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1. IntroduetÍon. The aim of thi
v/ritten in FORTRAN - IV for the
ture formula. This FORTRAN algo
Drosram which furnishes us the
ät ítt" roots of the I,egendre PolY
ttary.

If N is a fixed natlutal number let us denote by x¡' i : l' 2' " ''
N, -l1x¡¡< ".-¿-;; .2ryra *1, the roots of the legendre polyno-

äi"f Þ"-*íìi"tt *"y ¡ó ¿etiieA by the recursion relation

Po(x) :1, P1@) : x

P¡(*) :2J1 5P'-'(*) - it! n'-ú*)'

For an integrable function Í: lo, å]-+R the
may be written as

:j :2,3, ..., N.

Gauss-Legendre formula

(1)
9rv
\rø o* :o+Ð-,,, W +b+ *r) + nu)

where cL, . . .¡ c¡¡ ànr- the Christoffel weights defined as

2

(, - r?)lr'-(,r)l''
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(íä) Pour /e 9(l*, O, g(y)), l'aþþlicøtion E.* v(E), v(E) : l/Un,
E

est une (nesure multiuoque sur &.

En suþþosønt que ¡t est o-ad'd,itiae, on øuvø lø o-a.d'd'itiuité d,e v swr ß.

(ív) Powr f e E(lu, O, e(Ð) ; lim v(E) : Q

""b.
Demonstration. I.e résultat découle sans difficulté du théoreme I et

de la définition de la O -l* -intégrale.
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î1d_ 
R(/) : R(f ; lø, b^1,'!!) is_the remaind.er. It is known that if / be-l^o"g? to the qp"g." C(1*¡lo,_Q) then there exists at least a poiät 0,

0 e la, ó l, snch that (see [S], l5l).

(2) R(/) : (b:=o)"*-,*t 
¡zw¡-zf(2vtß).\r/ 2N+1 l¡¡/ lzlu¡t

. Thg simplest composite formula is generated by repeated applica-tion of the 
, euadrature formula (1) ai each subinteival Lao,'ào+rl,&i:a+;(b-o), i:l,2,...,L. l,"t us denote

t , :+, h¿: a | (2i - t)H, r:[iJ,
T,oU) :.f (h¡ I Hxo) * f (h, _ H*u).

rn terms of L, the.number-of apprications of the formula (1), and ø anð.b, tlne integration limits, the cõmposite formula is
b

(3) \tøl u-: a 
[,1r,'¡ t,tø,t +f ,oå r,,,t,] i Rn,r(f)

where

I

0

e2N-t ¡!ll4[\-2
-wnl* )
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In the following we find' the remainder R¡v,¿ on the space of conti-

,roo.rr-forr"tions. Tñe following notation is used:

eo(t) : fi, h :0, 1, " ',
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Q,,.(t):lt-xl*r:
(t - x)*

0

i,ft>x.
ift<x,

I

I

l

I

2. The remainder R.", 
". If f e^Ctzwtlø, bl then from (t) _ (2) itfollows that there are thê point! 0r, . . .,' 0"', 0o e lø¡, ø¿¡11, ,o"t it ot

Rnr',^', QH\?N+| l2N'(n : ffi (';l" #,¡f/'"' {on)

Using the inequalities

4il -l2n\ - 4t,

ffitl"l'- ^l 
*n+b,

one proves the following

_I,,emma 1. cr) I"f Í=C(zN) lø, bl
suck thø.t

(4) R*,,(f) : (?:!!'**' r!2N+t tr¡,¡

b) For f e CQut fø, bl we høae

þ1, 22, . . ., z,', Í1 - denotes the divided difference at the knots

z¡,i:1,2, "',n'
I,et us consider a bound linear functional R:Cla' -Al-lR' Ii. {or

eac1. k e CØ+t\lo, Ui tft"i" 
-å"l.ts 

a point g : 0(ø) e fø, bl for which

RUr\ : l¿t¿+rl(o) R(en+t), R(e,,¡1) 10,\ / (ntl)l

then we say that R has a simþle f-o1m 9n the sþøce ç@'tt)lø' bl'-The func-

tional R has u ,¿*îit" for* ;; b¡o, u1 if- foi each./ e C(ø' ól .there is

;;;.ì"tt b; .. , 0;;r'oi ãistitt"t"poinis frorn [a' bl such that

R(/) : R(e'+t)' [0t' 0" " '' Ê*+zi ff'

R:Cla,ó'l *R øs a bounded l'ineøv functional ahich

Itøs ià tlì""iütpotì Cø*'¡ la,bl then R høs ø sincþle form
on t Cla', b).

Proof .If R verifies the prescribeb hypothesis then

(5) R(tr) :0 for l¿ :0' 1' '''' %'

According to Peano (see [1], theorem 3'7'1) the equalities (5) imply that

htn+tt 1*¡^rx) d,x, Jt, e C@+t) lø, bf ,

where

K(x) : ),R,(1, - xl\): *,R(Q-,.)'

the continuity of K on la, å] implies that the function

frfit Xñ

h¡(x) :JJ . \ lx{*,*,) -lK(xut)lldx,dx''' 'dxn+'' x elø'b)'

verifies

h,o e CØ+r\lø, b7, ht"+tt1*1 : R(ù - lI{(x)l'

2Mir N-
c(N) :

iÍ N-2M*7

(6) R(tn) :
l)

Bq.:-,
o

U:!,%)2,

then theye ex'ists 0, 0 c- La, bl,

)'
L, /(2N) (0)

(2N)!

N>2,tR',, (/) t . ;ñ (i)*.' trÍp$n,

uhere ll 'll d,enotes the un,iform norm
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Without loss of generality, say R(e,11) ¡ 0. From the behaviour of the
functional R on the space çØ+r)la,å] it follows that there is a point
0 on [ø, å] such that

R(hò: t¡((o) - lK(o)ll l('i*,1), = 
o."- (n J t)t

On the other hand, from (6)

bl)

R(åo) : \rx,øl - K(x)tK(x)tf dx: |\txøl - tK(*)l), dø > 0.

Therefore R(ho) : 0, i.e.

b

\"v<øl - lK(x)l)z d'x - o

or K(x) : ¡K(x)1, x e la, bl. In conclusion, K is non-negative on lø, b).
Therefore, the bounded linear functional R:Clø, ö]--+R has the pro-
perties

i) R(øo) : 0 lor k, : 0, l, . . ., Ø, R(e,a1) ; 0,

ii) R(Q",.) 2 for x e la, b).

An earlier result by r. rorovrcru ([7], theorem 12) asserts that in this
case R has a simple form on the space Cla, bl. This completes the proof
(see also l4l).

The equality (4) enables us to assert that Rvt'. Clø, bf*R which
is a bounded linear functional ([3]), has a simple form on the subspace
çQ$fa, ó]. F'rom the above theorem we conclude with the following:

THEoREM 3 If .f '. la, bf*fl 'is continuous on fa, bl then there is
a system 0r, 0r, .,., 0r,v+, of dist'inct þoints from la, b) suclt, that

Rw,,(Í) : L. -g!t:: f 
2-{l-'. 

[0,, 0,, ..., oz,v+, i.r].2BN1_r\N/

3. The roots of the Legendre polynomial
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l[oreover I¡l) Ir: Ø, i + i' In older to find the roots xr, " ', %¡¡ wE

have usecl the so-calied ,,iquare-root iteratiou method" ([6]), namely

ør(o): 
"o, ffi", xlo) e I¡, | . i. M,

xtÐ : F(xlh-l)), h : 1, 2, ...,
rvhere

PN (")Í-(x): x -
(x)

Pn (x) 1-

- I i¡ 4i-L Il¡:lCoS:, cos-æl" \ N+r 4N+2 l
IL xr, -1 < x¡¡ { ... 1xz < xr < f 1, are the roots of the I,egendre
polynomial P", then it is known that (see igl)

An iteratiott x\ho\ was considered as a,,good approximatiorr" of the root

x¡ iÎ olre of ihe follorving inequalities

l*f, - xjn"-t l< 10 18,lP*¡x1n"t)l . tU-'0, A0 > 10.

was ve¡ified. This iteration method was tested for N:2,200,1 , We note
that the first inequality was satisfied for åo : 3' on the other hand' for
all values of N

lPr(rje))l < 10-15, i : l, 2, ..., M.

By means of these approximative valt es of the roots there are deterrnined,

the correspondíng Õhristoffel weights c¡. Let us denote

srv(å) : t -rtltlot' - f ir,)t . ci: R(eþ; [-1, +1], N)'
n -f L i:l

Taking into account that the quadrature formula (1) is exact for all
potv"J*iots of the degree <2N--,1,. in order to test the accuracy of
itt" iterative rnethod, úe have asked if the values SN(2È), h:0, N - 1,

1, ate zero; note that S*(2h - 1) :0 for 1 < h < N' Usiug this preci-
sion criterion it was observed that

ISN(2/¿) < 10-14, h:0, 1, ., ', N - 1'

4, FORTRAN implerneutation. I,et us denote
b

r(Í):\rut a.

G(N, 1., Í) : H. ir(¡¿l i ¡t ,l + D ,rir*Ulf '
L ¡:-:t ¡_-r i-¡ )

The composite quadrature formula (3) furnishes us the approximation

I(f) x G(N, L, f).
In ord.er to evaluate 1(/) we have constructed a subroutinex¡e 17, xN+t-i - -xi, j :7,2, ..', M

l



GAUSSI (F, A, B, N, L, BPS, X, 'W, R, ITER, KOD)

\¡/here the inPut Parameters are :

;rtO. 
integrated

e PolYnomial
aþplications of the Gauss-Legendre

of iterative cycles permitted, i'e',
L (final) < ITER

the output Parameters are:
R ' : the final approximative valu-e- for I(f)
x : a vector of d.imension 1 + til which contains the non-

'l2l
ts X(1) > X(2); 

". 
. >^{({t):f the r,egendre

Noie' that' Ñt : ¡À1721 if N is even and
N l2l lot i odd.

rrr d'imËnsion 1 + l-N/21 which irrcludes the Chris-vv 
eis W(f : : c¿'cJrresponding to X(I)

KOD : an ettor cod'e, KOD e {0, U'
The program was compiled- and executed on a FET'IX C-256 computer

;;i;g,'d;îbï" pr""irior-ä.itht""ti". The principal steps of this FORTRAN

algorithn are:
1) Test if N > 3. If this is false then N 

" 
: 4;

ií &::,kbï íinÞS < to-', rf these inequalities are not satisfied',
' then EPS: : l0 -B 

i' tion RINIT for I(f)' More precisely

roots X(7), X(2), 
'. 

., X({1) --ol
e11 as the 'corresþonding Christoffel

Nl):
R'of the integral 1(/). This means

ciselY check for

=SI*'t$\Jf,k
ethod: when the accuracY criterion
11 2L < ITER: if this is true then

RBTURN. Note that Z m
in the following we shall de
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program listing is the following:

SUB ROUTINE GAUS S 1 (F, A, B,N,L,ËP S, X,W, R,I,IËR' KOD)
::::::-:::::::

PIIRPOSE:
THEAPPROXII4ATIVEINTËGRATIONoF.AI.UNCTION
F ON AN INTERVAI, (A,B)

MËTHOD :*- ^GAUS'S -r,nCnnnRË QUADRAîURË FORMUT-',A

USAGE:
CAI-,L GAUSSl (F.,A,B,N,T,,EPS,X,W,R,ITER,KOD)

DESCRIPTION OË PARAMETERS :

F. - THÊ F'UNCTION WHICH IS INîËGRATED

A,B - ENDPOINTS OF' THË INîERVAL OF INTE-
GRATION

N - THË DÊGREË OF THË LÉGENDRE POLV-

L
NOMIAL

- NUMBER OF EQUIDISTANT SUBINîERVALS
FROM (A,B)

- A îOI,ËRANCË VAT,UE

- vÐcToR oF DTMENSTON 1+N/2-WHrcH coN-
iÃñS lrrn NoN-NEGArrvÉ RooTS oF Tr{É

HICH
BERS
THË

INTEGRAI,

- THD MAXIMUIU NUMBT)R OF ITËRATIVÉ

D :0 MEANS THAT - '
1ÉS1 IS VERIFIËD.

OTHERWISE, KOD : 1'

INPUT PARAMETËNS : F,A,B,N,L,ËPS,ITER
OUTPUT PARAMETËNS : X,W,R,KOD

7
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The

c
c
c
c
c
U
c
c
U

c
c
c
c
c

c

c

c
c

c
c
c
c
c
c
U

c
c
c
c
c
c
c
c
c
c

ËPS
X

w

R

ITER

KOI)

REMARKS :

(1) L rs DÐsTRovÐD DURTNG COMPUTAIrON

izi e nBcLARArroN ÉxTÉRNAr, F MUsT-qq-usËDt-' riB¡'õnË--cÃl,f GAUssl (Ë, A, B, N, r', EPs' x' w'' R'

ITÐR, KOD)
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GO TO 99
KOD:1
f f lot1 

- 
JJIL

rF(N-Nì{) 401,500,401: FINDING 'IHE TRUE WEIGIIT W(M]-1)
w(Nr,r) : 2..k w(NM)
RETURN
END
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57f (x):(o jidãJ[i-.:11';'-J'*,(íì¿i":r,,l'¡ï";i'i"Lfr P*"'ã

denote' oi'' "{ irtã "-Út 
fegendte polynomial'

Resutts, t) 
H'î T,õr%Iurt.ã tfi 

I?f ;rl;

\64t7F. -01
IU) :'118281590606678'''E-01 : 65v5/12288'

5.8. f(ø) : (1 - x'- log"x)l((l - r) '1og x)' a' :0' b : l' r'IER :
- - : !OOO, ¿: 1400.

Results: 1) \Ãrith ¡¿ : 10'^ P!' R: '5772156553617
2) For N :50' !)' R- '5772756641

I(r) : .577215664
constant'

5.9. f(x) -log"2 + ßrr, +..rr)rltr' 
a':0' b: rl4' ITËR:400'

Ëps 
j]b_'e; Ñ : 7: r2oo.

Resutts; R: - 
\'u v' 1 

ffiirfl1å'f3;32':53"":tr(
1a

5.10. f(ø) -'- 9728 'Pn(r) (1.2! -^x)-o5' tt' - -l ' b - l' ITËR:4000'
v'¡-"'r\ / ÊPs:'1D-8'

10 11

96

99
c

40r
500

5" Numelical cxamples-. 'l'he above algorithm was programmed and
examples_ were computed for several func-tions. îhe compîtations wåi-e
done in double precision,

5,1. f(x): x I.I_ sin^þ^ø), .&.:0, b: l, N:10, L: l2B,
ITEI{:1OOO, EPS : .7D-I4,

Reswlts.' R : .25000000C000000È-+01, I,FINAL:5l2, KOD: 1
I U) : .2500000000000008+01.

5.2. f(x) 
=_1_-+ 

,,,-! -0, b : t, N :4, L:40, ITER: 500,
EPS : .1Ð-5.

Results.. R : .271B2B1B2B4S90SE+01, I,F.INAI,:160, KOD : 0
l0 :.2718281828459045. ..E!0r : e.

5.3. f(x) *V(l I x),. a: l, b :0, N: S, L:20, IIIIR: S00,
ÐPS : .tD-7.

Reswlts.' R: -.6931471805599458+00, LFINAI,: 160, KOD :0
l(f) : -,6931471805599453. . .EJ-00 : - tos"2.

5.a. f@) :6J2" (sin x)ctz, a : 0, b : æ12, ITER:4000, EpS:: .lD-7.
Results.' 1) \Ã/ith N :4, L:200

R : . 13 1 450 47 20587 57 E + 02, I,FINAI, : 400, I(OD : Q;2) wittl N:5, L:400
R : . 1 3 1 450 47 20634188 + 02, I,FINAI, : 400, KOD : 0 ;3) f,f N : 44, L :200, then
R : . 1 3 1 450 47 20659688 * 02, l,¡'tn AI, : 200, KOD : 0 ;4) For -ð/ : 100, I : 100 one finds
R : . 1 3 1 450 47 20659698 + 02, LI'INAI, : 1 00, T(OD : Q ;
r(fl : .tsr450472065e6e ...8-t02: [t(;)l'5.5. f(x) : % . ar-ctgx, a : l, b :0, ly' : 15, ¿:iOi -îîEp:SO,

ÞPS: .1D-8,
Resul.ts.' R - -.2853981633974488 j-00, LI.INAI.: }, KOD:OI(fl : --28539j1163æ7448.. .E+00 : 0.5 - arctg(1,)

5.6. f(x): x.log)x, û:1, ó:2, rTER:300, ÐpS: .lD-7.
Reswlts.' 1) With N:200, L:20, we obtain

R:.63629436111 8928+00, I,FINAL:2O, KOD:O ;2) If ¡/ : 150, L :256, then
R : .63629 436 I 1 I ggg2E + 00, Lr.rN AT,, : 256, KOD : 0,
I (f) : .6362e4361r1989061884. . . E+00.

Results: 1) If N: B' l-:^1O00' then
R : .2000000000000i8óî+or, KOD:0' T'FTNAL:

: 2000;

,, 
ä"1,)ra3¿oioñotto,%"îõ,,t'Tååo:0, r,FrNaL: .

: 2000,
r (f) : .2000000000000000,E -l-01'

to 14 figures or more'
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THE EXîENSION OF STARSHAPED BOUNDED

LIPSCHITZ FUNCTIONS
by

c. MUSTÀTA

1. Let X be a normed space and' Y a nonvoid subset of X' The

set Y is called' størskøþed' l(with respãct to 0 e X)--il ø'^t e Y for all

ø e [0, 1] and y ;'i".-i-;eâl functioti'iá"ti""¿ ."'V is cá[ed sta'rsha'-

þed' iL

(1.1) l@ù < ol9)'

for all ø e [0, 1] and y =Y'Fr-on-r (1'1) followt /(0) <.0' In the follo-

wing we consider åärv'.1ãrtr.p"ã lìà"tiåns vatrisîìng at 0. Y will de-

notð always a starshaPcd set'

Afunctionf:Y*Riscalled|ipschitzonYifthereexistsK>0
such that

(r.2) lÍ@) -f9)l = 
K'llx-Yll'

for all x, y eY
functions on Y

Denote by I-,ipoY
on X)

(I,ipoX)
vanishing

the space of a1l l,ipschitz

v at0 e v c x (t5l) and

by Bl,ipo Y
(respectively

(1.3)

(1.4)

their subspaces formed of bounded functions on Y

on Denote also

BSy: {Ítf =BI,iPoY, f, is starshøþed'\'

BSx: {F:F e BLiPo X, F 'is størsh'øþed'\
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