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1. Introduction

In this note rve consider the follou,ing rnax-rniu,'fractional problem

pl¡t. Fin,cl
. f(x,v)

?) :: nlax lTì.111 

-
x v g(x,Y)

su,bject to :

(1.1) hn(x, Y) < 0, i : r' 2' " '' ttx'

tah,cre f: R"XIìrt--+Il, I: R"XRÞ. + ll and' lr'," R XRz--+tì (i: l'2' ' ' " m)'

In the case when the functions /, ellv o! Vi
(sec [];
linear in
max-min
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2. The nonlinear fractional ma¡_min problem

Next we follow 
-the pm.g way that in l4l. For this puipose, we considerthe furrctions .8,:R - n (? : ó, t, . ..,'ri,¡ verifyini-1-ñà follo*,i'g ts,ohypothesis :

il) Et Ø:0, 1, ... , ur.) are þositiue functions, tltøt is;
EoØ> 0, Vl¡0;

i2) Eo ,is ø strictly i,ncreasing fu,nction.
We denote:

F(u, r', t) : -f

(2.1) G(u, r,, t) : S

r3
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Follorving the paper [2], the pair (x", y") = S : {(x, y) = R" X R/:
hr(x,y)<0,i:1,2,.,.,1n\,iscalledtanoþtimal'solution:fo¡the
problem prrt if the following'trvo conditions afe vefified:

al) rnin {qi*", 1r) :Y e S(*")} : q(x", Y")i
T

a2) q(x", y") > m]n {q(x. y) : y = S(x)}, Vx = P,

where:

P:{x eR":3¡r e[lÞ such that h,(v,y) <0, i:1'2' "" m)'

and

S(x) :{Y=R¡"lt',(x' Y) <0' i:l'2' "''m)'
Similarly are defined the optimal solutiorr for the maximin problern erlrz.

The main result of the work is:

THÊonB¡'t 1. If :

(i) the þoint (rt, v, 0) is not ø feasibl,e solution for the þrobl,em Ywz;

(ii) 0 < sign d : sign g(x', y') for an oþtirn'øl' solution (x'r y') o-f the

þroblenr nan; '

(äi) (n", 't", t") is an oþtitn'al' sol'ution of the þroblem nMlz:.

thett lhc l,oi, (!, o"l is a'n oþlitnal soltttiott' of thc þroble m wr'
'"""' \ r' ' r' I

Proof . F'rorn (i) it follows t:hat t" > 0, and then by i1), we obtain:

E,(t") ) 0, i:0, l, . .., 1'tN.

But then, by (2.3) aud (2.1) it results '[!- , L.| = S Let suppose
It"' t" l

thát the pair (í'lt", n" lt") is not an optimal solution for the problem prtt-

Then, by (2.4), it follows:

(2.5) nrin {q(x', -r') : y e S(x')'} : Q(x', y') >'l(v"lt", v"lt") :
: min {q(u"lt", y) :y = s(t"lt")). 

l

on the other side, frorn the condition (ii), there exists 0 >.o such

that :

8(x" Y') : 0d"

Taking:

t' : Eot(ll0), u' : t'x', r" : t'Y',

ptnz. Fin.d
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.Eo(t),

. Eo(t),

rnax rnin F(u, r', l)

2

It

t ;)

;l
¡t

t

rl,(rr, r,, t) : h¡[+, ;) . EoU), i: t, 2, ..
We also srlppose that there exist the limits:

l.iq F(u, v, t) = F(¡, v, 0);
t+0

1im G(u, 'v, t) : G(u, r', 0),
l+O

lirn.E{r(u, v, t) = Hn(u, v, t), i _ 1,2,
l+0

Using the above .notatious, lve associate to the probletrr pl,n, tliefollowing non-fractional max-min probiem: 
- - 'v'-

111,,

' 1fr.

ù (ì', r)

subject to :

(2-2) G(u, r,, 't) : d,

(2.3) I/,(u. r', /) < 0, (i: t,2, ..., m), t > 0,
uhere d * 0 is ct giuen reøl nuttibcr.

We dcrrotc þ¡,:

(2.4) I q(x, y) : {1 +,
c(x, Y)

the objective ftrnction of the màx-min problenr rlrr.
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uhere e eR'r f çR", d=Rr', g =llÞr'b=R", r el:lr g;€ll and the,

møtrix A, andß u'i/'lt't'cøls cl,entcnts arc giuerø, ønd.x e Il", V e Rr'.';' ji

I1 r,'r'e take : . .t ' i

E,(t) : t (i :0, 1, . . ., m.).,

then, to the problem pi\{r, we can associate the follorving linear max-min
problem (see, the problem rlrs) :

Pw. Find'

ur : 1nâx min (eu )- tlv I rt)

But, by (2.4)-(2.7), it follows the inequalitl,:
F(n', v', t') s F(t", v,,, t,,),

which is contrarv to the assum_ption th9t,.{t,',..y,,, t,,) is an optirnal solu_tion for the oiohlem puz. Häncc (u,rjt,r) ,l,,ir,,i ir'# äpti,nat solutionof the problem pvl, and the theorerli ls proven.
' By' fheorem 1, if. the problerrr p¡rr_ has arr optirnal solution, thissolution can be obtained b¡, säl'irrg tnÀ tåilorvin; irrå pìlåi1"r,.,. ,

p¡vts. Find.

?1 : max rnin F(u, v, l)
u (v, /)

subject ta

G(u, v, t) : 7,

H,(u, v, l) < 0, (i : 1, 2, , nt), t >- 0,
pw+. Find.

uz : t1tâx min (-F(rr, r', l))x (r, t)
subject to

-G(o, v, t) - 7,

Hi(u, v, l) < 0, (i: l, 2, ..., ,1.),,t > 0.
From 'Iheorern 1, it can be easily shorv that u .: lnax (ur, vr)

3. Thc linear fractional case

Now we consider the linear fractional rnax_min problern
pwr'. Find,

cx*dy þrU : mAX mllt -

r y fx -l- gy -.1- s
subject to

(3.1)

{3.2)
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and using (2.1)
solution for the

(2.6)

(2.7) J$"lt",tt"lr.")
g(\" 1t", v" lt")

: F(u",v",¿") _ F(n",v", t")
'd
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- (?,3), it can be easilly^s]r.ou, that (u,, v,, t,) is a feasibleproblem puz. A1so, 14. (2.1) and (2.à),'we get:
_f (x' , V') _ F(u' , v,t,) _ F(u. , v' , t,)

S8', V') G(tr', v', t') d '

5

G(rt", v", t")

Ax f By< ó,

'x-)0, y>O,

r (r, l)

subject to:
(3.3) Au | Rv - b/ < 0,

(34) fufgvfsl==1,
(3.5) u)0, v)0¡ t>0.

For the problcrn plt' \\'e srll)pose : .

}Jl) th'c søl S : {(*, y) e Iì" X lìp: Äx * Il¡' ( l¡, x 2 0, Y 2 0}, ís
nonuoid ønd, bor.tndcd, ;

H2) fx * fry -l s > 0, V(x, v) e 5-.

From the theorern .1, orte gcts thc lollor,r,ing result :

'rHEoREÌ\r 2. If thc cotcd,il,ions }Jl) and IJ2) holcl, and i'f (t\", y", t")
is an, oþt,inrøl soluti,oto for tltc þroblcm p\u., then the þairlî, i)is an oÞ-

timctl solutiorc for lløe þroblent, nvrt.
Proof. Because the conditions (ii) and (iii) of 'I'heorem 1 are verified,

it remains to show that (u", v", 0\ is nol a feasible solution of the problem
pu1 (r|¡ç ounrlitir¡¡ (i) of Theorenr 1). That is, it must proved. that every
(u, v, l) verifying (3.3)-(3.5) has I > 0. In the contrar case, there exists
a pair (u, v), such that :

Au -l- Ilu ( 0,

u)0, r')0.
Then by (3.4), it follorvs that (u, v) is not the null r'ector. But if the

pair (x, y) verifies (3.1) aud (3.2), then the pair (x f zøu, y I wv) verifies
also the inequalities (3.1), (3.2), for every u > 0, r'r'hich is contrary to the
boundness of the set S supposed by Hl). This completly proofs the theorem.

fn the end we rrrake the renrarque, that the li¡rear max-min problern
pML can be solr,ed by the method gir.en b¡, J. E. r¡.{r,K [3]. Also ftorn
Thc'orem 1, it can be obtaine¿l sirnilar resrrlts lvith Theorems 2, for the
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max-min fractional problems ivith nonlinear fractionai objective functions
and linear constraintó, such as homogenous or polinomial fractional objec-
tive functions.
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UPPER BOUNDS FOR THE I-,ATENT ROOTS
OF' I,AMBDA-MATRICES*

by

JOSD vrfÓRra
(Coimbra, Portugal)

We use rnatricial norÍ1s tð determine úpper bounds for the absolutc

vâlues of the latent roots oI lambda-matrix

;\(À) : IÀ" + Äo-1Àn-1+ "' + 41)' + Ao

whers t\, arc.s-çLtlâre complex ÍIatrices i'e. A¡ e tI(C),' (t :0, 1, ' " , n - l),

f : rurit matrix.

The latent roots À of A(À) ale thc zefos of det rI(À). It is known that

if p(A) is the spectral radius of a rnatrix A, then l?,3, 4l p(A) < p(q(A))

and [1, a] p(A) < [p(,p(A'))]t/', rvhere g(M) denotes a matricial norrl of

a lùatrix NI.

Dcnoting b), c the block-companion rnatrix of a(À) ; forming the rnat¡ix

C2; ancl taking the (scalar) norm ll'll,t) (i:1, oo), of each block of

* Supportecl by INIC (Cpntro cle ùIatemática ile Universidacle cle Coirnbra)

l) For Il : (9¡7) erìt (C), we let

r*lt,: :iìî;Ì. 
"{å ¡ oo¡}, Irnrr-, :,.=,)j1:,, 

{È f urf]
;,. . ' ^' ,'.
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