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1. Let X be a normed

by
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space and Y a nonvoid subset of X. The

set Y is called starshaped l(with respect to 0 X)) if ay e for all
« [0, 1]andy e Y. A real function f defined on Y is called starsha-

ped if
(1.1)

flwy) < of(y),

for all @ e [0, 1] and ¥ Y. From (1.1) follows f(6) < 0. In the follo-
wing we consider only starshaped functions vanishing at 6. Y will de-

note always a starshaped sef.

A function f: Y — R is called Lipschitz on Y if there exists K=>0

such that

(1.2) If(x) — fy)) < K - |lx — I,

for all x, y « Y. Denote by
functions on Y (respectively

Lip,Y (Lip,X) the space of all Lipschitz
on X) vanishing at 6 e ¥ C X ([5]) and

by BLip, Y (BLip,X) their subspaces formed of bounded functions on Y
(respectively on X). Denote also

(1.3) BS, = {f: f e BLip,Y, [, is starshaped},

(1.4) BS, — (F: F

e BLip, X, F is starshaped}.
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The sets BS, and BS; are convex cones in BLip,Y and in BLip,X,
respectively, ie. f4 g and Af are in BS, (in BSy) for all f, g in BS,
(in BSy) and A = 0.

For f e BS, (f « Blip,Y) put

1.5) flle = sup {If(y1) — Fy)l/lly2s — 3all: 91, ¥2 € ¥, 1 # 35}
the Lipschitz norm of f, and
(1.6) Iflle = sup {|f()]:y = Y},

the wumniform norm of f.

For F = BLip,X, the Lipschitz and the uniform norms are defined
similarly.

2. It is well known (see e.g. [4]) that a Lipschitz function f defi-
ned on a nonvoid subset Y of a metric space X has a norm preserving
Lipschitz extension F on X, ie. F|, = f and HEle = |Ifllg- In [1] it was
shown that if YV is a nonvoid convex subset of a normed space X, then
every convex Lipschitz function on Y has a convex norm preserving
Lipschitz extension F on X. In a similar result was established for star-
shaped Lipschitz function [7].

This Note is concerned with the problem of extension of bounded
starshaped Lipschitz functions, i.e. for fe BSy find F e BS, such that
Fly =f, I1Flla = ||fll; and [[F|lo = ||f]lw. The function F iscalled briefly
an extension of f. We consider the problem of existence and unicity of

such an extension.

Remark, that similar problem for bounded convex Lipschitz functions
has a trivial answer: if Y is a convex subset of X, such that 0 =Y,
then the nul function is the only bounded convex (Lipschitz) function
on Y which has a bounded convex Lipschitz extension on X. This follows
from the fact that the constant functions are only bounded convex func-
tions on X. Indeed, if F: X — R is a nonconstant convex function, then
there exist two points x,, %, « X such that F(xo) # F(x,), say F(x,) <
< F(x;). But then, since the function ¢: (0, ©) — R, defined by

(p(t) — Flxg 4t —t ¥o)) — F(x,)

, 2> 0

is nondecreasing (see [2] p. 17), it follows that

F(xg + tw — x0)) — F(

t “ > F(xy) — F(xg) >0,

so that F(x, 4- t(x; — o)) > F(x,) 4 ¢[F(x;) — F(x,)], for all ¢ > 1,
which shows that the function FF is unbounded.
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2a. The existence of extension. In Theorem 1 below will be shown
that under some suplementary hypotheses on the function f = BS, there
exists an extension ' « BS; of f.

Firstly, we prove two lemmas.

LEMMA 1. Let X be a real normed space ami f a starshaped fumtion_ on
X. Then, for every xe X, x # 0, the function ¥ : (0, ©) — R, defined

by
2.1) V() = f(tx)ft, £ >0
1s nondecreasing.
Proof. For 0 <t <t, and a fixed x « X, ¥ # 0, we have

fm) _ f(ft)ty) o Gift)f(ty)  flt)

21 b b 4

Now, for a function f: X — R define, as usually, the epigraph of f,
by

(2.2) epi f={(», «) € X X R:f(x) < a}.
LEMMA 2. A function f:X— R, f(0) =0, is starshaped +f and only
if its epigraph is starshaped.

Proof. If f is starshaped, f(0)=0, and (¥, «) < epif, then for every
A e [0, 1], f(Ax) < M(¥) < Aa, so that A, «) = (A%, Aa) < epif. Con-
versely, if epifis starshaped then (x, f(x)) = epifimplies (Ax, M(x)) «
e epif, ie. f(hx) < Af(x), for all A [0, 1].

THEOREM 1. Let X be a normed space, Y a stavshaped subset of X,
0 eV, and f = BSy. Then, there exists I = BSy such that

(@) Fly =1
() e = [1flla
(i) [[Fllo = [Ifllew,
if and only if f(y) <0, for all y 2 Y.
Proof. Tet f « BS, and suppose f < 0 on Y. Define G: X — R by

(2.3) Glx) = inf [£(9) + Iflle 1% = 11,

The function G defined by (2.3) is starshaped and satisfies G|, = f,
[1GHa = [I/lls (see [7]).

Let
JO if G(x) > 0,

@4 W) =16t i cw <o,

-
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Since G|y =f <0, it follows F|, =f and ||F||;=||f|ls+ Obviously
1Fllo = |[fllo. If ¥ € X is such that G(x) < 0, then

0 2 F(x) = G(x) 2 f(y) + Iflla - llx — 21l = f(3),
sothat0 < —F(x) < —f(y),forally e Y. Therefore [|F||o = inf (—F(x)) <
cx

< Ifllo and ||F]| = ||f]|. Since the epigraph of F is starshaped, by Lemma
2, I is starshaped. Consequently, I’ is the required extension of f.

Suppose now, that there exists y, « Y such that f(y,) > 0, and
let F be a starshaped extension of f. By Lemma 1

0 <f(yo) = F(yo) < (Fltyo) /%),

so that F(ty,) = tf(y,), for all £ > 1, which shows that the function I
is unbounded. Therefore f has no bounded strashaped extension, which
ends the proof of Theorem 1.

Let
BSy = {f € BS,:f <0},
BSy ={F « BS;: F <0}
By Theorem 1 follows:

(2.5)

COROLLARY 1. Every function f = BSy has an extension IF = BSx.

2b. The unicity of extension. By Theorem 1 and Corollary 1, every
nonpositive bounded starshaped function, defined on a starshaped subset
Y of a normed space X, has a nonpositive bounded starshaped extension
to whole X. Furthemore, these are the only bounded starshaped function
on Y admitting bounded starshaped Lipschitz extension on X.

FEquiped with the norms

Iflly = max (|Iflle [Iflle), f= BLip, ¥
[|F|ly = max ([|Flls [IFllo), I e BLip, X

BLip,Y and BLip,X become Banach spaces (see [3]). Let H = BSx —
— BSx the subspace of BLip,X generated by the convex cone BSyx and

Yi={g=H:gy=0}

the anihilator of the set Y in H. Obviously, Yl is a subspace of H.
A subset Z of a normed space X is called proximinal for W C X if for
every f = W there exists g,  Z, such that

(2.7) |f — gl =d(f, Z) =inf {||f — gl|: g = Z}.

If for every f « W the element g, e Z satisfying (2.7) is unique then
the set Z is called Chebyshevian for W. An element g, e Z satisfying
(2.7) is called an element of best approximation of f by elements of Z.

(2.6)
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rEROREM 2. YL is a Chebyshevian subsapce for BSx if and only if,
every f = BSy has a umique (preserving the uniform and Lipschitz norms)
extenston I in BSx.

Proof. Follows from Theorem 1 in [6].

Remark. Observe that Theorem 2 remains true if the spaces BLip,Y
and BLip,X are equiped with the norms

28)  Iflls = flla + 1fllw, Jfor fe BLipY (vespectively BLipoX)

Theorem 2 is analogous with a theorem of prrLPS [8], in the linear
case.

3. Now, we try to find conditions on the function f ensuring the
unicity of the extension.

Consider, firstly, the case X = R with the usual norm |-| (the abso-
lute value).

THEOREM 3. Let Y=1[a, bJCR, a <0< b. A function f = BSy
has a unique extension F < BSk if and only if f(a) = f(b),= 0.

Proof. Suppose that fe BSy thas two distinet extensions Fy, F, in
BSZ. Let x e RN [a, b] be such that Fy(x) # Fy(x), say F,(x) < Fy(x) <0.
Suppose #x > b. The function F, being starshaped it follows

F,(Mx) < AFy(x) <O,

for all A e (0, 1]. In particular, since b = X2 for X = (0, 1), it follows
f(B) = F,(b) < 0. If x < a, then a = A%, for a A, (0, 1), and similarly,
fla) = Fy(a) < 0. - |

Conversely, we shall show that if f < BSy is such that fla) <0
or f(b) <0, then f has at least two distinct extensions F; and F, in
BSE. If f(b) <O, then

f(=), ¥ e [0, b]
Fy(x) =3 £(b) + lIfllalx — b), x = (b, b —F@O)(|If11)7]
0, % e (=0, a) U (®—f) - (Iflla7" +o)
and
f(#) , # « [0, D]

(f() /B)%, % = (b, (—IIflleo,/ f(0))D)
—lIfllo » % & [=(Ifllo,/f(0)], +o0)
0 , ¥ e (—o0, a)
are two distinct extensions of f, i.e. Fy # F,, Fify = Foly =/, WElle =
= |Falla =1fllar IF1lle = [Fallec = [If]leo-
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Iy(x) # Fy(x) for all x > max {b — f(8) - (II/l)7*; —Il/ll - (f(0)7.
If fla) < 0, then two distinet extensions F;, F,, may be given, in
a similar way,

Remark. The hypothesis ¢ << 0 < b in Theorem 3 is essential as it
is shown by the following example. Take Y = [0, b], b >0 or Y =
= [a, 0], a << 0. Then every f < BSy has an infinite set of extensions
in BSk. For exemple, if ¥ = [0, 5] and f = BSy is such that f(0) = 0,
f(8) = 0, then

f(x) ’ ¥ e [O) b]:

0 , % (0, 40)

llex 5 % e (=N fllo - (/a7 0)
— M| fllws # & (—o0, =M/l (/1))

is an extension of f for every A < [0, 1].

—_—
Consider now the general case. For ¥ = X, x % 0, the ray 0x is defi-
ned by

Fy(x) =

—>
Ox = {ox: a = 0}.

If the set Y is starshaped and y « Y, y # 0, then 6_y>c Y or 6_y>ﬂ Y
is a segment. In the second case put

oy, ='sup {a:ay e Y},

and 2, = «, - y. The set {z,:y e Y} is called ‘the algebric starshapes boun-
dary of Y and is denoted by FgY.

Evidently, every zeF¢Y is a limit point of Y, ie. Y [JFY CY.
Since every f < BS, is uniformly continuous (as ILipschitz) it can be
uniquely extended to Y |J FrjY. Therefore with no restrition of gene-
rality, we can suppose FtY < Y.

THEOREM 4. Let Y be an absorbing starshaped subset of the normed space
X, such that. 3 Y C Y. If f « BSy 4s such that f(z) =0, for all z2<
e B} Y, then f has a unique extension I' = BSx.

Proof. Suppose f e BSy, f(z) =0, for all ze ¥ Y, and suppose
that f has two distinct extensions F;, I, in BSy. Let x « X \Y be
such that Fy(x) # F,(x), say Fi(%) < F,(x) < 0. The set Y being absorbing
and starshaped, there exists A > 0 such that Ax « F¢ Y. But then, one
obtains the contradiction

0 = f(Ax) = Fy(ax) < AFy(%) < O.

Theorem 4 is proved.
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