine punktr, eise beschränkte Menge_ von stetigen
linearen Abbilduãgen eines rðellen oder komplexen Banach-Raumes ín
einen normierten li"itt"at"o Raum über demselbén Zahlkörper gleíchmässig
beschränkt ist, stellt eines der fund.arnentalen Prinzipien der Funktional-
analysis dar und wud Pr'inzí,þ cler gleicl'tmd.ssí,gen Beschrr)nktloe'it genannt.
Dieses Prinzip besitzt viele Anw Ldungsmögl es z11t

Konvergenzuitersuchung von Fo en stetiger heratl,
so ergibi sich der folgenãe Satz uon Banack--St pproxi-
mationstheorie häufig bentlzt wird :

Eine Fol'ge (f ,,)n-N aon stet'igen Lineøren Funht'ionølen, d"ie auf e'inent'

er Ë Ban s'ind, lt'onuergiert genøu

I¿twe ein s n'al f , d'øs auf X erlt'kirt
d'ie bei,d' sind' :

(i) fär al,le x øus e,iner i.n x d,ichten Teilmenge xo aom x ist dlie Folge
(f^(x)),,. * h,onaergent ;

(ir) d,i,e Folge (llÍ,,10,=* 'ist bescløvri'nht.

Wir kennen es PrinziPs der
gleichmässigen B Banach-Stein-
ñaus. So wi"rd. in bemerkt, dass
das Prinzip der g , Folgerung des

aus der kdnvexJn Analysis bekannten Satzes über die Stetigkeit einer auf


