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Alors (25) nous donne - j. < hr j+ < - 
s' ou bien2a2n! A r' 2b2n,

(26) 
"*¡, -!,, < 'tl < "*,, 

t,
- 2b2nz . Gu ' 2aznz

Conrpte tenant de f inégalité I + ,:;"* " "*p ,h rrous retenons de (24)

et (26) les rneilleures délirnitations

(27) "*¡',-I" <1-"<ll sf,
' 2bzn2 Gn 2o2nz

r,es inégalités (27) sont aussi cornparables à celles de nur,r,nrv [r].
B. nans un autre ou\¡rage le théo¡èrne l sera appliqué à l'étude cle

la .représentation des fonctiorrnelles d.'un clegré d.'exactitude donné.
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(Cluj-Napocn)

l. Infroduelion. I,et ot- {Ar, r\,,, .. '; A,} 6". ¿ srrt of clescriptors
(attributes). Evcrl' descriptor À, rnay take values from a set lD¡'If-Îor
àrry descriplor A, c, certai; value froln Ø¡ is fixed, we obtain a¡ecording

wheie u¡ e aD¡, i : l, 2,
tiou of data:

R: (?rr., 0r, .,., ür),

.., n. A set of recordings will Torrn a collec-

@: {R,li, : l, 2, ..., nt}.

to¡ed on a certain medium á which
can t
has ch

d"p of
the en

a necessity appeafs. These necessities are specified by means of some

questions, and we denote by e- thcir set'^ what we are interested in is to firid an organization of ' @ on t,
so that for any element Ç = I one call determine the elements from @

*tri"tt constituie the ansr'ver to the question q (denote bV q@))'

2. Kinds of questions' Let A¡ e c4 anð- u,¡ e Q,' The pair: 
'

[{ : (A.r, rt,¡)
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is n¿rmed key. For a key .I( rve denote b1' ø(/() the descriptor (thc left
part of thc pair), and by u(I() its value (thc right part). Therefore:

¡ç : (a(I(), z(1r)).

If a: {A,, i = 1} c c4,we denote by [I"R the projection of recording
Il: (ur, uz, ..., un) on ø, rvhich is deTincd (by [2]) as:

R:(rr¡,i=I).
The projection of collection @ is definccl by :

n* e. : {tl"n I YR e @,].

Vari<.rus kinds oT questions rvhich rnay be addressecl the collection
Q l¡nay be found in [1, 3, 6, I2]. All thesc so¡ts of questions are inte-
grated in the following:

a) . Find the elemc.uts oI € rvhich "has s specifiecl keys: I{r, ..., tr("",
i.e. find all recordings of the collectiorr r'vhich havc a particular value
for any of thc s specified clescriptors. Thc ansrvcr to such a clucstion rT is :

q(€) : {R= (4lll,,R: (a(I{), ..., u(/r,))},
where:

p ,- Ù uQi,).
i-"r

b). Questions described as boolcan lunctions of the keys.
c) . Questions rvith limits lor ¿r descriptor t|¡e ot, that is to search

flrc clements oI Q. for rvhich thc clcscriptor,4, takcs the values containcd
betu'een u, and, ?r2, whe¡c tlLc rralucs ïr, 't).2 e ,D¡. 'r^Ite ansrvcr is :

q@)=: {ncelu, < IIr-¡ <ur}.

In tlrat case one must delinc a preordcr relation (" < ") on the set rþ,.
d) . Questions rvith the rcstriction orr the distance relative to a cles-

criptor tl¡. In this case i.t is necessary to defirre a distancc d on, l)r.'lhe
answer can be :

q(e) : {R,= Q.id(tI,r,Ì1, tro) < )'},

rvhere uo and À are the specificcl valucs, as= (D¡, À e R+; or:

q@):)R=eøFa¡R, ao) == tli.ï'"¿tn,t¡R', uo)j,

where u¡e Q; is a specifiecl valuc.
R e m a r k. 'Ihe case c1 cau be extcnded to the situation of mo¡c

descriptors o - {A¡,, ..., 'I¡þ) 
c o4. For this, thc distance /, must bc

defined on the ca¡tesian Jrroduct :

Q;,x ... x 
'D¡þ
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e). ouestions of the lorm d,escribcci above linkcd' together b¡' the

logical lperators: AND, OR, NOT'
¡?1 tt.re ur"-rrirry aígorithm.s rvhich give the alr.swef to the clues-

tioos 
-ot'tite 

ki'cl a, for ;: l. and if q(€) : O' to irrsert all 11cw recor-

a1' of the organization oI the collcc-
ö can be obtained the anslver' Be-
ered a new zonc, narned dircctorY'

(I(,' n',, lt,; ct,r, " ', a¡¡¡)' i: l' 2' " '' þ'

wilerc :

- I{r, . . ., I(o art' tht'

- ìij'i"' the niirnb:r of thc kev I(¡;

- it, is thc uirLnb:r of -are 
diriirlccl ;

- å',¡ì. ;h; ^d.dr..r, 
o,,' o[ thc i-th sub-

lists.
,Ihecollectiorr€rvitlrlrerd'irectoryisrramedageneralizedfile.For

variousprivate,r"t*roLn,.ay!1!,ou2obtainthestr-uctureof:inverted
i;i., 

-ittìtif 
ists lilc, s:quential-indexecl file'

Accrbainrecordin-gcancontaillnores,pecifiedkeys,andthen'at
tirc invcrted. file, t¡"--ia¿t".s oI thc rccnrd.i'g can a?plar Inany times

iu .iire d.irectory .t"lù"'CJi*fion. In ll2l,a "cã'onica.l-_strüctrre", where

th: ad.dress of the recorclirlg appearJ otil1' ot-tt"' is found"

A rvay of transformirtg 'r -sc:rrch L¡v lirnits of values (tyP-e ') 'i"-*-
so¡:,ch clcscrib:d b;';b;"l"-"n f *rrctio' ót t"yr (type Ò) is described in [3].

In [1] is givcll such a rv:ry o[ or:ganizing of the collection €' that one

o^,. ni,," the'áos,vei to th¡ iluestioás of thc rype cl'

il.Anoptimalmodeloltrlgitnizittiorro[ditt¿rcolloctions
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corrditions which urust satisfy Q and € for the existance of the cn-pro--
perty. Fo¡ other rcsrllts rvith rcgard to this problern one can consult l5^
B, 9, 101.

fn scctiotr 4 rve rvill qirrc 5one rcsults about the nurnber of the re-
cordiugs lrom a collection @ u'hen cn-property relative to a set € of thc
questions exists. fn sections 5 trvo algorithrris are given lvhich dctermine,
the orcle¡ oT the rccorclings lronl @. on ¡f rvhcn cn-property holds.

DATA ORCÂNIZATION qnt

We supposc that the thcoreln is truc lor thc sets A rvitir ¿rt r¡rost
n, - | distinct questions. We. dccomposc € =.= 0¡ U @;, rvherc, €, is the
srrbset of those recordings rvith ø(R) ,e\¡en, and @¡ rvith ø(R) odd. 'lhc
two subsets have Clt-proPcrty relatir.e to a sct <1 rvith rz. distinct cluc-s-
ti<¡ns.

fct R, and R, be thc first tu,o recordings 'from €p or @,, 1Ì, in
flont of R, on ¿f , ancl ur: u(Ilr), u,z: y,(Rz).

a). If u,L: u,2, then in the charactc¡istic vector oT R, appears at
least a valuc 0 in the pJace of the r'¿rlue 1 frorn the cha¡acteristic r,.cctor
of the Rr, and thctr ou thc rcspective coluurn does not appear the valuc
1 at all. Deleting the qucstion correspollding to this colnrnn frorn Q arrcl
the ¡ccordiug Rr, the inclrrction hypothesis is truc ancl rvc obtain ttic as-
scrtion of thc thcorcm.

b) . If u, > 2 { t+2, tllen thcrc are at lcast tu'o valucs 0 in thc cha-
ractcristic vector of the 11, in the Placc o1'sorne values I fronr the cha-
racteristic vector of thc Rr. Using thc rcasoning lron a, the theorcrn
rcsults.

c). Ii ø, + 2 < ur, tltcn in thc charactcristic r¡cctor of thc 11, rve
have n, -- u,z Í1111 elcnlents. 'l'hc recordings that faliolr' 11, on S cau be
divided. in two sul)scts, rvhich can bc nondisjoint : a first subset, irr rvhich
appear the rcco¡dings that have at least a value I in the characteristic
vectot in the 1llace of thc valuc 0 Irorn tire charactcristic r.cctor of the
prccedent rccording, the nurnbcr of these recordings being at nlr,¡st ll -1.ì
ancl a second srrbsct, in rvhich appear the rccorclings that h"o" "tlr"or, Ivalue 0 in the characteristic vcctor iu the placc of the value 1 Irorn the
characteristic r.cctor, at the preccclent recorrling, u,ith at tn.rt 

[?lrccordings (rve havc ,uo_ ¡ccorclirrg rvith thc null characteristic vèctor).
'I'ogerther tvitl-r 1?, atrcl Rr, it't €, or €;, cári1 al)pecr ¿rt nlost:

z +lL;þl * [-;] =', -lil
rccordings. rf thc rccordings are from €, thcn u,r > l, and thc riraxinrurn
rrtrmber of recorclings is iz, and jf the recorclings are from €, thcn u., > 2,
aud the rnaximum nurultcr of recor-dings is tt, - l.

l)ciinition 4. .4 cr¡-s¿f rclal,i,ac to a scl. L of n. d,í.stínct Llu,estion
i,s nt,a.ximurn if it h.cts 2n, --l rccord,i.tt,gs.

'tHrloIìD¡[ 3. I na nt,a.^:iuttt.ut, c {-scl thc ch&ractcri,sti,c uecl.ors ctf tuo
rr.cigltltottr rccord.'in.gs di.f.fer by tt sirt,gl,e þos'itiou,.

_ Progf. Suppoge the oppositc: therc are tu'o neighbour rccordings
R and R', for l,r'hich the cha¡acteristic I'cctors cliffer b¡' at least two põ-
sition, which a.r-e supposed to be the first tr¡'o. I,et (cr, (2, ct, ..., ì^1 ,
be thc characteristic vector of thc Rr, zrrrcl (èr, ër, t'", . . ., cj) of thc R,
rvhere ë;: 1 --- c;, 'í - l, '2.

54

4. The nurnl)er of the rernrdings frorn a clr-sct

'l,et @.: {11r, ..., l?,} and € : {qr, ..., q"}.We consider the boo,lean
matrix B - (8,¡), i - l, 

_1 
...t 1n,; j:1, .,., tø; wherc a.n ele¡e¡t ß¡

is one iI the recordirrg R, is pcrtiuent rvitli the question (l¡ (that is
R = q¡(@)), and zero otherl,ise ,

We detrote b¡'r,l(i?t) the uumber of the values l Irorn i-th line of the.
¡¡ratrix lJ and by l[¡ - q¡@.) the set of recordings pcrtinent to the qucs-.
tiort t1¡.

Dcf initionl. S r,s rr cit-s¿:l rel,q.tiaeto I íf th,a recoydn.gs frrtrn,
@ cø.¡t, bc sl,orcd. on tJrc suþþort 3 suclt th,al tha cw-þrctþerty hold.s jor cu,tr1"
g¡e8.

Def inition 2. T'uo qr,r,estiolts (li cnd q¡ a.re con,s,id.ered d.istiltcts,
if in |,lte matrix 13 th,erc corrcsþon.d to tltetn. tlistinct column,s.

Def initio r 3. llte cltarøcl¿risti.c aector of the record,ing R, i.s, crptal'
with the i-tlt' líne of thc tnatrix ß. Two rccordin.gs are consiilcred. d.istfncts,
i.f thc charctcterí,stic ucclors nrt different.

\4rc consid.erecl that thc reco¡clings fronr thc clata collections iu rvhat
Iollou's are dilfcrcnt.

'r'uEOltEì{ l. If nt, is the r.u,ntber of rccordi,ngs from, ø cn-s¿/ rel,atiue
lo a sct I of n distincl t7u,cstiou,s, tlteto nt, < 2n, - l.

Ì'roof. the charactcristic vcctor of the recording (diflercnt fror¡. the
first recording) difTcrs from thc characteristic vccto¡ of thc preccdent
recorcling by a! least onc position. There arc at least n recordings per-.
tinent for the first time to a qucstion, and at rnost ø rccordings foi.,vúích.
a qucstion will not be asl<ecl. There exists a recordirrg which appears irr.
both subsets.

. r'HIloRDyr 2, If Q t's a cn-s¿l t'cl.oli.uc to a sct A of n d.istinct qucs-
Lion,s, th,en l,h,e. nuntber o.f record,iu.gs witJt, u(Il.) eaen, is al rtost n - l,- and
.the n,u,tn,ber of record'in.gs zøi.llt u,(R) od.d is at most tt,.

lroof. We prove thc theorem by induction in respect to t.t,. I.'or.
tt' - 2 rve har.e at most a recordirrg rvith ø(R) eyen, and at r¡rost trvo Íe-.
cordings rvith ø(R) odd.
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Wc rvill shorv that in this case bctwecn the trvo recordings o.ne can
introrluce another one and the Cn-proprety rcmains truc, lvhich contra-
clics the fact that the set oI rccorclings is rnaxillltll1L.

a) . If (er, tr) :0, l) or (er, er) :1,0), rve can iusert the recording
rvlriclr has the charactelistic vector (1 , l, e", ..., c,). If this recording
rvoulcl be in the set, the cn-property "vould 

not hold.
'b). If (er, tr): (0, 0) or (cr, cr) : (1, 1), then:

- iI no recordirig appcars rvith (o', cr) - (1, 0) or (cr, úr) : (0, 1), rve

can insert one with thesc values ;

-- if a recording rvith (ør, cr) : (1,0) (or (r:r, cr) : (0, 1)) appear, we
carr insert a record.ing rvith (r:r, c.) : (0, 1) (or (er, ,r): (1, 0)) ;

- \\¡e can not have tr,vo rccordings rvith (cr, cr) : (0, 1) and (et, er) -=
: (1, 0) in this set.

R c nr ar k. TJt'c rccord.ings front' ú ttt'&xitnlltt¡¿ clt-s¿/ uerify:

XLr: l, 't't''' --= 2, 'iltr-z - 2, U,n-, : l'
Proof. Il u, I I or tt2,, 1l I thcn ',ve can add ncrv tecorclings at

thc beginning or at the end oI the collectiou €, rvhi.ch contradicts thc,
tact thãt thc ãet is maxitnrun. I.'¡or.n theorern 3 it reslrlts thal'tt'r:¡¡,,u z:2

I.IIDOTiDNI 4. 7-he n,¿[ntber of nt,cr.xinr,u,ttt c)Lr-scl rclnt'iac to 4 sL:l of
¡o rli.stinct qtr,est'iotr's ls higgcr lha.n tJte ntt'tn[¡cr of scquenccs of l,cnglú
2u - l,.forir,cd uitlt, th,c nuttt,ral tt'u.ntl¡ars, t'.it vÌrich thc clifferencc l¡c,tzøL:c'n

I,zur¡ cot't'icctrtittc elctrt'cnts of thc seqLt(;tlc( ìs f 1 or -1, un,tJ tlte contlitions

.front, tlrc þrccctlcnt remorl¿ arc aerified. tl,rt;,clcrncnt frotrt, tlt'c sc(ltt(.?LÇ.( co/-
"rcsþottds tr¡ tlt,c n,wnl¡er of clent.cnts cqutil uit/t, l front. the chørøctcristic ut't:-

tor o.f a recurd'ing.

Proof. Ilrorn the fotmer theorcrrrs it rcsults that lor a rnaxintutrt
CII-set o11e can construct a seclucnce lvith the givcrr conclitions.

Supposc' that rvc h¿u-c a sccltlclìcc :

5 : (sr, sr, . ., sz,-l, s::,-r),

rvitlr: Sr:sz,-r.-1, st-Szr-z-2, and lt,-.tr"l -1, Ior i:1,
2, . . . , 2n' - 2. Corresponding to this seqttencc lvtr constrtlct a cn-set
thus: R, has the chaiacteristic vector (1, 0, 0, ..., 0), ne with (1, 1,

0, .,., 0), again iÎ -Ri-r has the characteristic vcctor (tr, tr, ..., l,) , n'ith
tt(R¡-r): si 

-r, therr the recording R, has the characteristic vector V'r',t;'
..., ti,), $'hcre ti : t¡ ior n - 1 values of i, and {; - | - t, lor a valuc:
oi l: jf .s;_r .: s¡ i 1, the first valu, I frorn the char¿rctcristic vector ol
1l¡ 1 is ch.arrgcd-in 0, and if si-r - s¡ 1, then thc first value 0 that fol-
lorvs aftc¡ a value 1 is chauged in 1. For different sequences one obtains,
iri this .,vay, different sets. Bttt there cxist rnany rnaxirnum CR-sets for
thc- sarne scqrlelrcc.
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THrìORDtr 5. The nu,mber of fitaxirnu,nr, CR-sdls relatiue to a set

o.f n clistítcct questiotr's is bigger thun :

,.2n -3 .'2n'4\
n(n_ t) t"-t J'

Proof , we will determine the number of the sequences that appear
:i¡ the théorem 4. For this, we will construct a labeled binarl' tree, as Tollo',vs :

- the root is labeled by 1 ;

- a node with the label i has as a leÎt stlbtlee a binarl' tree. 'Ihis sub-
t¡ee is constructed. in the solne way, rvith the toot'i - 1. 'Ihe right sub-
-tree is a srlbttee with the root I * 1 ;

- the subtree which has a rregative nutnber or r1ull for iabel cif the root,
is replaced by an empty tree.

The numbcr of the seqüences that appcar in the theoretn 4 is ccpLal

wiht the number of paths, in this binary tree, lvhich contrects thc root
wiht a rrod.e that has the 1abcl 1 on the levcl 2rt' - l.

I1 rve denote by b¡¡ the 11urnber of ùodes on the level I having the
iab:l 7, then:

brr: l,
b,t:0lori1jori.j:0,
b¡j:b¡-t,i 1+b¡ r,i+t fo¡ r'> I' j>l'

One observe that on an everr leve1 rve have only nocles rvith cven labels,
.and on an odd level we have onll' noclcs rvith odcl labcls.

we dcterrnine b2n_1, 1, which is the spccified valne irr the tcxt of the
'theorern. We have '. bs) : 1 ; ð.,t :'2', bz¡: 5; bg,r : 14.

From the set of values ó;1 lve colrstrtlcb the sct <¡f valucs cl¡¡ as follorl's :

d¡r: d¡r: 0, d¡¡ : 0 for j > i,

d;,i+":b'r¡,2(¡-j+r) for 1 < I < í'
'tlr¿t is rve take only the values b,¡ il lvhich thc Tirst inclcx is cven, aírd'

roll such a lcrrel rve take only the-nonull elernents (corrcspottding to the
even labels) , but in inversc sense.

Using the reccutence relation for hii, tt results :

drr: dr": 0, dn: l, tlu -: 0 Tor i < 3;

'd" - dt': 0;

cl¡¡ : cl¡ r,¡-, l2' tl¡-t,¡, T tJ¡ r,¡ lor 3 < j < i +2;
d,¡--0lot jli,+2.

ö
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which vcrilics :

x - C(x, y) ï 2ry . C(*, ),) + xyz
'We harre:
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We nrust detcrrnine dn-t,À-rt, since': brn-t,, : bzn-z,z: dn-t,¡+t
We consider the s)/steür of the numbers c¡i definecl by :

Ctt: Ctz:0, Crs : l, cü - 0 fOr j> 3;

crr: c;2: 0 ,

c¡j : c¡-t,j-, I 2' c¡-t,j-t *' c¡-t,j lor j > 3.

\\/e construct the generator function:

C(*, y): Ð c¡iriji,
i,j> |

For d.etermining the first (or the last) set iVl¡ that rnust be stored
.or1 ¿f , we rvill deteinrine a stlbset Yoc l' so th'at:

U Jf: €.

I

c(*, y) : -h ù:,Ð. (:') . ., , 
', 

,3: Ð I

IrEùfttA 2. If cv þroþerttt ctt'sts, tht t thc' suhgraþh Go obt-aindd' floii
"C ¿¿m¡iøting tírc atitirtt thqt clo not b'clong to Y o, is a þath'

Proof . If, Go contains a cycle p or a point M rvith the degree superior
to 2, thJn on" äf ;the subsetÀ oI the cycle ¡r, or one of the adjacent sets

itttt' lt in Gn, is inchtded iu the union of the othet scts, rvhich contra-
.dicts thc mode of colrstrirction of y0.

Ar.coRrlHlf A. we will givc atr ordcr of storing _of the sets ùIr,
ò: l, ..., !t, o' the r'ed.iunì S, such that the recordittgs f¡onr a cer-

tajn set M, be stored consecutivelv (by tlll).
l. We determine the graph G, starting from the sets,Mi; l[r, "',

Mni
2. u'"-l;

}'ori : 1, 2, ..., m do: þi: :0;
3. For any colìex component of 'the graph G do the steps 4 - 10,

and afier' that próceed'to the step 1l;
4. For a specifi.ed conex component, lve detcrlrine the subgraph

Go defined. in the lemma 2;
5. We find an extremitY M o of the Gn ;

6. For 'a11 record.ings Ro e Mo do: þo'. : a;
7. Wc take a certain set M frorn this conex compoilent, that has

npt been taken into consideral ion u.ntil now. If all the sets Ùf
have been taken into account, go to thc step 4 with other co-

nex component;
Stcþ B. For M fixed, rve cletcrmi4e X: {þo.lRo=![,.?,0l0]' If.'Y is

ernpt1., go to the stcp 7, .attd thð set M "vill be conside¡cd
latôr. Wé cLot.erminè s 

-: tnin X and t : :uray^ X ;

.Step 9.'F'or every R¡ fto- the conex component do:
)

:' iI R¡cM ancl: a) þ¡=0 then þ¡::a;
rì ; , b)þ¡+ 0then þi):þ¡Il;

iÎ Ri4 M and þ¡>t and s{ú then þ¡:7þ¡t2;
Steþ 10. u'. : D )-'2. Go to the steP 7 l
Xíp tt. The recorclings Ro are stoied in such a rnocte that the associa-

' ted values po eré in an increasing order"

LErrNrÀ g. e: M,,l) M, is a ct-s¿l resltiue to 0' = {qr, q"}, aith
,M¿: Q,(e), i:1,2.' 

ei""¡. the recordings from O ca' be stored in the orde¡ : Mt\p¡r;
Mr(\M2', M|\iv[r

C(r, y) : C(;:, y) - xy".

j-3 r'yt

Stcþ

Steþ

Steþ

Steþ

Steþ
Steþ
Steþ

Therefore

(:'_:)

On can pro\/e, b)' io¿.t"tton in respect to i, tl:.at for the values :'

1 < i < i+3. rvc havc:

d,¡i: c¡j - ci,j ..2,

that is the nonull values on the level ¿. Theu: j

du_t,,,, : (r",,::) _ f:_:) :2 . y (i_|l
5. /tlgorithtns. In what follou,s rve rvill gi.," t.uo algorithms whichr

<letermine the order in rvhich the sets M¡ filLtst be sto¡cd on J, when
the collection € is a cn-set relative to a set @ of questions.

L¡ì{t,rA L TJrc scts XI , ond. M¡ nt,u,st bc storul cousccutiucl.yby nll tneq,ns,
òf t M,f\ M¡ ¡ tÞ and. M¿\I'lj * @ antl l.I¡\X,tj + Q.

lhc proof follorvs iuunediately.
W'c construct arr rurdirected graph G : (l', U) in the following way

(bv iel) :

Y : U,tþ f,[r, . . ., ],1^] ;

(l[i, ],tj) e, U il and on15' il the conditiorrs of lemma 1 are carried.
orrt.

\Ve can consider that the graph' G is cor.rex (iÎ it has so¡nc conex
coru¡ronents, we rvill analysc orlc by otrc thc cotrex componeuts),

Ctt
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LIJì{MA 4. Q,:.tr[rU_f[" U M, js ø cn-s¿t rclatíac al e": {,]r, qr"
qsj, u.ith f[.¡: Ç,(e), i = I - {1, 2, 3}, iÍ ønd only if one of ttt, n,,íi'ilrííe:
q ssertiott,s is lrue :

P,(i, j): (1i, 'i e I, i. * j: A,I,= I,Ij)
Pr(i, j): (1i, j e I, i * j: l,I,À M¡: O) ;

P"(i, j, k):(i, j, k,= I, i + j, j + n, i + h: X,IiÀ Mjc L[*Ç )t¡\) ù,Ij)"

- Proof. T-ltc ttcccssíty. Lct C: i,lru ,\Izl) Ì,tt: {Ro, k: l, ..., þ}bc a t n-sct rclati'e. at g ,- {rlr,-Ç2, Ç}.wc-suppðsc thaLV,l, is dclimitåd.
by the.recordings_rvith inrlcxes 1_,¡ aricl Li, | .-li 

= ti < þ,'i e I. Witir_
ont losing frorn the generalitl', we can suppose: t <'21 Z tà = L! s þ"
a). If Ll < L? it results Pr(t, 2);
b). If Ltr > Ll thcn:

bl). If Li < Li it results Pr(l., 3);
b2). 11 Ll > Ll then:

b2l). If L,, < Lt it results Pr(2, l) .,

b22). fi Li> LL thcn:
b221). n LZ < Z! it rcsults Pr(2, 3) ;

b222). fi Ll> Z! it results P"(1, 3,2).
, Tlrc sufficiettt. rÌ Pli,7) is true, the recordings can be storcd. in,

thc order:

l[j\(À,IhU il(,); )[r\Mo; Mr) tuIo; M,) (X4u\M,); IuIh\A,tj.

11 P2U., j) is true, thc recordings can be stored. in the order:
),Ii\tr[t,; t,I, ) Mo; X,I h\(Mhf) (M, U tuI)) ; M¡) M¡ , À,r j\trÍ,,.

Il PsU, j, h.) is true, the order of the recordings tray be:
l,Ii\Mh; LIo\luI¡; A[¡l A4¡ ; M.\AI ¡ i M¡\M o.

From the lcrnmas 3 and 4 it rcsults that if € is a cn-set ¡elative
to. a sct of cluestiour € - {qr, . . ., q"} then it can be dccomposed in clis-joint sets'. Tr., Tr, ..., fì; whose ri ion gives (Q, anð, il e^as storccl on
J.in thc or_der T'þ . . ., î¡, .i' I, the order of the recordi'gs being.
arbitrar¡,, tiren cn-property is true for the set €. of clucstionsl

Fo¡ the collection considered in thc lenrma 3 it results that: p:g:
and Tt: À[r\A[t, Tz: J[t) A,[2, Ts: ilIz\Mr, some of the subsets
T, tnay be eruptl'.

lnppgse _that Q.: I,Itl) MrU ...1) fut, is a cn-set relative at
A :,{q,, i - l. . . ,, il}, rvith Al,: (li(e), i": t, ., n, and the intle-
1-retrdrrrt srrbscts dcscrilrcd abovc arõ': Tr, . . ., 'l-þ. Onc rrray put the
problenr iÎ b¡' aclding of a 1lew cluestion q, whosc'ans*cr is 

-thè 
set M

gf. Ig"gr4ilgs, the collcctior e l) M has 
-the 

cR-propcrty ¡elative taaU {q}.'l'hc solution of this probl"trr is given by^thè next theorem.

@. lt'øs tlt
i e øt'c subse
h,ol LU M r
i f the follou
Ct.X,tñT:e,ieI;

I
C2. 1i, jeI'.McUTn,

h:t

rclatiae to e, ancl Ti,

j-t
ønd. if i - i ,- 2, tlrcn, U Tn- M i

È:i-t-1

C3. 3ie I' V,t* c. f'1, 7-;* M, ilI À T¡ : @ for j > i;

(0, o: r, thc,ri ., : *) ,

þ

C4. fjel: l) Tn- f[,7içl't, ]'I^1Ti: O, for i<i,
h-j +t

(o ¡ - þ, tl*,' û ,-: *l ,

\ ¡li-r ^ )

C5. U T*- M.
heI

Proof . We rvill shorv that jf one of the five concLitions is true, thcu
cn-prop"rty holds lor I [J 11,1 relative to eU {ø} (rve rvili construct the
rrew disjoint subsets T'r, . . ., Ti.

If Cl holds, then: v : þ -l l, Ti: T,, i e I; T',: I'1.

If C2 is true, then subsets î{, ' . ', T, rvill bc the nocürpty subsets :

Tr,...,T¡-r, T¡\...Iy', TtaA'I ,T¡-rr, ".,T¡-r,T¡ÀM, î¡"..i'14,7'¡'rr, " ',7-p'

In the casc when C3 is trtLe, th.e subsets lvi1l be :

M \@, Tr, ' ' ', T¡-r, Il ÀTi, T¿\M, ?i1r, ' ' ', 'I-þ'

'When C4 is true, the subsets rvill be :

Tr, '..,l'¡-r,4\¡4, Ti^ìIt, Ti*r, "', Tþ,ì4\.@,

and for C5 true thev rvill be :

TL, ... , Tþ, lvI\.@.

We still rnust shou, that i1 @ U l[ has thc cn-propert¡' rclativc to'
g U {q}, then it rc'sults that one oI thc spcciTicd conditions is truc :

a). If tf ) @: <Þ it resrrlts Ci;

i1 D-ÀTr\ ORGÀNlZÀTION 279

d,efined., then, cn -þroþerty
{q\, where q@U M): NI,
is true :
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b). If Mae t <Þ, then: ,

-b-l). If @ ,= luI it risults C5;
ìb2)'. If lvI ç Q. it rcsults C2;

b-q). I1 X,I \@ #.O-and e\M # O ir ¡esults CB or,C4, because therccordirrgs Tton'L @ l) M arc store<l consecutively on .f .

Due to theorcn 6 rve can construct the following algorithrn:
,4,r,coRr1'Hr\r n. ,A.s before, this algorithur, will give the ord.er of storing

bhe.sets ,ù1r., .._._, Mr on the pedium d, such tñat the recordings ,f ,iarbitrary. .set .Mr. arc stored consecrrtivcly.
In this algorithrn we use the variables :

if the set M, has been storccl on

r thc theorem 6;

b). : ror i < rNc 
^and, 

j> rNc ,h" .å,pîlt'^:ätï Il: ;,;j,,?'. 
dcri'cd

2trþ l. For i :7,2, ..-., ,L do: y,: :0;
2trþ ?. ! , : 7, Tr.. - Mr; X: -: Tr; iNc: : 1 i
S6eþ 3. i: : 2;

o to the stcp 7,
o to the step 4, else i : : 2 .,

elsci::i|-l.
sto-4r (T,, . . , 'f þ gives the order

rncclrtrm)

- M¡, y,: : l; X : =:= X l) X,t¡;

are veriried. relatjve to the .,,0$.tn?,ïl'11:i:"î;t åff,rtîï'ïîflthcsc strbscts attd according to the "".itià¿ "oti¿itÏàtr, 
ivc construct

^. tþ" subsets z-rnc, . .::.T.,_oi tt" prooi áf tr," 
-th;;;;; 

o-r"äiããii"l
Slcrô B. þ: : r; X: : X l) ùI¡) y¡:-:1; go to the step 3.
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