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CONES IN A CONVBXIT'Y SPACË;
ORDERBD CONVEXITV SPACES

by

C}A}RIDLÀ CRISI'IISCU
(Cluj-Napoca)

1. In this papcr \\¡c clefine the notion of cone irr a contrexity space
(in the sensc of v. w. lÌìlrANt' and rì. J. wDBSTER l2), i3.1, l4l, tsl)
and we study the propcrties of some t)¡pes oI cones. A1so, rve define the
concept of orderecl con\/exity space and, using the cones theol'y in a conve-
xity space, we gi\/e an example of orderecl convexity space in the sense
of the definition we'l1 give. This order relation is similar to the order reia-
tion induced by a co11\¡ex cone in a Banach sp¿tce.

2. Frelirninaties

We clenote, as in l2l, by A, B, sets, by a, b, both the
elemerrts of a set and the singleton sets. Thus wc use, as in [2], the sign
q instead of e except ¡n,hen a set is a mcnbcr oT a family of sets. Tbe'
notatiorr A x B means A 

^ 
B * Ø and (ø, b, c, ...) stands for the set

t-ormed b)' the elements e., b, c,

I.at X be a noncmpty set. \Arc endos' X rvith an operatiotl' : X X X *
-2x, called the product or join o1 a a:nd 0 rvhen o, b C
inverse operation l:X x X --+2x, delíncd h'y ølb: (:vÇX
all a, b q X. The cotlple (X, . ) is called tr convexitl. 5paqg
the follov,ing axiolrs :

X, and the
ø Qbx), lor
if it satisfies

(i)
(ii)
(iii
(i'
(v,l

ab+Ø,alb+Ø;
a(bc) : (ab)c;
albxcld+ad"xbc;
(t.Cl:6t': (llø;
ab x ac + b : a or h x (tc or c x ab,

for any ttr, b, c, d CX. IIere ab dcnotes ø .ð
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For ct, b CX, ab mcans thc open line segrnent having its ends in
a änd in ö, and alb the half-iine having the origin in ø ancl not containing ó.

The prodrrct and its inr.erse are extendecl to subsets of X by defining

Def inition 2. ¡I coil.e I{çX r,s said to be a gencral'it'r,g c,one

i.f for euel'y x, ÇX there exist or', ,.K su,clt, tltctt {0, t} x {u, a}, wltere
Ê is tlte uertcx

In linear d.efinition is cc¡rir.:rlent to the definition of a

generating co ittg the gro11p stn.rcture .of the sp-4c.9^:.. il X
is ¿L Banãch he convei cone /1 q X (in sense of [9]) is a

gencrating co[e iÎ for er.ery 'x C X there exist 1,1, a C 1l such L]rlat x:-: 
¿,, - u. In ordcr to ltroorre this equirtaleuce we suppose first that for

cvery xCX there cxisl u,, aCI( srlch tha-t x-'t/L- z.'Ithen, using the
propertie-of r.ectot operations in X rl'e get that the line'"r'hich contains
ilre-points tt, a:nd z is parailel to the line ivhich coutains the origin _o,f th-e

spacõ and the point t. Converslv, iÎ x q X ancl therc cxist u, a C 1( snch
tirat {0, ù x i'w, u} than let z Ç1( strch that zf x çI{. I.el t Çzf x and

-,y C 1i'sucih tùet {1, l} x {0, tf (this t cxists Sccatrsc ol the cotn'cxity-otlil. But on the lìnóir, 1i tt "i" cxist-a point .s s'ch that {0, s} ;v {,, '}.'.llre points s andI sa.Lisf¡-thc propert)'that x - t - s'

Def initiorr 3.'l-ttc cotoc K f X i.s & clnuex collc il I{Ii: K'
'Ì'he theorenis u,hich Tollou' are trãnspositions fo some classical rc:;ults

Irortr thc r.ecl-orial sPace case. Here is 11o\¡Y a theorem of the Carathéo-
clcr¡z type :

'rHrrorìrtìr l. If (X, ) is a, co , rll'rn X -,, - 0 C X
utd S ç X suclt, tlrâi cot @uS 

=d, 
tlten' .for cttcry

r C €oS tltcrc cxist en,t : l, 2, ' '!, ! = !'suîlt titøt x ç I{, ah tJoe cotl,ue)J cr,trces h,auirog tlt'e

rerl¿'t: in, A attd includ,ing thc þoitcts 1'n, i - 
'1 , 2, . ' ., þ.

Proof. x ÇQ,sS -eáns that there exist 1q S sucir thaL x C 0)'U
tJ_v U_vlO. fpptylng for y the thcorcr' 20 frorrr [4] rve get that there
Ãist-indepcirdent points, ,\tr, !2, ..., -)'¡ C S, þ = 

d, such Llnat y Ç
C ,0, jt, ..., ),pf. I1 rvc put I( : @sl), ,, .'., 1,rl then rve get thc conc
rcquired b]. thcorem 1.

1'rlEorìDl[ 2' If (X, ') is ø co 
"t'texit)' 

s'þctce' ¡ a.H,nt't'stlorff loþology
¡¡n, x ctnd, K cx q.-cone contai,nin,g ittterior þoints (ø full cone) tlten I{ is
& !¿txcr&ting colxe.

Proof. Iuet x q X al1d u ÇI(. 'Ihis rneans that th':re exisi a neighbor--
lroocl Z "ot tft" pu-rnt u, V -I(, V + K. I.eL z ( X sLrch thtt {z' u) æ

x {0, x}. The' ihere cxist u ç{:, u'} )V. rt, and u are the pcints we
looked for.

/r. Ordored convexity spâecs

D e i i rri ti o n 4. An ortlered. ccnuexity sþøac (X,', <) it (L co'n-

rcxilt, sþnce (X, .) with an order rcløtiott,, 4, søti'sfyíng:
(io) if (t S b tlten for caery x C&b, ct 3 x 1b;
(rio)'if ø 3 b tloen, for eaely x - ølb anrl )' Cbla,. x= ct 

= 
b 

= 
y,

1i;io1"t¡ a att'd l¡ e.re not com.þørcLble tlten øny x, y C{a, b) are also not
,cont,þrtrølilc.

AB : l) ctb,
acA
bc Il

.4 lB:Ualb
acl
b<ß

.A t9t_ ACX is said to be conr.ex if ,4,4 eA atcl linear 1l A I A C,4.If ,,1 C X we denote by ltl] the con'ex hu11Àt ,q, i.e. the intersectioi oT
¿ri1 convex sets rvhich contain A and by {,4} the linear hrr11 of A, i.e.
tlrc intersection of all linear sets which contairi A. For exatrple, lø, bl:: alt U aUb, {ø,b}:&Il,Uøl)øbl)bl)b Iø. lø,bl is the closed iine
segrrcnt joining ø and ó and {o, lt} is the iine rvhich contaiirs ø andb.

'Ih.e conccpts of indcpendent set, basis, dimeusion for a convexity
space are defirred in thc uatural way, ¿Ìs in liniar spaces (see [,t]).

:ïr,î îËiTi,il;îi¡;;Iii, i,E I
x C X \H. The unorclered päir
is said to bc a corn'ex p¿LiL

Ø and C U D : X.'I'he readcr

pla'cs ancl conrrex pairs. 
cerui'g thc rclatio' betlveen h¡'per-

. _ 
A topological conve.xity sparce (X, . , r) is a conr.exity space (X, .)

rvith a topolog¡. r satisl¡ring; -

(it) a ç øb lor all a, b C X;
_ (iit) if øb x U = ¡ then therc exist l', W = t rvith a ç Ti, b çII,arrd strch tl'at a'b'x U x'henerrer a'CV, b'çl4t;
- (iiit) iÎ ølbx U e rthrerl there cxi,st V,I4t e t s'ith ,tCÍ/, bçvV

arrcl snch that n' f b' x U lvhener.cr o.' C I/, 6' C_ W.

3. Cr¡ncs in a eonvcxity spaee

I.ct (X, . ) be a convexitl' space.
D cf initio n L Let 0 bc øþoint of X an,d S C X l,Ve calt cone getl,c-

ral.cd, by S (uocl ltøuiu,g tJ,te uertex iñ 0 tløe set

€o,S : (* CX: ly C S,, C I' U 0j Uf,/ 0 {.J 0)

ru some places it is not nccessary to put in evidence the set s rvr.ich
genetates the cone. Thus lve'll call cone a set 1( which was obtainecl asin dlfinition 1, i.e. 1( is a cone if there exist a poinL 0 C x and a set
s c x such that K : @0,5. rt is obvious that " õtr" 1( cin be obtainecl
using an infinity of sets S.

If S q R', 0 : 0, @.sS is conve,r, closed and doesn,t contain linear
sets -except the singleton sets thcn e.sS is a conc in sense of [g]. IfS C Iì", 0:0, and @uS is conr.ex then @uS is a werlge in sensc of 

-lZj.
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It's easy to verily that (R",', l ), *hSI.e ' is defined b1' a 'b :
:6¿rl',':L, 0 < l'< I, x:^a* (l - À)ä) and S is the order rela-
tioÀ iìãuced by the cone of the nonnegative elemeuts from R", is an orcle-

red convexity sPace.
W" ,"-ârË that the axiorns ( (iio) show that a li'ear set

{o, b}1, where ø S pace is isornorphic to a iine
ôo"tJl"i"g two po y the order relation inducccl

bt ih; 
"o"n" 

of iro or to a part of such a li'e.

THEoREM 3. If (X,.) is ø cott'acx'it1' sþøcc mtd .K.CX is & clnacx

,orrr- *hillt doestt't" tòrríoin lincør scts 
-(e 

iccþt tlt'c singlcton' sets) tltett' tJrc

binat'1, t'cl.atiott' 3 o defit't,e d on' X by '

l" x<uxforalLYxCX;
2" *. , CX, t<oJ if lherc ct'isl z CJlx suclt' llt'ut 1ly Clç,

,i,s a pøríiít iratí ol "X, "uyil (X, . , S,J It rt.n ord,crc¿ conaexitl, sþøcc.

Proof . f implies that l¡¡ is reflexivc'

AntisyÍrmetry. Let x, ), C,Il rvith x l rir )--Ír.'. -9ttd x * t'' Th11
y lxr-I{ ãnð, x tve K. }rrórrìhcconlcsity õt l< it lollot's IhaL xyÇ I(,
íh"o-*" ¡a'e {rl t - " Uy U x1,l) t' | ) U y l.xçl{ r'hich is a cotrtra-

diction with the hypôtesis that 1( docsn't contain lines'
-- iit i, y CXI'K u'ith x 3xg, )' lrc,x- and x,* 1' ,tlnan there exist
zr. C llx ^îð'-r, C xl)' srtch that z'ly C I and zrlx C 'I(' l3ttt

zrl!: zrlx C),lx C{*, :,}, zrlx: zrb Cxlt C{*, Y}'

I.et u Cztl)' ancl u Czrlx' 'lhan uu,ÇI( becattse. oT the convexitl'
of 1{. Sinceìr'ór*, 21-Cuy, )t CztY andn Cz?)'n'c havc )) C-uryt and

x Cvxy then- xt; çr'tutcy.lhis can take place onlyìT p' Cua' Rt-tt x1t C
CìV tk ^nð. 

tí, lX, 
-*ti.¡ 

is. a coltraãjction n'ith the co'r.cxity oT 1(-

The case x C X, y C I{ is similar'
Transitivit;*. I,et x, y, z ç I(, x

zb, C I{. Thln $,lx
þtczl-y a:nd uç1,f x,
This means that z

C b,lx)@ly) C K, than u C K.
ln zl1, rerspectirrel¡' ç1¡ 1tf x, b5' a,

ihut'-".,"r1i * çri*, u'"ÇI(,'a:nð' tt"-lx' çr(, hcuce ? .So'' rf x, 2' l.C
C X \ I{,' x {-rrtt,' :, =ì 

than therc exist 76 l'1, ^!! b çz:|y 'such ,that
fiy ç'i<'""rt-tii/çK."4 sinrilar argumcnt foiã and b pro'es that zlx ç
é tîtAtrø,¡ aridi.n." thcre exist c çzlx such that clz çI{, than s'e

have also x 3rrz.
'We use analogotts argumcnts for the casel x.,y CX\/{t z.ÇI{ and

xCX\1(, 1', zC-I{'Ihðaxioms (io), (iio), (iiio) are no\^¡ ob'ious'

Rentørl¡.IT xis a Ilanach space and -I( a convex cone in X the orcler

reiation clclincd in theorern 3 iJcc*rivalent to: il x, ),cIt of x í-x\_{i,
;¿i: x3x), il'1, -xCK, anclil'x,J'CX\K,x3x)'Lf y-xCI{""
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Proof .I,et us sllppose tinalnx, y C K'Then let K' C K a convex fu1l

couc x q k' (see [2]) anð' x
dorfi nvex there exist a convex
(J € ) R' : Ø. Than, the th
(sce there exist a hYPerPlane

sets U and K'.I,et, V =Q(y)À', q'qU and bCV'I'etH:COD
rvhere e u',ð.ò nr.the closed half-spaces associated rvith -FI (see [3]) and

lct us srlppose Lltal I( g ô. Tna' blo C ô nttcl 
've 

ha'c either bla ç Ii' ç
r- I{. bla C I{ or thcrc exist 'a' 2: Cblø sndn that zf ct' C C \ 1(' Flence we

ù.:"'"itrrJ t. 1,rb or ¿ ancl 0 ai-c not cornpatable b1t Src'

If n q x\/(, ;v ÇI{ $.e take Ii' : Ii a[c1 rve use the sane reasoning.

IT x çX \ 1(, i),- X\ 1( *'c takc insteacl of 1(' thc set I{" : il U-¡f1
and l'e usie thc ,orn"-r"porating t¡eorern ancl the salne afg'lnent' 1¡e
Lemma is norv corrr1lletll' proovcd'

Tr-rEOrìDrr 1. If (X, , r) is ct cottt'þlclc toþolog'ic.nl cott'aexity sþu'ce'

torøtiy--äirúi, noít¿àili, i< â ¡ n. ,on,r, ,on, zahiclt' rloestt"t co'ntain'

Iineal.scls (crrccpt the singleton sets), ('Y,,)í , Cf' (i',,)Í:l,CX .a-'it/r' 
:v",{""1';r"i,,,n:'1,2: 

..uy',t"if 1,,'x and"-t',,-'i Q -"n) t¡'øtr' eitÌt'erxlt'-v
or'i än,d )t &rc jl,ot corttþarabla by l_ r'

ertion )í 3 rc ! is Ialsc. 'l'han either
by thc order- relatiou induced by
an¿ X loca.11-v convex than thet'e

u and u are ttot comParable bY 3x'
1t' -+ d) it follorvs that ther-e exist a

V' lot n 2 ttr. Flence lor tt' 2 ?/0. we

not cornParable bY 1", s'hich is c'

5ò' lor cver¡' il CN'
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NECESSARY OPTIMAI,ITY CRITERIA IN NONI,INEAR
PROGRAMMING IN COMPI-,ÐX SPACE WITH

DIFFERENTIABII,ITYReccivccl, 30 VIl. 1980

by

DOI{EIr I. DUCÄ

(Ciuj-Napoca)

In this paper we consider thc problcrn

(P) I¡Iitt,ittt,ize Re/(2, z) su,bject tc z = X,g(r,z) = S,

(alrcle X ,is ø nonentþt1t oþen set in (:", S is a. þollJx¿¡,rn¡ conc i,j?. C,,', f : X X
\-l - C'and{:.YXI*C,,.

The paper is clevided into fou.r sections. In Scction 1 lrotation is
int¡cduced and solnc preliminary resrllts arc given. rn Section 2 rvc esta-
blish a llecessar\/ conclition of the Fril.z Johì t¡'pe for probiem (p) . rn
Sect-.ou 3 sevr:r-r kinds of colnplex co11strai11t qualilrcertion (cce) are gir.en
arld relaiions bctrvr:cir tloern are estal)lishccl. rn Section 4 

'ive proric a
Kt-rhn-'l'ucker tyPc necessÌr)¡ condition for problem (p).

1. Notation and Preliminary lìesults

I,et C' (lt") denote the ø-dirnelrsional colnplex (real) vector space with
Hcrrrritian (Euclidc:in) norrn Il.ll, Ri : {*/* : (x¡) eI/t", xi 20, j:
: l, . .., n\ the non-negative orthant of R', -11¡{ [uxr the set 01 tlx X n
,cor,; rplex matrices.

If A is a nlatri,\: or \/ector, then Ar, A, ile denote its transpose, collt-
¡rle:r conjugate and conjugate transpose respectivclv. For z: (rì,w: (w,j)
e (ì" i (2, tv) : wgz denotes tlic inner product ol z and rv and Re z :
': (Re t!i) e lltÙ dcuotes thc real pttrt o1' z.


