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1'hc notion oI dividecl cliflerence of au operator was intfodtlcecl in
1g56 by J. SCHr{oDrln [B] and was_userl-, five )'eais later,.by À. SIITIGBDV [10]
to the 

"*î"uriotr 
of the'sõcant rnethod for the solution of nonlinear oPerator

equations in tsanach sPaces.

DrlFrNrr.roN 1. Let f l¡e an opelatof .having the domain of dcfiui-
tion ìñluded into a Banaôh. spacc ¿ ãnd taking \¡alu€s into a Bqn99þ.space^

ff-nit lanð. 5t be two distinct poillts frorn-the domain of definition of

f. we shall call a ctiuideA d.iffcrcnce of f on thc þoints x !.nd y a botrrrded

iitr"rt operator lx, )', f I : ð 'Af u'¡ich satisfics the conditton

(1) lx,;t';Í)(x - t') :f(x) -"f(t')''
In the abovc illeutioncd papef Scrgccv supposed that thc di-

videá dilTerence ol./ is symrnetriò (i'e. lr,i;ll: l1t, x,/l) and that the

divided difference oÎ sccond order is bounded in norm'

In l11l and [12] u. urr\r assullted that the divided difference of /
satisfies'only a Lipschitz corrdition o[ thc fonn

(2) lllx,t:;fl-l)',x;/lll=Hllx-zll
,lhis assumption is 'nvcakcr than thc hyp.otheses or. sergeev !"1 il implies

however thã s¡,m'retry of the dividc'cl dilfcrencc (to see that take z : x

in (2)).
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r.. w. JOHNSON and n. r{: SCrroLZ [3 | considered that the divided
difference of / satisfies the fo1loq'ing I'ipschitz condition

(3) lllx, ),;Íl - lu,a;flll s 11(llx - r,t,ll + lly - ull)

The abovc condition does not imply anylnore the symmetry of the divi-
ded diffcrence. In case the divided clifference of / is syrnmetric then condi-
tions (2) and (3) are equivalent. Condition (3) rvas also used in [4], isl
ancl [6]. A different I,ipschitz. condition rvas considered. byJ. w. scHùrrDT
17l.

In rvhat follows, rvhen saying that the divicled clifference of / s:ttis-
fies a I,ipschitz condition rve shall ahvays lncan conclition (3) . To be more
precise let us state thc following definition

DEÞ,rNrtroN 2. Let I and (f, be tuo Bttttct'clt sþaces and let D be ø con-
ucx subset of ð. We sh,øll sctt, thøt ato oþerøtor f : D -- ff køs ø I''iþsch'itz
d,iuid.ect d.ifference on D if to ec¿cJt,'þail of distinct þoints (r,lù = D2 corr,es.--

þou,ds ø bou'nd.ed linec¿r oþcrøtor lx, y ; f l: ð - (f, wh'iclø søtisfcs (l) and 'if
incquality (3) holds for øll' x, ),, ,¡., a e l), x * J,u + a.

It is easr- to see'that if the operator/has a fipschitz divided difference
on D then / is Fréchet differeutiable on 1) ¿rncl the l'réchet derivative of

/ satisfies a I,ipschitz conclition of the lorrr
(4) llf '@) - f'0,) ll= zu ll I - t, il

Reversely if the operator/is F¡échet difTerentiable on D an if condition
(4) is satisl'íed {or all x, 1, e D theu / þas eL lipsciritz dividecl clifference
on 1). Indeed one cau take 

1

(5) l.x, :),; /f - I Í'(x i- /(t' - x))ctt,

the abor.e integral being in ttr" ån, of Riemanu. The divicled d.ifference
(5) rvas first coqsidered by a. Brtr,osl'o'r'zKrl [9].

It is knorvn tliat the divided difl'ei-encc of f is noL uniclue (except rvhen
4 is one-clirnensional), so that it is important to characterize the divided
d.ifferences o'T f o1the folrrr (5). In this respect we have obtained the foilo-
wing result:

rHEorìDìI l-et i.,.,Í) bc a I''iþscl¿i'lz tliuiclctl tliffercnce of f on D'
'tkc following tuo øssertions ørc cqu'iuølent :

(1) cq'uølity, þ) hokf,s for eacr¡, þair of distinct þoints (x, y) = I)';
(i1) for all u, a e D uitl't, t't, * a an¿l 2u - tt' € D il'is salr,sficcl tlte

relolion

(6) lu, tt; fl:21'tt',2a - Lt'; "f) - la, 2u - 1't'; fl
Proof. By substituTing w = t) - t't, relatiott (6) ma1, be rv¡itten undcr

the form
(6') I,w, u i u; "f) + lw f'u, r,L -t- 2w , f I -'2 i.tt,, tt' )- 2w; fl

Then the implication (i) =+ (ii) follorvs iûrr-nediately observing that

¡'
\I' {" + Lu)ctL ! \t't" + u )- tw)dL :

:'
- I,l,:,,[år' (,, * *,) * å r(,' -¡ 

* + L *l

: r!,\ * i:,r, (,, * *r*\ - zit' ø, ! 2tw) cu

In ord.er to prove the itnplication (ii) + (i) 1et us. first observe that frorr
(6,) it Îollorvê that for eváry natural number r¿ holds the relation

211

'21-n,, n, + ?"u,; Íl :Ðf" + (fr - l)to, n' I ka; .f)
,laking .u, : x and .a,' :2 " (y - *) and ttsing (3) in'e get the Tollo$'ing

inecluality

ll,ll
lll', u ,ll -'2 "DI'(' I h2-"(¡, - ')ll S'2 " 'llv - 'llll /i r ll

where lrom letting n, to tend to infinity rve infer the eclLrality (5).
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