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1. Introduction. Let of = {A;, A, ...; A} be a set of descriptors
(attributes). Every descriptor A; may take values from a set /D, If for
any descriptor 4; a certain value from 7, is fixed, we obtain a recording

R 5 (vlJ 1)2.1 LA ) vn)J
where v, « @;, i =1, 2, ..., n. A set of recordings will form a collec-
tion of data:
O\ R #IOL1E2 12 DTz )]

The data collection @ would be stored on a certain medium & which
can be considered as a collection of locations of storage. The medium &
has an access-time function between any two locations, a function which
depends on the structure of this medium. The most important use of
the collection € stored on &, is that of retrieval of some recordings when
a necessity appears. These mnecessities are specified by means of some
questions, and we denote by @ their set,

What we are interested in is to fitid an organization of:€ on 8,
so that for any element g = @ one can determine the elements from €
which comnstitute the answer to the question ¢ (denote by ¢(@)).

2, Kinds of questions. Let 4; e of and v; e D,. The pair:
K = (4, )
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is-named key. For a key K we: denote by { i i
. _ via(K) the descriptor (the left
part of the pair), and by v(K) its value,(the right part).p’l‘her(efi)re:e

K = (a(K), v(K)).

© Ifﬂ a = {A;, 1= I} < of, we denote by II,R the projection of recording
= (v, Yy, -.., V,) o1 «, which is defined (by [2]) as:

R = (1),-, 1= I)
The projection of collection €@ is defined by:
I, = {lI,R| VYR« €}.

Various kinds of questions which may be addressed the collection
gr;?:g izetf}(l)eurflgllgivigqlgj :3, 6, 12]. All these sorts of questions are inte-
~a). Find the clements of € which “has s specified keys : K K
i.e. find all recordings of the collection, which have a p.artiléuieif vatue
for any of the s specified descriptors. The answer to such a question gis:

7€) = (R @|I,R = (v(K,), ..., v(K,)},
where :

S

B = a(K)).

il

b)..Questions described as boolean functions of the keys:

¢). Questions with limits for a descriptor 4; e A, that is to search
the ‘elements of € for which the' desceriptor 4; takes the values contained
between v, and v,, where the valucs v, v, = 7);. The answer is:

g€) = {Reclv, < I, R < v}

In that case one must define a preorder relation (* < ”) onithe set I/Z)A

d). Questions with the restriction on the distance relative to a des-

eriptor A;. In this case it is necessar § i
3 ‘ , v to define a distance d on PD,. "
answer can be: ke

q(@) = {R = @jd(Il 4, R, v,) <},
where v, 'and A are the specifiecd values, vy« 7, Ae R*; or:

q(€) = R = Cd(Il 4, R, v,) == min d(Il4, R, vy)},
re2
where v, e /D, is a specified value.
Riemark. The case d can be extended to the si ot
: s : situation, of more
des.crlptors o= {di, ..., 1‘1.‘,5} < . For this, the distance d, must be
defined onithe cartesian product: .

Di, K e X D,
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e). Questions of the form described above linked together by the
logical operators: AND, OR, NOT.

In [7] there are many algorithms which give the answer to the ques-
tions of the kind a, for s=1, and if g(€)= @, to insert an new recor-
ding''in €.

In [6] there is described such a way of the organization of the collec-
tion €, that for any question of kind b can ba obtained the -answer. Be-
sides the data collection € is considered ia new zone, named directory,
with the informations of the form:

(K, my hys e, vl agl)y =12, L L

wihere :

K. .., Kgpare the) keys which form a question;

— n is the number of thez elements of € which contain the key K;;
— J; is the number of sublists in which the n; elements are divided;
— g is the address, ou the support £, at the beginning of the j-th sub-
lists. '

The collection € with her directory is named a generalized file. Tor
various private values ol #; and h; we obtain the structure of ; inverted
fite, multilists file, sequential-indexed file. ‘

A certain recording can contain more specified keys, and then, at
the inverted file, the address of the recording can appear maiy times
in the directory of the collection. In [12] a “canonical structure”, where
the address of the recording appears only once, is found. ’

A way of transforming a search by limits of values '(type ¢) in a
search described by a boolean function of keys (type b) is described in [3].

In [1]is given such a way of organizing of the colléction’ €, that one
can give the answer to the questions of thel type di

3. An optimal model of organization of data eollections

In the section 2 some models of the organization of data collection were
indicated. For giving an answer to a question g of @ a time #(g) is needed. -
I+ would be very important to find such as organization for which #(§)
is minimum for any element ¢ = @. In the next section we suppose that
the medinm & is linear, and the access-time between any storage locations
depends on the distance between them,

In gencral, in various kinds of organizations the necded data for
giving the answer to a question ¢ are stored at various addresses of &,
and f(g) depends on the distances between the recordings. This time is
minimum if all the recordings pertinent to g are stored comnsecutively on
$. If this fact is valid for all the desired recordings of every ‘clement from
@, then we will obtain the best organization. If there is such an organi-
zation between € and @ on §, then we will say that € has the consecttive
retrieval property (CR-property) relative to @. In [4] are given;some
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conditions which must satisfy € and @ for the existance of the cr-pro-
perty. For other results with regard to this problem one can consult [5,
8,9, 107. i

In section 4 we will give some results about the number of the re-

cordings from a collection € when c¢r-property relative to a set; @ of the
questions exists. In sections 5 two algorithms are given which determine
the order of the rccordings from € on & when, ¢r-property holds.

4. The number of the recordings from a  cn-set

Let @ ={R,, ..., R,} and @ = {q,, ., .} We consider the boolean
matrix B = (By), i=1, ..., m; j=1, ..., n; where an element By
is one if the recording R; is pertinent with the question ¢, (that is
R; = ¢;(@)), and zero otherwise. ' '

We denote by #(R,) the number of the values 1 from i-th line of the
matrix B and by M; = ¢;(€) the set of recordings pertinent to the ques-
tion g¢;.

Definition 1. € is a cr-set relative to Q if the recordngs from

€ can be stored on the support 8 such that the cr-property holds for cvery.
4 = Q.

Definition 2. Two questions g, and q; are considered distincts
if in the matrix B there correspond to them distinct columns.

Definition 3. The characteristic vector of the recording R, is equal
with the i-th line of the matrix B. Two recordings ave considered distincts.
if the characteristic vectors are different,

We considered 'that the recordings from the data collections in what
{ollows are different.

THROREM 1. If m is the number of recordings from a cr-set relative
to a set @ of n distinct questions, then m < 2n — 1.

Proof. I'he characteristic vector of the recording (different from the
first recording) differs from the characteristic vector of the precedent
recording by at least one position. There are 'at least # recordings per-
tinent for the first time to a question, and'at most # recordings for which
a question will not be asked. There exists a recording which appears in
both subsets.

THEOREM 2. [f € is a cr-set relative to a set @ of n distinct gues-
tions, then the number of recordings with u(R) even s ai, most n — 1, and
the number of recordings with u(R) odd 1s at most n.

Proof. We prove the theorem by induction in' respect to . For
n = 2 we have at most a recording with #(R) 'even, and at most two re-
cordings with #(R) odd. '
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We suppose that the theorem'is true for the sets @ with at most
n —1 distinct questions. We decompose € == €, | J'€,,' where €, is 'the
subset of those recordings with #(R) ‘even, and €; with «%(R) odd. The
two subsets have CR-property relative to a set @ with # distinct ques-
tions. :

Let R, and [R, be the first two recordings 'from €, or @, R, in
front of R, on &, and u; = u(R,), u, = u(R,).

a). If u, = u,, then in the characteristic vector of ' R, appears at
least ‘a value 0 in the place of the value 1 from the characteristic vector
of the R;, and then on the respective column does not appear the value
1 at all. Deleting the question corresponding to this column from Q and
the recording R,, the induction hypothesis is true and we obtain the as-
sertion of the theorem.

b). If %4, > 2 -+ u,, then there are at least two values O in the cha-
racteristic vector of the %, in the place of some values 1''from the cha-
racteristic vector of the R,. Using the rcasoning from a, the theorem
Tesults.

¢). If u; + 2 '< uy, then in the characteristic vector of the R, we
have # — u, null elements. The recordings that faliow R, on S can be
divided in two subsects, which can be nondisjoint : a first subset, in which
appear the recordings that have at least a value 1 in the characteristic
vector in the place of the value O from the characteristic vector of the

2
and a second subset, in which appear the recordings that have at least a
value 0 in the characteristic vector in the place of the value 1 from the

4 : : . n-—u
precedent recording, the number of these recordings being at most |2 ‘]

characteristic vector at the precedent recording, with at most nﬁz]
. - 2

recordings (we have no recording with the null characteristic vector).
Together with R, and R,, in €, or €, can appear at most :

e [ [

2 2

recordings. If the recordings are from €; then #; > 1, and the maximum
number of recordings is #, and if the recordings are from €, then #, > 2,
and the maximum number of recordings is » — 1.

Definition 4. 4 cwr-set relative to a st @ of n distinct question
is maximum if 1t has 210 — U recordings.

THEOREM 3. [ na maximum  Cr-set the characteristic veclors of two
neighbour recordings differ by a single position.

Proof. Suppose the opposite: there are two neighbour recordings
R and R, for which the characteristic vectors differ by at least two po-
sition, which are supposed to be the first two. Let (¢, ¢, ¢4, ..., &),
be the characteristic vector of the R,, and (¢,, &, c3, ., e)) of the R,
where ¢, =1 —¢, 1 =1, 2.
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We will show that in this case between the two recordings one can
introduce another one and the ¢r-proprety remains true, which contra-
dics the fact that the set of recordings is maximum,

a). If (ey, e,) =0, 1) or (¢4, ;) =1, 0), we can insert 'the recording
which has the characteristic vector (1, 1, e, ..., ¢,). If this recording
would be in the set, the c¢r-property would not hold.

b). If (eq, €3) = (0, 0) or (e e;) = (1, 1), then:

— if nosrecording appears ‘with (ey, €y) == (1, 0) or' (g, €3) =1(0, 1), we
can insert one with thesc wvalues;

— if a' recording with (e, ¢,) = (1, 0) (or (e, e,) = (0, 1)) appear, we
can insert a recording with (e;, €y) = (0, 1) (or (e;, ¢z) = (1, 0));

— we can not have two recordings with (e;, ¢,) = (0, 1) and (e;, €;) =
= (1, 0) in this set.

Remark. The recordings from a maximum CR-set verify .
wy = 1, Uy == 2, tay_o =2, wgy_ = 1.

Proof. 1f u; # 1 or iy, # 1 then we can add new recordings at
the beginning or at the end of the collection @, which contradicts the
fact that the set is maximum. From theorem 3 it results that wy=1u,, =2.

THEOREM 4. The nuwmber of maximum Ccr-sct, relative to « scl of
n distinct questions is bigger than the nwmmber of sequences of lenght
2m — 1, formed with the naturall wuwmbers, in which the difference belween
twoiconsecutive elements of the sequence is +1.0r —1, and the conditions
from the precedent vemark. are verified. Amny clement from the sequence cor-
responds lo the number of clements equal with 1 from the characteristic vec-
lor of a recording. .

Proof. From the former theorcms it results that for a maximum
CR-set one can construct a sequence with the given conditions.

Suppose that we have a sequence !

S (51, Sg, + -+ .y S2p—2, Szn~1),
withs thisy == 5g,8Y 2= 1} Tsh =Rl R QN a i #0622 ot =t U1
2, ..., 2n — 2. Corresponding to this sequence we construct a cr-set
thus: R, has the characteristic vector (1, 0, 0, ..., 0), R, with (1, 1,
0, ..., 0), again if R; , has the characteristic vector (¢, ¢, ..., t,), with

#(R; 1) ='s;_1, then the recording R; has the characteristic vector (¢, 43,
t)), where #; = {; for n — 1 values of ¢, and #; = 1 —{; for a value
of 7:1if s,y ==s; + 1, the first valuz 1 from the characteristic vector of
R, ; is changed in 0, and if s;_, = s; — 1, then the first value O that fol-
lows after a value 1 is changed in 1. For different sequences one obtains,
in this way, different sets. But there exist many maximum cr-sets for

‘the same scquence.

at
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THROREM 5. The number of maximum Cr-sets relative to  a  set

of n distinct questions 1s bigger than :

2n — 3 {211—4}

nin—1) n—2

Proof. We will determine the number of the sequences that appear
in the theorem 4. For this, we will construct a labeled binary tree, as follows :
— the root is labeled by 1;

— a node with the label ¢ has as a left subtree a binary tree. This sub-
tree is constructed in the some way, with the root ¢ — 1. The right sub-
‘tree is a subtree with the root 7 4 1;

— the subtree which has a negative number or null for label of the root,
is replaced by an empty tree.

T'he number of the sequences that appear in the theorem 4 is equal
wiht the number of paths, in this binary tree, which connects the root
wiht a node that has the label 1 on the level 2n — 1.

If we denote by b; the number of nodes on the level ¢+ having the
label 7, then:

(=)
by=01for ¢ <<jori.j=0,
biji= bi—nfi—15E bizy, v for 431,912 1,

One observe that on an even level we have only nodes with even labels,
and on an odd level we have only nodes with odd labels.

We determine by, 1,1, which is the specified value in the text of the
theorem. We have: by, = 1; b5y =2; by =95, by = 14

From the set of values b;; we construct the set of values d,; as follows:

d;y = dip =0, d;;, =0 for j > 4,
d¢,j+2 = sz,Z(‘_j+]) for 1 < ] < 4,

that is we take only the values b;; in which the first index is even, and
on such a level we take only the nonull elements (corresponding to the
even labels), but in inverse sense.

Using the reccurence relation for b, it results:

Ay = Bg gy, dqg = 14 o, ="(0"for 73 35

d;y —d;p, =0;

dij=di_1j_s + 2 dicy,j1 +dig; for 3 <5 <7423
dy =0 for j > 14 2.
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We must determine d,_y 44y, since: boy_ i1 = ban_os = dpoy, ny1-
We consider the system of the numbers ¢;; defined by : ‘
€11 =¢12 =0, c;3 =1, ¢;; =0 for 7> 3;

PR AL O

e Sl PG G0y oty BN U fords 3!

We construct the generator function:

Clay )= DoyCudivds

izl
which verifies :
% Clx, y) + 2xy - C(x, p) + 2% - Clx, y) = Cx, ) — 2%
We have : :

2i

Clo, 3) === D[}t = T

ijz0'7 i 73

2i--2
I Xyt

Therefore :

(2,:—2
t j~3)'

On can prove, by induction in respect to ¢, that for the values:
1 <j <+ 3, we have:

dij = C;j — Cij-a,

that is the nonull values on the level 7. Then:

; 2n — 4 2n—4 " 2n—3 2n—4
d,,v_l,,,,H:( )_‘ '):z. =3 | (2n—4)
n—2 n—4 nin — 1) n—2

5. Algorithms. In what follows we will ‘give two algorithms which
determine the order in which the sets M; must be stored on §, when
the collection € is a cr-set relative to a set @ of questions.

LuMMA L. The sets M, and M; must be stored consecutively by all means,
ift M\ M; # ® and M\M; # ® and M\M; # ®. i,
The proof follows immediately.

We construct an undirected graph G = (Y, U) in the following way
(by [97): :

Y =M, My, 4. 0IM

(M,;, M;)e U if and only if the conditions of lemma 1 are carried.
out.

We can consider that the graph’' G is conex (if it has some conex.
components, we will analyse one by once the conex components).
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For determining the first (or the last) set M; that must be stored

on &, we will determine a subset Y, Y so that:

|J M=e.

MeY,

LEMMA 2. If CR propertv cuists, théi the subgraph G, obtained from

G eliminating' the vertices that do wot belong to Y, is a path.

Proof. If G, contains a cycle y or a point M with the degree superior

to 2, then one of ‘the subsets of the cycle @, or one of 'the adjdcent sets
with M in G,, is included in the union of the other sets, which contra-
.dicts ‘the mode: of construction of Y. :

ALGORITHM A. We will give an order of storing of the sets M,
i=1, ..., n, on the medium S, such that the recordings from a cer-
tain set M, be stored comsecutively (by [11]).

Step 1. We determine the graph G, starting from the sets My My, ...,
M,; .

Step 2. v:=1,
Fori=1,2, ..., mdo: p,:=0;

r

Step 3. For any conex component of the graph G do the steps 4 — 10,

and after -‘that proceed ‘to the 'step 11;

Step 4. For a specified. conex component, we determine the subgraph

G, defined in the lemma 2; oy

Step 5. We find an extremity M, of the G, ;.
Step 6. For all recordings R, e M, do: p,: =17;
Step 7. We take a certain set M from this conex component, that has

not been taken into consideration until now. If all the sets M
have been taken into account, go to the step 4 with other co-
nex component ; i

Step 8. For M fixed, we determine X = {p,|R, = M, py# 0} If X is

empty, go to the step 7, and the set M will be considered
later. We dotermine s = min X and ¢ = max X ; : j

Step 9.'For Q\'efy ‘R; from the conex component do:

if R,-i'c_v M and: a) pj =0 then p;: =1v;
f b) p; # 0 then p;i=p; + 1;
if R; & M and p; = ¢ and s < ¢ then p;: ey bt 213
Step 10. v: = v + 2. Go to the step 7; ; - ,
Step 11. The recordings R, are stored in such a mode’ that the associa-
‘' ted values p, are in an increasing order. ’
7 LEMMA, 3. 6=MUM, is a cr-set realtive to @ = {q,, qa}, With
M 5= 2, (Chait Sl fic BT -
Proof. The recordings from € can be stored 'in . the order: M\M,;
M oMy M\M .0 :



278 LEON TAMBULEA 10:

LEMMA 4. C =M, UM, UM, is a cr-set wrelative al Q — {91, q,..
s}, with M; = q;(€), i I = {1, 2, 3}, if and only if onc of the next three

assertions 1s true:
Pyi, 9): (3, jel, i #5: M, < M) ;
Poi, 7): (3, jel, i £5: M, N\ M; = ®); i
Py(t, 7, R): {0, j, ke I, @ 4,0 #k i # ki M, M;s M, M, M;).
Proof. The necessity. Let, C = MU M, My = {R,, k=1, ..., p}
be a cr-set relative at @ = {¢y, ¢5, g5}. We suppose that M, is delimited’
by the recordings with indexes L} and L, 1 < Li < Li < p, i = I. With-
out losing fromn the generality, we can suppose: 1 < L! < I} < I} < b..
a). Tt L << L% it results P,(1; 2);
b). If Ly = L% then: :
bl). If L < L% it results P,(1, 3);
b2). If 'L} > L3 then:
b21). If LY < L} it results Py(2, 1);
b22). If 12 > L} then:
b221). If 1§ < Lj it results Dy(2, 3);
b222). Tf L§ > 1L} it results P,(1, 3, 2).

The sufficient. If P,(i, j) is true, the recordings can be'stored inm
the order: 1

MANBEU M) 5 MAM,; M, M,; M\ (M\M,); M\M,.
i P,(i, j) is true, the recordings can be stored iﬁ the order :
MAM,; M, N M, MA\M, N (M, U M));"MyN ' M;; MA\M,.
It Py(i, j, k) is true, the order of the recordings may be:
MAM,; M\M;; M,N M;; M\M,; M\M,.

From the lemmas 3 and 4 it results that if € is a cr-set relative
to a set of questions @ = {¢q,, ..., ¢,}, then it can be decomposed in dis-
joint sets: T, T,, ..., T,, whose union gives @, and if € as stored on
& in the order T, ..., T,, in T, the order 'of 'the recordings being
arbitrary, then cr-property is true for the set @ of questions.

For the collection considered in the lemma '3 it results that : p=3
and T, = M,\M,, T,=M,N M, T,= M,\M,, some of the  subsets.
T; may be empty.

Suppose that @ = M, M,J ... M, is a cCr-set  relative at
Q@={q, i=1, ..., n}, with M, = g;(€), 1=1, ..., n, and the inde-
pendent subsets described above are: T, ..., T,. One may put the
problem if by adding of a new question ¢, whose answer is the set M
of 'recordings;  the collection @ |J M has the cr-property relative to
@U {g}. The solution of this problem is given by the next theorem,
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turoreM 6. If @ has the cr-property relative’ to @, and T,
1el g 1) ey AR j{} are subsets previously defined, them Ccr-property
holds for the collection €\) M relative to @l {q}, where q(€U M) = M,
if and only if one of the following conditions is frue:

€l MNT'=0,i&l;
i
C2. 3, jeIZIMSkL;JIT,;,

i—1
and if i — 9 = 2, then \J T, M;

E=i-k1

s—1 ) )
C3. el UT,c M T,¢M, MO Tj = for j>1;
k=1
i—1 ?
(7,'f i=1, then), T, = (D);
k=1 b

p . .
C4. Jjel: U T,esM I;¢qM MN T, =, for i <y,

k=741

P
(if j=p, then, \J T,= (D);

A=j+1
cs5. U T,e M.

KEI

Proof. We will show that if one of the five conditions is true, then
cr-property holds for € {J M relative to @UJ {g} (we will construct the
new disjoint 'subsets Ty, ..., T,. . ’

If C1 holds, then: r =p +1,'T; =T, iel, T, =M.

If C2 is true, then subsets T;, ..., 7, will be the nocmpty subsets:

Tl; e Ti—l: T{\\A’[, Ttm 17‘/[, Ti»!’ln 1) Tj_l, T"mAM, TJ\A’[, I‘j,;_l, S jﬂp.

In the case when C3 is true, the subsets will be:

M@, T, ..., Tioy, MOT, TONM, Tir, -, Ty
When C4 is true, the subsets will be:
T, ST b TaeM,) B MATpa ) 20T M\ e,
and' for 'C5 true they will be: '
Tt Ty @.

We still must show that if @ [J M has the cr-property relative to
@ U {g}, then it results that ome of the specified conditions is truc:
a), If M N €= & it results Cl;
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Y. It MM € # O, then: :
bl). Tt @'s' M it résults C5;
b2). If M < @ it results C2;

b3). If M\@ # ® and @\ M # ® it results C3 or .C4, because the
recordings from @ \J M are stored consecutively on J.

Due to theorem 6 we can construct the following algorithm :

ALGORITHM B. As before, this algorithm, will give the order of storing
the sets M,, ..., M, on the medium g, such that the recordings of on
arbitrary set M, are stored consecutively.

In this algorithm we use the variables :

-V v=1,2 ..., n where y, =1 if the set M; has been stored on
the medium &, and 0 otherwise ; ‘

— X — the set stored recordings ;

— 1y, ..., Tp — sets mentioned  in the theorem 6;
INC is a variable which shows a position in Ty, ..., T4, defined
by : for i < 1n¢ and j > e the sets T, and T; are disjoint.

Step 1. For i=1,2, ..., ndo:y,:=0;

Step 2. p =1, Ty: =M,; X: =T;; IN¢c:=1:

bl

Step 3. 1: =2
Step 4. If y; =0 and M X # ® go to the step 7,
else i: =44 1. If 4 <n go to the step 4, else 7: = 2;
Step 5. I v, =0 go to the step 6, else i: — ¢ + 1.
If i <% go to the step 5, clse stop (Ty, ..., T, gives the order

of storing the recordings on the medium). i
Stefp Gupt = p 15 aNne: = p; Tp:=M;; p: =15 Xo: =X \JM,;
goito the step 3 uh 10
Step 7. This step verifies which one of the conditions of the theorem 6
are verified relative to the subsets T YRR A Starting  with
these subsets and according to the vetified condition, we construct
the subsets Trine, ..., T, as the proof of the theorem 6 indicates ;
Step 8. p: =r; Xt =X UM, ;y,:=1; go to the step 3.
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