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1. Introduetion, In 1924 jackson [3] published a paper on the
linear approximation of ' continuous functions in the mean. One central
result is that the best approximation from the space of ordinary polyno-
mials is unique. A generalization to the approximation from a Haar space
has been published in 1958 by prax [5]. In this paper we present an
extension of these theorem for the case of nonlinear approximation with
constraints. ‘

Let T and E be normed linear spaces and P a subset of £, F :
: E T mapping and let F[P] be the set of approximating functions.
If w e T then a best approximation to w is. an element v, e F[P] with
lw — v,|| < ||w — v| for every v e F[P]. Here we shall study the question
if such a.best approximation is unique. Iet P be given as aset described
by inequality and equality constraints: I is a finite set, (I';);=r is a set-
of compact topological spaces, P, is an open subset of E, Z is a Banach
space and let mappings g.;: E -R(r eI}, j «I) and p: E -7 be gi-
ven. Let ,

P=() N{ee Elge) <0 N {x = B p(x)=0}N Po

We assume that £ is complete, F is Fréchet-differentiable at every « « P,
the sets (g:;)ser; (j = I) have the property D1 at every « = P (see
WARTH [6]) and p has the property D2 at every a = P) (see WARTH[6])*.

* D, and D, are differentiability assumptions.
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For. o < Plet

Io) = {j = I g, o) = 0} Ty(e) = < Dgailo) = 0} (j < I)

J

E(e) = {h e E[p'(a)h = 0, gl (a)h < O for ever '

: = L . gl = vt elye and 7 e I{a)}
and ,-:(o.-_) = I""(a) [E(a) ]. Let d(a) denote the dimension of spai ]T(oc).( )
@ P is called ,regular, if p'(a) is surjective and there is a / = E with
p(a)k = 0 and &ri(a)h < 0 for every v e I'j(«) and j < I{a). P is regular
il every o e P is regular.

In warr {6] it has been proved (local KOILMOGOROFT condition) :

’l‘H)IC(.)REM L If vy=F(ay) is a best approximation to w = T and'
vy = P is regular, then :

(1.1) for every h e E(ay) min {l o F'(a)h|l < 2} < 0.

w—u,
25 s the set of contimuous, linear functionals | on T with Hw — vy) =
®—0p,
= |l — v,].
In this paper we suppose I' to be the space C[0, 1] of continuous,
real-valued tunctions defined on the intervall [0,1] with the integral
norm. In this case (1.1) is equivalent to

e
(12) for every g« T(w), { g(x)du(x) — | g(duix < {la(x) dp ().,
oLy {5 oy

with Uy, = {x < [0, 1]jw(x) — vy(x) > 0},
(/71:~u, i {x = [O: 1],1(’.’(1') = vo(x) < O}
and Z(w —v,) = {x « [0, 1]|w(x) — vy(x) = 0}.

v, 15 a best approximation to w if

for every v' = F[P), S (0(x) —vy(x)) d(x) - S (W(x) = vo(x) dp(x) <
Uvj)-— Ve UnT— Vo .
(1.3)
< | —ogldut
Z(u;fno)
holds (korMOGOROVY criterion).
F[P] is called an a-sun (se¢ BROSOWSKI, WEGMANN [1])if we T
and v, is a best approximation to w, then v, is a best approximation.
to vy + A(f.— v,) for every A > 0. TH

If F[P]is an a-sun, w = T and v, is a best approximation to w, them
(1.3) holds. . :
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2. The Main Theorem. A I,-signature (U™, U~) is a pair of dis-
joint, open subsets of [0,1]with Ut YU~ #@. Let U = (U*, U™) and
J 1 e T
ep(¥) =¢ 0 if x e Z(U)

l —1 x e U™

!

with Z(U) = [0, 1N U+ U").

The 1,y-signature is called extremal for vy € F[P], if for every ve F[P],
{eom)0(x) — vaf@) du() = § 1(x) = voldu(x).

Z(U)

If we (C(X), ws# 0, then the IL,-signature U, = (U,fj, U,) is de-
fined by Ui={xs[0, 1]|w(x) >0}, U, = {x = [0, 1]|w(x) <O}

If U und U, are I,-signatures then U, DU if U DU and
Uy DU

Lemma 2. Let ay € P be regular. If U is a L, -stgnature which
48 extremal for vy = F(«,), then for every ¢ € T(a,), p.

§ eo(x) g(x) du() = § a0l du(v).

2(U)

Proof. N = [0, I]IN(U*|JU™) is closed. There are tunctions e,

g, € C[0, 1] with
0 xeNJYU* 0 xe NUJU-
£y(¥) = if gg(%) = if
<0 x e U™ >0 x € Ut

since N |J U+tand N |J U~ are closed. Iet w = vy + ¢, + €,. Then U)_, =
=U", U,_,, = U™ and since U is extremal for v,, by the KOLMOGOROFF
-criterion v, is a best approximation to w. Then since «, is regular, by
‘theorem 1 the results follows. Using an idea of BROSOWSKI, WEGMANN -
[1, ,,Durchschnittsatz’’] we obtain

Lemma 3. Let F[P] be an a-sun. Let w = C[0, 1] and suppose
Wy, Uy € F[P) are best approximations to w. Then U = (U*, U™), with

Ut =Uw UUis, U™ =Usy, UUuy,
is a IL,-signature which is extremal for v, Furthermore
2{U) C 2{oy — v0) and e (2)(03(x) - vo(x) dp(x) = 0.

Proof. Let A > 0 and w, = w 4 A(w ~— vy). Since F[P] is an a-sun,
9, is a best approximation to w, and ||w; — v,| = (1 + N||w — vy
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4
However Al < s : ;
v (1 21 2 “ Zz_ vlvﬁ =1l wmi~w| + || w—w, | =2 w—o, 4Nl —p, || =

implies that v, is a best approximati
at i ]
for every v = F[P] pp lon to w,. Since F[P] is an a-sun

{00 =0 dute) = (0 — o, () due) < § 1o —

Ut T |
w) —v, Uw) s : Z(wy —v,)

— Yo%) | dp(x).

le. Uw, — vy is extremal for Vo-
o2 —vo ll = {1 (@ = v0) + 2w = 0) | 2y,

(1+?\)“w—v1“=Sliqfvoldu+xglw—v1|dy.
Then Jlws — vel| = s = v, | = (1 4 %) | — v, || implies
§1<w—vo)+x(w—voldu:Slw—voldwxglw—vlgdu
and with %) — vo(%)) 4 X )
fxTVZL(x)L(zf;fa); Pol#)) + 2 (wlx) = v | 5 | w(x) = ugf) | 4
(x = [0,1])

we obtain (w(x) — vy(x)) (w(x) — vy(x)) = 0 (x = ‘[O 1])
Consequently U = Us, v, Since Z(U) U Z(v; — v,) o

S(”l ey Vo) (?H g S(vl — 7’0) dp < 0‘.\

Ut o

Substituting v, for Uy we obtain that U is extremal for v, ;tliﬁg.

f o0 =0 du — (v, — v) dus 0
ot -
and the lemma is proved.

Let v, € F[P] and U is -si 1 ; ;
LU at (vy, U) if the following ?10117115 ?lgnature' (F, P) has the property

If U,\D U and if there is a v < F[P], v# vo with Z(v — v,) D Z(Uy)
and Ssy, (0 — ) du =0, then there is q o < P, so that i '
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i) F(a) # vo;
i) Z(F(a)—vo)DZ(Uy), S ev, (F(a) — vo) dp=0;
iii) There 1s a g € T(a) so that for almost every x = [0, 1],

>0 x € Ut
q(x) = 0 if x «Z(U,)
i <0 x € Ur

(F, P) has the property I,U if it has the property at (v, U) for
every vy € F[P] and every L,-signature U.

THEOREM 4. If P is regular, F[P] is an o-sun, w < C[0, 1] and
vy 15 a best approximation to w, them v, is the only best approximation
sf (F, P) has the property 1,U at (vy, Ugy_y,)-

Proof. Suppose there is a v € F[P], v+# v, which is a best approxi-

mation to w. By lemma 3 U+=U! UUS ,U =U, U U,_.

defines a L,-signature U = (U™, U™) with Z(U) C Z(v — v,) and S ey (v —
—v,) du=0. Since U D U,_,, and (F, P) has the property L,U at
(0o, Uu—y,), there is an a« € P with F(a)+# ve Z(F(x) — vo) D Z(U),
Seu (F(x) — v,) dp = 0 and there is a ¢, € T(a) with

>0 xe U™
qo(%) = 0 if x<=Z(U)
<0 x e U™

for almost every x < [0, 1]. But U is extremal for F(«). Together with
lemma 2 we obtain a conttadiction. As a corollary we obtain

THEOREM 5. If P is regular, F[P] is an a-sun and (IF, P)
has the property 1,U, then every w < C[0, 1] has at most one best approxi- -
mation. '

3. Examples. Let H be a linear subspace of C[0, 1] of finite dimen-
sion d and A a subset of [0, 1]. Then H is called a Haar space on 4 if
everyv e H has at most d — 1 zeros in A.

1) Suppose for every v,  F[P] there is an o, « P, with I'(a,)=
= vy, T'(ag) is a Haar space on (0, 1) and every difference v — v, with
v « F[P], v # v, has at most d(xg)—1 zeros in (0, 1). Then (F, P)
has property 1,U.

Let v, « F[P] and U is a L,-signature. Suppose‘ there are v < IF'[P],

v # v, and a L,-signature U, D U with Z(v — v,) D Z(U,) and s éu, (v —

10 — L'analyse numérique et la théoric de l'approximation -— Tome 9, No. 2. 1980,
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t_ﬂt?(';;)c({i = (f) 'lI‘émn‘Z(TUl) M (0, 1) contains at most d(o) — 1vzdros. By s
g 3¢ %‘--1 IRP,IL\ (Hee' KARLIN, STUDDEN [4]) there is d. : :l
e o ,Uw .%L-l has the desired properties. So' (£, P) has propert %E
z (.{, ) (for every u, e I'[P] and every Ly-signature U) el
‘ogether with fheorem 5 we obtain the generalization &
g : ¢ generalize ' results of
TR B . generalization of results of

2 v E — 1, .
and l)etL%t: ]_'fl i]l\‘L b[é Ei\lft:n l'b M“'( <0 %y e C[0, 17 linecar independent
let us write F,. Yo (%o w) = Tagu. Instead of F()

Let 0 < /&y < ... <k, £mn and 0 Sh<...<l<nso that
{hy oo BRI e L) = . Let 4B - Eiy

&y -l ; 12, by, ; J
b =R (j « B) and ¢,. . ¢, = R. Let =t | i
P ={(ay...0,) « Elg = ,; for every j & A,

bj z o, for every j & B,

_ G = ]=1 2, ...}
Suppose a; << b; if j. = d M B. If « «P then
T'(a) = {ZB] Br, 2 Ovif o, =a; and j = A4,
Bay = 0 if a0, =bandj = B
By =077=1.2" 1 s}.

»

Then P is regular, F[P] is convex, hence an «-sun
Now suppose w(x) = ¥ for x = [0, 1] and 7 = 0,1, ... n. Then
. . . ey
FIPY = {Pa = Yo | & < F,” (0) for cvery = A,
- k) )
i 2 Fe” (0) for every j = B
= () : '
¢y =F,’ (0)]:1,2,...3},

with 4; = kila. (4 q 5‘ kil Iy S, x .
.alld fojr evejry] a(./ee][)’)y 9] k] . bj (/ = B), C; = k' c]. (] el 1, 2) - .S>

IIA

=t

v

T(w) ={g = ZBu, | ¢ (0) 2 0t Fo (00w, antdligines 4

¢ (0) < 0.if K () = b and j < B,
g M0) =105 = 1, 2,000 ).
If g9)0) =0 forg & span {ug, ..., u,} a1.1d 70,5 5. 1}, ther
¢ =span ({uy, ..., u} {u;}). Thus ok ol
pan ({uo, < N L, () ) e e ) © Tla),

ore ; ‘(kA
where - hix) ={j <« AIF7(0) = @), Lx) = {j = BFY (o)

i
i
("
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7

Let 7y(a) (resp. 7y(«)) the number of elements of I («) (resp. [,(«)). We
assume &, > 0, ; > 0. Then 7y(a) 4 74(a) + s < # + 1 for every « = P.
Let m{o) = (n + 1) — (r1(a) 4+ 7o(a)+5) (ae P). Let vy, vy« F[P], v,# v,;
v = F(a) ! (v4 + vy). Then v — vy has at most m(«) — 1 zeros in (0, 1)

T2
(see warTH [7]). As above we can use KREIN'S

that (F, P) has the property L,U. Applying theorem 5 we obtain that there
is at most one best approximation to every element of C[0, 1]. In wARTH
[7] this has been shown in the case of uniform approximation by a simi-

theorem to show

lar method.
3) We can apply theorem 4 to restricted range approximation problems

as in DEVORE [2] and we obtain the same result concerning unique-
ness. Regularity in this case has been proved in WARTH [6].

4. Coneluding remarks

A compaison of this paper with warTH [7] shows, that the IL,-appro-
ximation and the uniforn approximation of continuous functions can be
treated by similar theories. Still open is the problem if there are noucou-
vex a-suns in the case of I, -approximation.

Lehrstithle fiir Numerische und
Angewandte Mathematik der Universitdt
Gottingen
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