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1. We first recall some notations and results from [l] and l2l. I.et
X be a compact.metrizable Hausdorff space. We will d.enote by M+(X)
the cone of positive Radon measures on X. I,et S be a closed linear sub-
space of C(X) which contains a positive function. U(S) will be the set
of all elements of. M+(X) which are uniquely determined by S; thus
p eU(S) provided that whenever v e M+(X) with ¡.r.(s) : v(s) for all
s e S then v : ¡.r,. The symbol e, will denote the Dirac measure defined
by x.S will be called a Korovkin subspace of C(X) if whenever (T,)
is a sequence of positive linear operators on C(X) such that lim T, s':'s
for all s e S, it follows that lim T,.f : f for all f e C(X).

I.eT E be a locally convex linear topological space and K a com-
pact convex metrizable su.bset ol E. A(K) will be the subspace of C6)
consisting of all continuous affine functions on K. Tf Ø is ã continuous
convex function on 1( then Ø has a right Gateaux derivative, given by

DØ(x ; y) : lim @@ t tY) - Õ(ø)

ttro t

for all x, y sttdn tl:'af x =K, xly =K.We will say that Ø is smooth provided that for all x e K the mapping
y * DØ(x ; y - x) is in A(K).

- _ .If K is a simplex we will denote by fI* ttre unique boundary pro-
bability measure on K representing ø.



ON SOME RESULTS OF C. A. MICCHELLI r27
r26 I. RA$A 2 .l

I1 Ø is a strictly convex continuous function on K, S[Ø] will be
the subspace of C(K) generated by Ø a:nð' A(K).

Micchelli has proved :

pRoposrTroi{ 1. If Ø i,s ø strictly conuex smootk funct'ion tken

{}.e"1À eR+, x eK\ CU (SlØl)'
THEOREM 1. If Ø is a strictly conuex smooth, function then slØ|

is a Koroah,in subsþctce of C(I().
THEoREI{ 2. IÍ Ø ís a stri'ctly conuex smooth funct'ion on a Ba'uer

simþlex K, tlt'en

U(SlØl) : {Àe,l}. eR't, % e1(} U {ÀII,l À eRt, x e K}'

In fact, any smooth convex function Ø lnas the property tlnat Ø(*) :
:max {ø(x)lø <Ø, ã. eA(K)} for a17 x e K;this is the property em-
ployed. ià ttre proofs of the above results.

2. The pufpose of this note is to show t:nat rn Proposition 1, Theo-
rem 1 and the-orem 2 t:he hypothesis t:flat Ø is smooth can be omitted.

We need the following
TTEMMA Let K be ø comþøct cbnuex ntetrizøbl,e subset oÍ ,E; V ø .þrobabi-

Iity on K with the'barycenter x = I(, ønd. r e c6) ø strictly con-

,t-* . lÍ Vll) : Í(*) t'hen ¡t" : e*.

Proof. I,et p t' e,. Tinen there exists a_ y-+ x,y*-= s11Pp-1.i. \:!. Y
be a cloied 

"orvè* 
neilhbourhood of y, x ø Y . 

-Then 
F(Ð < 0. If .p(Y) :: 1 then the barycenTer of p. will 6e in Y, b:ut x ø Y ; tlntts p(y) < I'

We will denote p(y) by &, 0 < q ;-1. Consider now the Rad.on measüIes
defined by

p,(B) : )v@ n Y), p,(B) : i1vø n (l(\Y))

for all Borel sets B CK. Then ¡-r, 
: Vú + (1 - ø)1t'r' Lel !¿be,thebary-

center of p.¿,'i:1,2. We have'pr(Y) : 1, hence x1 =Y anð' \ t x'
Clearly x'l- o*, + (1 - ø)xr; if '*ì: *, t.''ert x: %t, a contradiction'
Thus ø, I ør. Now

l@): p(/) : øv,.(Í) + (1 - a')v",(f) > al@,) + (1 - ø)Í(x,)>

) f(ax' + (1 - ø)xr) :f(x).
This is a contradiction and the proof is complete.

Now we can obtain the following irnproired. form of Proposition 1.

pRoposrTroN 2. IÍ Ø e C(Iq is a strictl'y conuex funct'ion then

{Àe,lÀ =R+, x e K}q U(StØl)'

Proof. Let x e K. It stdfices to- prove-that e*, v e
e M+(I(), v(s) : s,1r¡ for all s = S[Ø1. Then v( h e
= e1X¡.'Ít iótto*s'tinat x is the barycenter of. v.. *) t!

follows,' using the above lemma, that v : e' This roof'

proposition 2 and. the charact"-rizafion of the I(orovkin subspaces

ufr"rlv ä-"nlio""a "äåî1" "i to obtain a genetaTized- version of Theorem 1 :

rnnonolr3.IfØeC(K)lsastrictl'yc|naexfunctionthenSlØ)
is a Koroah"in subsþøce of C(I()'

Finally, using the results of Miccheili and Proposition 2' it is easy

t, p;;" 
-i'úi Th;";; Z-rrãràu s,ithout the hypothesis that Ø is smooth'
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