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Beueís. Die Notuend.igheit ist klar.
Hinkinglichheit. Nach Satz 3.8

lÍ,,,(y)-Í,,U)l<]
fär alle natürlichen zahlen //L ) /L¡, % ) %o.wegen (4.1) folgt hierans

lÍ",(x) -.f ,,(x)l < l_f ,,,(x) - Í*(y)l _f lÍ,,(y) _ 
-f ,U)l +

Ílf"u)-f,@)l<"
fär alle natürlichen zqh\2 'n,) n¡, % ) %0. Die F'orge (T,(*)),=* ist somitkonvergent in sich und,daher konvergelt . ba x = ¡¿"¡"ìíéîig'gãwat lt war,kann man "'"" "ïìTj': {,^i;,lriï;: x e- M
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urrd s-konvex. E
der Satz rron Banach-
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definieren. Nach Satz 4.1 ist cliese F.unktion stetig
Zum Abschluss bernerken wir, dass aus Satz 42

Steinhaus für stetige lineare F'unktionale folgt.

I-ret X be a normed space, M a nonvoicl subset of X and x an e-
lement of X.

Tke þroblem of nearest þo'ints. I,et d'(x, M): inf{llx - yllz y eM_}
the distance from x to M, and let P*(*): {y =lW: llx - yll: d(x, M)},
the set (possibly empty) of nearest points to x in M (or the set of elements
of best approximation of x by elenents of. M). Ptft E(M): {xeX:
P*(x) * Øj a:nð, Tc(M):{xeX: card (P*(x)):1}. srnÕrrw [15] proved
that iÎ X ís a uniformly convex Banach space and M is a nonvoid closed
subset of X, tehn X\Tc(M) is of first Baire category (in particular, Tc(M)
is dense in X). srEÕKrN [15] asked if this result remains true in a locally
uniformly convex Banach space. In [7] it was shorvn that the answer
is no : there exists an equivalent locally uniformly convex norm þ on
co (namely, Day's norm, see [B]) such that (ro, þ) contains a closed bounded
symmetric convex body, such that E(M) : M (such sets are calleó' anti'-'
þroxi,minøl). Another solution (fortunately, also negative) was kindly co-
municated to the author by Professor P. I{enderov: if X is a separable
non reflexive Banach space, then, by a result of tnovaNsrcr [16] there
exists on X an equivalent locally uniformly convex norm þ. (X, þ) being
nonreflexive, by James' theorem there exists a continuous linear func-
tional x' on X which does not attain its norm on the unit ball of (X, þ).
The corresponding closed hyperplane H : 1x'¡-t(0) is antiproximinal in
(X, þ),i.e.-E(H): 11' Recently r<a-srNc rrau [13] proved that Steðkin's
result holds in reflexive locally uniforrnly convex Banach spaces.

The þrobl,ern of førthest þoi,nts. Suppose further the set M bounded
andlet h(x, M) -sup {llx -yll: yeM}.PúQ*@)- {y=M:llx-yll:
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: ((*,-Yj . th-e_ se-t (possibly empty) of farthest points to x jn Mand e(M) 
= 

{x,=X: Q*@) + Ø}. nnirsrerN [9] provËcl rhat- il' M js anorrvoid closed borruded sul,¡sct of un
then c(M) is dcnsc in X. ¡.spl,u-rl¡
iî M is a norrvoid closed bounded. s
convex Banach space X, then e(M)
KA-srNG lau [12] proved a similar
arbitrary Banach spaces, arrcl deriv

of the problems of nearest points
(Problem -/-s.tp) : fot x =X find
tnf{llx - yll -l I(v\: | +tu|\ ( :

vely), and provèd thai if X j's a
a closed nonvoicl subset of X and

set of all th" pr"bl"åT-il?
If X is a ünifìrmly convex
closed bo X and. J:M-"Rbounderl n the set of all x <:X for ivhich the problem
l-l"p has a solution, contains a G6 set derrse irr x. other tesul'ts along
this line were obtained by naneNcrrri-.l.DùrÀrr [i]1, lroau.r lsl, r;xoi,añrl
r,DBouRG [11].

The aim of this Note is to extend r(a-sing T,au's result on farthest
points of wealdy compact 

-sets_ 
to, perturbed. froblems (problem /-srtp,r,vith an apropriate J). l" the third -section 

son-rc appli""iionu to oftl-ãi
control problems of systems governed by partial ã*ifferential equåtions,
are glven.

2. The rnain result.

In this section we prove the following theorem :

2.r 'rtrÐoRnar If_{ i: q Banach M coy,tþøctswbs J,: M*.R is øn con ed, jrom
aboa then thc set of at uh ,rrp ho,
a. so ns ø G6 set clense

In this theorein, and in what fol X,),X' t1ae dual of X. Otrr proof follows c ll2j'.Rec.all Lh.at__iÎ f '{.:nUfT} i. 'or'"f
at a point ø eX (such that f(x) < íonal
ø' such that

(2.r) x'(y - x) < f(y) - Í(r),
for all !,=x.--Jhe se.t.(possiblv empty) of all subgradients of f at x is
denoted bv a"f?) and is called ttre-subdl¡fcrent.iør "or f at x. rf"f is con-
tintrous, at x Lhen, af@) is a nonempty"iveakly cornpact subset of x,
(see [4]).

Ilor r =X put

(2.2) r(x): sup{llø - yll+ JQ):yeùI).
2.2 urlwa. Let X ct nornt,ed. sþace, LI ø nonuo't,d, bou,tcd,ed sul:set of

X, J: M--R ø bctwnded frono øboac function,al and. let r: XnR be def,itoed
by (2.2). Then

(i) y ,is conuex øncl L'í,þschitz, uith constø'nt 1, i.e.

lr@) - y(y)l < llx - yll, for all x, y eX;
(iÐ i,f x'eôr(x) tltero llx'll < l, for ctll x=X.

,Pyoof. (i). The functions rr'. X-'.R, defined by rr(x): llx - yll I
t JU), are collvex fo¡ ail y =Mi, aird so u,i11 be their supremrlrn /. Nou',
for x, y =X and z =X[

llx - zll + lØ < llx -_1,11 + llt, - rll -r JØ < llx - yll )- r(y),

so that r(x) < llx - yll I r(y), or r(x) - r(y) < llx - yll. Interchanging
the roles of x and j/ one obtains l.r@) - r(y)l < llx - yll.

(ii). If x'eôr(x), then x'(y - x) < r(y) - y(x) < lly - xll, for all
!=X, which implies llx'll < l. I,emma 2.2 is prorzed.

If x'eâr(x). fhen, by I,enma 2.2 (ii)
x'(y - x) -- l(y) > - llx - yll - l@ > - r(x), j =tItI,

so that
(2.3) inf{x'(y- x) - Jj):yett[} > -r(x),
for all x eX. The following lemma sh.ows that the equality sign holds in
(2.3) iot a71 x eX, excepting a set of first tsaire cátegory.

2.3 r,Enrlre. Let X be a Banacl.t sþace, M ø nonuo'id, closed, bootnd.ed,
subse-t of X and. let J: M-"R be bound,ecl frcnn aboae If r(x) is d.efined.
by (2.2), then the set '.

!.=.{*eX_: 1x'eôr(x) such, ttt,at inf{x'(y - x) - Jb,): y=M}> -
- r(x)j is of F6 tyþe and, of first Bø,íre òatigory.

Proof. For n=ly', let O,:{* e X:3 x'= âr(x) such that inf{x'(y-

- x) - JU):y=M\ > - y(x) +1Ì.Obviously F:ÜF,. Therefore, to
pl'ove I,emma 2.3, it is sufficienl 

Jto 
shoou that '1t

for

(u)
(b)

all

F,, is closed in X; and
int Fn : fr,

'n =N.(a). I,et {xr: k eN} be a sequence iu F,, couverging to a point xeX
F'or each k, eN , choose x'n e 7r(xt,) such that
(2.4) inf{x'n(y-xo)-JU):y=M\ > -r(x,,)+ 

1.
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Since llxjll<7, Ì¿eN, (I-,ernma 2.2 (1r)), the seçLuerce ,{xi, k=N\
admits a subnet {x'¡, i, eI) o((X', X) - convergent to an eÌemerlt *'
of X', rvith llx'll<l. For zeX, we have

lx'¿(z - x¡) - x'(z - x)l<lx'¡(z - xn) - x'¡(z - x)l + lx'¿(z - x)l -
- x'(z - x)l < llx¿ - xll + l@i - x')(z - *)l

for all I eI, lvhich shorvs that the net
Since øi e 7r(x,), we have x'(
x'(z - x) | r(x) < r(z), for all

xi(y-x)-l(y)>-r(x)+
for all y = M. Therefore x = F and, the set F,, is closed'

(b) lnt F,,: Ø, % : 1, 2, " '

Suppose tha-t there exist Þ e N, yse,F,,, and a.ball- U oJ center-yo
itr"lnã"ã'A Fu. The set M being bounäed there exists À > 0 such that

(2.4) x : Yo -l- l(Yo - z) e U,

for all z e M.I"et e: Àt(^ + 1)41-t and. 1et zse M be such that

(2.5) r(yo)- u s llyo -zoll|-Jþo)<r(vo)
and let
(2,6) xo: io -l À(Yo - zo)'

Since by (2.4), xo= U CFu, it follorvs the existence of a x' e 7r(x)srtch
that

(2.7) inf{xoQ - xo) - Jþo): z <= M} > - r(xo) -¡ ! '

By (2.5), r(yo) - r(xo) < lllo -,zoll-* J@o) + e - r(xo), an'd bv (2'6)'

yo -'zo: (l + l)-t(øo - zo). 'Iherefore

r(yo)- r(xo) < (r + 1)-'llxo - zoll 1- Jþò f e - r(xo) <

< À(r + 1)-'lr@o) - Iþo)1 1 Iþo) f e - v(xo) :
: -À(À | l)-tr(xo) + À(ì f 1)-'"I(zo) * e :
: ì(À + 1)-'l-Y(xo) * J@,)l - e<

< À(ì i 7)-tx'(zo - xo) - À[(À + 1)å]-1 + €'

But
zo - fro: jo - xo )- zo - lo: lo - %o -F À-t(yo - fro) : (r -¡ t¡l-t
(yo - xo),

so that
r(yo) - r(xo) 1xo(!o - xc) - Àt(À l- 1)/a1-r I e: x'o(yo - xo\'

in contradiction to x o = r(x o) '
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Proof of Theorem 2.1. I,et F be tire set defined in l,emma 2.3 anð'

let D :i1É. ot"iously, D is a G5 set and by the Baìre category theorem,

D is dense in X' For ø e D and' x'e ðr(x), we have

(2.7) in|{x'(Y - x) - IU),Y= M}: -r(x)'
Since / is weakl the funclion. p(1) - x'(y - .*).;:-jtí1, y = M, tinuous, Taking into account thrs

t"Jt'âíA the we follows the existemce of a point

io-= U, 
"rrch 

that p(yo) : inÌ{p(y) :ye M}. But then, bv (2'6)

- v(x) : x'(x - !o) - IUo) > - llx --voll - JUo) > - r(x)'

Therefore, r(x): llx - yoll *.I(yo), and theoren 2'l is proved'

3. Tho oPtimal control Problem

I.et U be a Banach space (the control space),--Uo¿ a weakly compa-ct

subsãi-of U (the set of aämissible controls)-anð.^H. á Banach space-(the

ö;;;-"f o¡r"ì"utio"s). ole suppose the state of the systen given by

Y:Gu*z'
r,vhere z is a fixed element in 1/ and G 

" 
u' 1{ is a continuous linear

oper ator.

3.1. pRoposruoN.. Foz eaery e ) 0 tlte set of øll' x e U for zahicl't'

there exists r't,s e U o4 such' t/oat

-lly@o) -zll+ ellor,o- øll:sup {--llyþr) -zll + ellr,t,- xll:u,eu,o\,

conta,ins a G6 set d,ense 'in U.

Proof . The operator G.. (J--* H, being linear and_co¡tinuouS, will be

contirrnoás utuo *1ii6 tespect to weak top"ologies o,((J, [J')., o(H, H') ot
u and I/, respectively, Since the norm oll a nofmecl space is a rn'eakly lo-

wer.semióontinuous flnctional, l(u): - lly(")llll will_be weakly uppef - '

semicontinooor, "nd. 
Theorem i.\'"un te ãþptea to obtain the desired

result.
I,et now Q be an ope[ bounded subset of R with smooth boundary.

Consider the differential operator

(3.1) Ly : --D,,,fi,(,,'#,))->,*u@Û) i øY,

wlrere t¡j, ai= Ct(Q), ae L.(Q),

(3.2) ø>þ>0, etir,u;,rp>0, a'e' inQ
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and

(3.3) Lratnt> 0 on l,

rvhere yt : (nr, . . ., %,n) is the unit outward norrnal on the boundary
of l.

Denote, also

(3.4) 
h.:L¡,¡a¡¡n'¡L'

I,et y =W|J(Q), fot f e ¿t(O), ue Lt(l), be a ueah solution of the
Neurnann problem:

7 NON CONVEX OPTIMIZATION PROBLEMS

If (uu) is a seqtlence in Z1(l) -colvergin-g- to ue I1(l), then
y(")1 itärl ¡ the'unique rveak' solution of Neumann problem:

Ly:0in{},
âY 

-u-unonlôtcy

25
tt

I
I

(3.5) âttr--.: 1l OÍt I
ônz

(4.6) ø(y, u). - q,'1r,,, n,, #, -t,+ 
,,f;,@ry) * a.ya)dx :

- l*r, u" n l" 
ua ð'o,

forall ueCl(Q).
Suppose taht the following inequality holds

(3.7) 2¿,¡ø¡¡4¡1¡ > "ltl' a.e. x e {),

for all t" = Rn.

Consider the follorving optimal control problem : find. uoe Uo¿ stcn.
that

(3.S) stlp {- lly(u) -zlh,q I ellu- ull¿'rrr :ue Uoa}:

: - lly@o) - zll -| elluo - all,

where (J*¿ is a weakly compact subset of ¿t(l), L< q< nl(n - 7) is
fixed, y(u) 1s a rveak solution of problem (3.5) and a e Z1(l)'

By a result of Bnnzrs and sTRAUSS [6] ihe problem (3'5) has a
uniqne weak solution y(u) for all u= L|(l) ar'd y(u) =W''o(Q), for
| <o <nl(n-\\.

F'urthemore, the following inequality

(3.9) llvll,,o < cnllfll''pt I llullrg)
holds (see l,emma 23 in t6l).

By (3.e)

lly(u) - y(u)llt,o . Crllu - uÀlryr¡ -'0, for h+'cQ,

rvlrich shows that the application u* y(ø) from I,l(f) to WL (Ç) is con-

tinuous.--:"1ä" 
application u* y(u) being affine, iike in the- proof of Propo-

sition 8.1,'fï11orvs the w-eàk loweî semicontinuity of the funcbional

f (tr\ llvfu\ - ell. By a direct application of Theorem 3'1' the set of
'oìl', ¿Jiii r"i'ounión the proble- 1s.s¡ has a solution contains a G6

set dense in Z1(l).
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