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LIPSCHITZ FUNCTIONS
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c. MUSTÀTA

1. Let X be a normed space and' Y a nonvoid subset of X' The

set Y is called' størskøþed' l(with respãct to 0 e X)--il ø'^t e Y for all

ø e [0, 1] and y ;'i".-i-;eâl functioti'iá"ti""¿ ."'V is cá[ed sta'rsha'-

þed' iL

(1.1) l@ù < ol9)'

for all ø e [0, 1] and y =Y'Fr-on-r (1'1) followt /(0) <.0' In the follo-

wing we consider åärv'.1ãrtr.p"ã lìà"tiåns vatrisîìng at 0. Y will de-

notð always a starshaPcd set'

Afunctionf:Y*Riscalled|ipschitzonYifthereexistsK>0
such that

(r.2) lÍ@) -f9)l = 
K'llx-Yll'

for all x, y eY
functions on Y

Denote by I-,ipoY
on X)

(I,ipoX)
vanishing

the space of a1l l,ipschitz

v at0 e v c x (t5l) and

by Bl,ipo Y
(respectively

(1.3)

(1.4)

their subspaces formed of bounded functions on Y

on Denote also

BSy: {Ítf =BI,iPoY, f, is starshøþed'\'

BSx: {F:F e BLiPo X, F 'is størsh'øþed'\
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The sets pS" 1nd BS* pre-convex co_nes.in BT,ipoy and in BI_,ipoX,respcctivelv, i.e. f -|g arìd À/ are irr Bso (in BS"i ior all ¿ ti"ïS;(in BSr) and À > 0: "

For / e BS" (.f = Bl,ipoy) put

1.5) llÍllo: sup {l.fþ,) -f(t,òlllly,- y"ll: y,., lz =y, lt # y,}
t1ae L'iþscloitz norm of f, and

(1.6) ii.fll- : sup {l/þ)l: y e y},

tlae wniform norm of f.
. ..Fo.r F e Br,ipox, the r'ipschitz and the uniform norms are defined

slmllarly.
2. It is well known (see e.g.

ned on a nonvoid subset V of Jm
I,ipschitz extension -F on X, i.e. Fl,,
shown that if Y is a nonvoicl 

"otr.rLevery convex I,ipschitz function
I,ipschitz extension F on X. In a s
shaped fipschitz function 17l.

This Note is concerned with the problem of extension of bounded.
starshaped_r'ipschitz functions, i.e. for lq Bs" find F e Bs¡ ;";h--;útFlo: Í, lllllo:llÍl]a-and llFll*: ll/ll;. The'functio" Þ isË"t1"¿ tti"iiïan.extension of. f. we considér the"problern of existence ana urricity-o'r
such an extension.

. Remark, that similar ploblem for bounded convex rripschitz functionshas a trivial answer : if Y is a convex subset of x, säch tt a¡ o- =-v,then the nul function is _the only bounded- convex (r,ipschitz) tu"Jio"
on Y which has a bounded. convex r"ipschitz extension'ot'x. rrii, follows
from the fact that the constant functîons are only bounáed convex func-tions on.x. rndeed, iÎ F: x * R is a nonco'stant convex function, thenthere exist two.points.x¡, %1eX such that_F(xo) +F(xir),;rtÞir;i << F(*') ""'n"T,;':: ::: ï:ï _ï,:i,;',ì." 

aéii""á rj "'

t

is nondecreasing (see l2l p. l7), it follows that
F(xo * t(x, - xo)) - F(xo), F(xr) _ F(xo) > 0,

t

so ,that ,F(xo l.t(x, , xò) > F(*o) + tlF(xr) - F(xo)1, for afl t > l,whtch shows that the function F is unbounded. -

2a.. The existence of extens'ion In Theorem 1 below will be shown
that under some suplementary hypotheses on the function / e BSo there
exists an extension F e BS" of /.

Firstly, we prove two lemmas.

X,
by

rr4MrvrA t. Let X be ø real normed, sþace and' f ø starshøþed' function on
Tlren, for ettery xe X, x + 0, the function V: (0, -) n R, d,efined'

(2.1) 'P(Ð:f(tx)lt, t>0
,is nond,ecreøsi,ng.

Proof. For 0 <tL<t, and a fixed x e X, x + 0, r,ve have

f(t,x) f((t,lt,)t,x) _ (t,lt,)f(t,x) f(t¿x)
,t:tr-rr:i

Now, for a function f z X --, R define, as usually, tlne eþi'graþlø of f ,
by

(2.2) epi"f :{(x, ") eXxR:f(x) <a}.

I,DMMA z. A function f : X-,R, /(0) :0, 'is starskøþed' if and' only
if i,ts eþi.gra.þlo 'is størskøþed,.

x, a) = epi /, then for every
, ø) : (lø, Àø) = epi/. Con-
e epi/implies ()tx, \f (x)) e
l.
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THEoREM l. Let X be ct normed, sþace, Y ø

0 e Y, ønd f e BSo. Tken, there ex'ists F e BS¡
(Ð Flo:f,
(ii) llFllo: llÍllo,
(iii) llFll*: Il./ll-,

if ønd, only 'if Í(y) < 0, for øl'l' y eY.
Proof. T,etf eBSo and suppose.f <0 on Y. Define G:X-"Rby

(2.8) G(x) : 
i,2l"lf9l * ll/ll, Ilx - yll).

îhe function G clefined by (2.3) is starshaped, and satisfies Glo :¿
llGlla: ll/llo (see [7]).
Let

C. MUSTÄTA
2

Proof . If / is st and (

I e [0, ll, f (t x) < t ],.(x
versely, if epi/is s f@))
e epi/, i.e. f(ì'x) < [0, 1

størshøþed, sotbset of X,
such tJr,a.t

(2.4) F(x): I
I

0 iÍ C(x) > 0,

G(*) if G(x) < 0.
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Since Gl" : f < 0, it follows Fl" : f and llFllo: ll.fllo. Obviously
llFll- > ll/ll-. If % e X is such that G(x) < 0, then

0 > F(ø) : G(x) > f(y) + ll/llo. llx - yll > fU),
sothat0 < -F(r) < -.f(y),1orally e Y,Therefore llFll- : inf (-.F(")) <
< ll/ll- and llFll. : li/ll-. Since the epigraph of F. is starshaped, by Lemma
2, F is starshaped, Consequently, F- is the required extension of /.

Suppose now, that there exists !¡ eY such that f(yr) > 0, and
let F be a starshaped. extension of /. By l,emma 1

0 <Í(yo):F(yo) < @(ty)7t),
so that F(tyo) > tÍ(yo), for all t > L, which shows that the functiorr F
is unbounded. Therefore / has no bounded strashaped extension, which
ends the proof of Theorem 1.

Iret

(2.s)
BSv : {/ = BSy :.f < 0),

BSt:{.FeBSx:F<0}.
By Theorem 1 follows:

coRor,r,ARrr l. Euery function /e BSt kq"s an extens'ion F e BSi
2b. The uni,city of extens'ion. By Theorem I and Corollary 1, every

nonpositive bounded starshaped function, defined on a starshaped subset
Y of a normed space X, has a nonpositive bounded starshaped extension
to whole X. Furthemore, these are the only bounded starshaped function
on Y ad.mitting bounded starshaped Lipschitz extension on X.

Equipecl with the norms

e.6\ ll,fll': max (ll/llr, ll"fll-), /e Bl-,ipo Y

llFllx : max (llFll¿, llFll-), F e Bl'ipo X

BlipoY and BlipoX become Banach spaces (see [3]). Let H : BSt -
- BSt the subspace of BT'ipoX generated by the convex cone BS¡ and

yr:{S=U:Bl":0},
the anihilator of the set Y in H. Obviously, Ya is a subspace oÌ H.
A subset Z of a normed space X is called þroximinal lor W ç X if for
every _f = W there exists Bo e Z, sttch t}rat
(2.7) ll/-e,ll :d(f, z) :inf{ll/- gll:g=z}.
If for every Í = W the element go = Z salisfying (2.7) is unique then
the set Z is- ca1led Ckebyskeuiøn for W. An element 8o eZ satisfying
(2.7) is called an element of best øþþroxirnøtion of / by elemerfts of. Z.
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THËoREM z. Yt is a Chebyslteuian subsøþce for B.St.'/ ø10.( only if,
euey^yt f e BS7 has a unique (þrtsera'ing the uniJorllx cnd Lxpschxtz nor?ns)

extinsion F in BSx.
Proof . Follows from Theorem 1 in [6.]'

Remørh. observe that Theorem 2 remains true if the spaces BI-,ip'Y
and BI,ipoX are equiped with the norms

(2,8) ll,fllr: ll/llo -l- llfll*, Íor f eBLíp¡Y (resþectiuel'y BLipoX)

Theorem 2 is analogous with a theorem of prrEr,ps [B], in the linear

case.
3. Now, we try to find conditions on the function / ensuring the

unicity of the extension'
consid.er, firstly, the case x : R rvith the usual norm l.l (the abso-

lute value).

Tr¡E6REMs. Let Y:lø,blçR, ø<0 .<b.' A^f-unction /eBS7
not ã--1",1,["i extens'ion 11 e ÞSã 

- if ønd' onl'y if f (ø) : Í(b) : 0'

Proof, Suppose that. f= 9S' ihas two distinct extensions \,'4, i!
nS;. iei ø e /å\ lø, bl bi suctr inàt Fr(x) * Fz(x): ?.uY^ fr(x) < Fr(x) <0'

Supposex>b.'IhefunctionFrbeingstarshapedrtfollows
Fr(),ø) < ÀF'(ø) <0,

for all À e (0, 11. In particular, since Ó - \fi for Àu e.(0, 1)' it follows
jqi¡Znrlu¡ Zo.'rr * 2.o,tlnef- a: \o%, for a Àoe (0, 1), and similarlv'

-f(a):Fr(a)<rJ''' ' 
conversely, we shall show tlnrt iÎ ,f .e Bs7 is such lh:at f(ø) <.0

o, ¡(i¡--<0, ih.r, f has at least two diåti'ct extensions F, and F, in'

Bs;. rf f(b) < 0, then

bl

b - f(b)(ll/llr-'l
*, o) l) (b - Í(b)' (ll/ll,)-" -l-*)

and

k-r(x) :
Í(x) , x a [0, b]

(f(b) /b)x, % e (b, (- ll/l l*rt ¡1u¡¡rt¡

-ll/ll- , x é t-(ll/ll*/Í(u))u,+æ)
0 , xe(-at,a)

are two distinct extensions of /, i'e. F1 # Fz, Ftlv:Frlt:f' llFtllu:
: llF,jlo:llÍllr, llF,ll*: llF,ll-: ll,/ll*.

7-Mtthenltica-Revuecl,analysenumériqueeLdethéolie(ìel'apÞloximation'Tome9.n¡.1/1930
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F1@) + F
If f(ø) <

a similar way,

,(x) tor all x > max {b - Í(b) . (ll/llo)-' ; -llÍll* . (/(ó))-1.
0, then two distinct extensions -Fr, Fr, ntay 'be given, in BIBLIOGRAPHY
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Remørh,. The hypothesis ø < 0 < ó in Theorerr 3 is essential as it
is shown by the following example. Take Y : [0, b], b > 0 or Y -: lã, 0f, ø {0. Then every / e BS7 has an infinite set of extensions
in BSã. For exemple, if Y : [0, b] anð, f e BSi is such that f(0) :0,
Í(b) :0, then

=[i;: 
.,,.',,)-,, o)

= (-co, - Àll/ll*(l l/llr-')
is an extension of / for every À e [0, 1], 

__>

Consider now the general case. For % e X, x + 0, the ray 0ø is defi-
ned by

fi:p*: æ>0.).

If the set Y is starshaped. and. ! eY, y + 0, then frf Y or dn O
is a segment. In the second case put

dy : stlP {u: aY = Y},

and. z, : o(y ' y. The set {zu : y e Y} is called the a'lgebr'ic størskøþes boun-
d.øry of Y anð. is denoted by IlY.

Dvidently, every zeÊiY is a limit point of Y, i.e. y UFiyCy.
Since every / e BSy is uniformly contiàuous (as l,ipschitz) it can be
uniquely extended to Y (,1 FriY. therefore with no restrition of gene-
rality, we can suppose FiY c Y.

THÐoREn{ 4. Let Y be øn absorbini størskøþed' subset of the normed' sþøce
X, such that. Fi Y CY. If Í = BS7 ¿s suclø tloøt Í(r):0, for all ze
e Fì Y, then f loøs ø unique extension F e BSt'.

Proof . Suppose / e BSv, Í(r) :0, for a7I z eFlY, and suppose
lJnat f has two distinct extensions Fr, F, in BS7. I,et x e X \ Y be
such that Fr(x) * Fr(*), say F'(x) < Fr(x) < 0. The set Y being absorbing
and starshaped, there exists À > 0 such that À.r e F: Y. But then, one
obtains the contradiction

0 : f(xx) : FtQ,x) < lFr(ø) < 0.

Theorem 4 is proved.

Receivetl. 21.XII.1989.


