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max-min fractional problems ivith nonlinear fractionai objective functions
and linear constraintó, such as homogenous or polinomial fractional objec-
tive functions.
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UPPER BOUNDS FOR THE I-,ATENT ROOTS
OF' I,AMBDA-MATRICES*

by

JOSD vrfÓRra
(Coimbra, Portugal)

We use rnatricial norÍ1s tð determine úpper bounds for the absolutc

vâlues of the latent roots oI lambda-matrix

;\(À) : IÀ" + Äo-1Àn-1+ "' + 41)' + Ao

whers t\, arc.s-çLtlâre complex ÍIatrices i'e. A¡ e tI(C),' (t :0, 1, ' " , n - l),

f : rurit matrix.

The latent roots À of A(À) ale thc zefos of det rI(À). It is known that

if p(A) is the spectral radius of a rnatrix A, then l?,3, 4l p(A) < p(q(A))

and [1, a] p(A) < [p(,p(A'))]t/', rvhere g(M) denotes a matricial norrl of

a lùatrix NI.

Dcnoting b), c the block-companion rnatrix of a(À) ; forming the rnat¡ix

C2; ancl taking the (scalar) norm ll'll,t) (i:1, oo), of each block of

* Supportecl by INIC (Cpntro cle ùIatemática ile Universidacle cle Coirnbra)

l) For Il : (9¡7) erìt (C), we let

r*lt,: :iìî;Ì. 
"{å ¡ oo¡}, Irnrr-, :,.=,)j1:,, 

{È f urf]
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C3 -' .so,obtaining a matdcial ,norm g;, (i:1, *) - we har¡e the tollo_
wing relation betrveen non-negative /r-sqllare, rnatrices :

and

o I l-a'li' ila'lln

lla'lln

+
+

Ä 2i llA,-'ll,
llA"-'ll'ill-a, II, ll-a_. f Ao a,_,ll¡

ll-a.r i a, a"_,il¡

ll/r,lL ll'r,,llt w
0 ll-a' ll' þ¡ ìla,ll' lla'li, * lla'll, lla,-'ll'

€ tr,r (R+)
|t-2,r -2

g¡(C') : ii-A,ll, il-,{. * ¡I, A,_,ll¡

ll-A,_,11, ll-a,,_, * A,_,A,_,ll¡

llE,,-rllt

llE,-rll, llA"-'ll' liA,-,ll' * llA,-'ìl' llÅ,,-'ll'

0 0 ilA.ll'
ila'li'

llA-' lln * lla' ll' llA,-'ll'
ilrro ll, * lla' ll' llA"-'ll,

(i, i:1' æ)

In particular, tl'e have

orr : Irax {llA'lln_|llA'll', llA.ll' llA, 'rl 
_| llA.ll'-l- ll.{'lln llA"-'ll,}, (r; : 1, oo)

and
B2 0 lla,ll, llA' ll; * llA, ll' lla"='ll'

llA, ll, f llA' ll' llA"-'ll,
I l'-r tt-r ìg,: Max lt Ð lln,il,, Ð (llA, ,ll;-tllA,ll'll,{,, ,ll,)| {;: t, 

"o)

which are not difficult to obtain'

As we can find exactly the eigenrralues of the non-negative 2-square'

matrix in relation (l), and remembering that the latent roots À are the
eigenvalues of C, lve obtain finally

(2) t^1 *(fu* Júi5)''' , i : r, æ),

an easil¡' calculable bound.

Nttnterical Exanr'þ|,e. I,et us take

A(À) : I),6 + Aulu f ÂnÀn * 487,3 + Arl'* A1), + 40,

=M(R+), i:1,co)
tl rx

0 lt 8,,_ I

llA' ll' * lla, ll' llA"-'lln

ll, lla,_,11,* lla,_,lln lla"_,11,

(u'ith B, ; : /-bloc-unit nratrjx -(;
0

I =M(C) ;A_r::0)
Ps, rs

Norv lve consider a partitioning in f-our blocks in such,a wa)¡ that both
diagonal blocks are sqrlare .ancl we take a (scalar) norrn of each one of
the four blocks - so obtaining again a matricial ltorm.

We get

(1) P(er(c')) < p
0

I
d.i

Itj
(i,j:1,æ) rvith

o,:l'n I ar: -1 7

l, n' : 
13 -îl

a:¡ : 11 -31
02where, f or n. S.3zl ,

23
3-
7

a1 '31, ^': Ë
1

0 llla.ll,
i lla'il'

llA-'ll' * llA"ll, llA,-'ll¡
llA.ll' * llA'll' lla"-.ll' il,

= lll (R+)
2,tr-2

-6
ti,i l,@ Taking the (scalar) nomr ll.ll', rve have

ø-r : 118 and 9, : 603

Anrl rve obtain l^l < 24,57
t) For r¿ : 2 antl z : 3, w'e see easily what the expressious of a1 e p7 are.
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Ile.ntørþ.

'rhe bound- gi'e' bv Q) can be better than other knor,vn ones.For example:
i) taking [5] the relation

À =; r(
1 + llCll- |ø

I lla,_,ll_ + llcll* )

ao

æ

lvhere y*
A n-2

rvc obtain lÀ | ç 27,50;

ii) taking [6] the relation

r ;t; 1lni¡¡, ¡¡,r,¡¡, ¡ /
r12

ON APPROXIMATION OF CONTINOUS FUNCTIONS

llrll <
f ' ;Þ;i¡nii¡. ¡¡n,¡1,)'- 4 ¡Arp, ¡A'rh IN THE METRIC fr x(t) dt

9

rve get lÀ I < 45,30 by

WOI]T¡GANO W,TRTI{
(Göttingeu)
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1. Introduction. In 1924 ¡ncrsoN t3l published a papcr on thc
linear approxirnation of ' continuous functions in the mean. One central
¡esult iJ ftrat the best approximation frorn the space of ordirtary polyno-
mials is unique. A generalization to the approximation froln a I{aar space
has been published in 1958 by r,'ar [5]. In this paper rve preseut an.

extension õf these theoren for thc case or nonlinear approximation with
constraints

I,et T and E be nolmed liuear spaces aud P a subsct of E, F :

:E --T mapping and let F[P] be the set of approximating functious.
11 w e l then a best approximatiqn to 'La Ls aÍ elernent tt, e7' [P] with
llu - aoll < llø - ull for every a e þ' [P]. Here rve shall study the qucstion
iÎ such ä .best approximation is uniclue. Let P be given as a set described
by inequality and. equality constraints: 1 is a Ïinite set, (l¡)¡=¡ is a s-et'
of compact topological spaces, P,, is an operr subset of D, Z is a Banach
space ánd let mappinïs E",j'. E - [t(c e l¡, j = 1) and þ'.8 -,2 l>c gi-
ven. Iret

P:n O{"= Els,,¡(")<0}n {a.eEl'þ@):0}O Po,
jeI relj

'W'e assume that E is courplete, F is Fréchet-diffcrentiablc at every a e P,

the sets (g,,j),-t. j (7 e 1) have the property Dl at every ot e P (see

u¡ÀRtrr [6]) and y' iras the property D2 at every a e P) (see wnntu[61)*.
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I D, and D, nre rlifferentiability assumptions.


