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'rhe bound- gi'e' bv Q) can be better than other knor,vn ones.For example:
i) taking [5] the relation

À =; r(
1 + llCll- |ø

I lla,_,ll_ + llcll* )

ao

æ

lvhere y*
A n-2

rvc obtain lÀ | ç 27,50;

ii) taking [6] the relation

r ;t; 1lni¡¡, ¡¡,r,¡¡, ¡ /
r12

ON APPROXIMATION OF CONTINOUS FUNCTIONS

llrll <
f ' ;Þ;i¡nii¡. ¡¡n,¡1,)'- 4 ¡Arp, ¡A'rh IN THE METRIC fr x(t) dt

9

rve get lÀ I < 45,30 by
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1. Introduction. In 1924 ¡ncrsoN t3l published a papcr on thc
linear approxirnation of ' continuous functions in the mean. One central
¡esult iJ ftrat the best approximation frorn the space of ordirtary polyno-
mials is unique. A generalization to the approximation froln a I{aar space
has been published in 1958 by r,'ar [5]. In this paper rve preseut an.

extension õf these theoren for thc case or nonlinear approximation with
constraints

I,et T and E be nolmed liuear spaces aud P a subsct of E, F :

:E --T mapping and let F[P] be the set of approximating functious.
11 w e l then a best approximatiqn to 'La Ls aÍ elernent tt, e7' [P] with
llu - aoll < llø - ull for every a e þ' [P]. Here rve shall study the qucstion
iÎ such ä .best approximation is uniclue. Let P be given as a set described
by inequality and. equality constraints: 1 is a Ïinite set, (l¡)¡=¡ is a s-et'
of compact topological spaces, P,, is an operr subset of D, Z is a Banach
space ánd let mappinïs E",j'. E - [t(c e l¡, j = 1) and þ'.8 -,2 l>c gi-
ven. Iret

P:n O{"= Els,,¡(")<0}n {a.eEl'þ@):0}O Po,
jeI relj

'W'e assume that E is courplete, F is Fréchet-diffcrentiablc at every a e P,

the sets (g,,j),-t. j (7 e 1) have the property Dl at every ot e P (see

u¡ÀRtrr [6]) and y' iras the property D2 at every a e P) (see wnntu[61)*.
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2. The Main Thcorem. A I,1-signature (U-, U ) is a pair of dís-
_joint, open subsets of [0,1] rvith U+ U U- +Ø. I,et U : (U*, U-) and

Fqr.ø ePlet
I(e) : {j = Ilt,lî,;* S,,r{".) :0}, I.¡(ø) :,{c e t¡]g",¡(o):0} (i e 1)

0 Ïor.. cvery t e l¡(a.) and, j e I(ø))
rotc thc dirncnsiori'oÍ,p"n' T(")"' "

i'LìlLi îÏå;r"¿"',irlI ; i.-îi:i:
ru .n'¡1¡1¡1 i6 l it h,as bec' provecl (local xor,uocoRor¡r¡ co'dition) :

lrrrtor{rir{ ! l¡ - uo : lì(a.o) /s a best ctþþroxi.rnaLíou. to w e T arecll
ø-r, <= P i,s rcgu.l,ar, th,cn,

(l.l) .for cuery tr, = E(ao) min {l " F,(ø.u)tr,lt = D} < o.

D,_ * tn, sct of co,l;iu.u,ot,', l,in.ctu fu,nctionals , o,i-.r'l'" zt,ith lþa- zr) :3_0a
: lltø - u6ll.

. In. this -papc.r u,e suppo.sc ?- r bc thc sltacc C t0, 1 l of co¡ti¡nous,.rc'al-valucd {unctions dcfincd on c intt.rtali 0,1 I njittr thc. irrtcgralilorln. frr this case (l l) is ccluivalcnt to
)3&

(r2) lor cvery c7= T(ao), \ ,t@),tvb,) -\ t@ap(r) < I lq(x)jdp(x),

eu@):

witl. Z(U): 10, ll\(U* U U-).

TheLr-signa.ture is cølled' extretnøl,for uo e FlPl, if for eaery a = FIP],
'\.u1*¡çrç*7 

-uo@))d,p.(x) s ltt"l - aold.¡t"(x).

z(u)

= C(X), '¿u* 0, then the I,1-sig¡atur. U,,,: (UL U*) is de-
U;[:{x e [0, llla(x) > 0], ,U, : {r e [0, 1] l'ø(ø) < {)}.

und (JL are Lr-signatures then UL) U \1 UI ) U* and

I.emna2. Let qoeP be regul,ar. If U is øI'r-signature uhiclt
,'i,s cxtremol, for uo: tr.(øo), tlren for eacly q = T(qo), ;.

1 x e (J+

0 if x=Z(Lt)
I xe(i-

nfu
:fined by

IfU
U,)U-

Proof
:82 e C [0,

ur(x) :

eu@) q(x) dv@) < lq(x)l d,¿.(x)

ui
Q-aa

lo va

tI-
@-00

Z(w-r")
z(u)

is closed. There are functio¡rs e1,

vlith L'of-,. .: {r; e ¡0, lllzø(x) - uo(z) > 0},
(I;_,": {x e ¡0, lllut(x) _ zn(r) < o}

and Z(u I2,,) : {x e 10, t)lu(x) - zo(r;) : e}.
2. is a bcst approximation to w jf

(r(*) - uo@))dp(x) €

'sinceN U U*andN UU- areclosed. I.ctu: uro f etl ez.'Ihen U,j-,,,:
: U+, U,o-uo: (J- a:nd since U is extrernal for uo, by the Kol,lrocoìrorrt'

,críterion uo is a best approximation to rz. 'I'hen since øo is regular, by
.theorem I the results follows. Using an idea of ¡nosolvsKr, wEGlraNN
[1,,,Durchschnittsatz"] *" obtain

N: [0, l]\(u* u u-)
1l with

f o =NUU+
f1t
l<O xe(.J

ur(x) :
0 x eNUU-

if
>0 x e U+

U'

ia(x) - a,,(x))d¡t(,r) L e m m a 3. Let FlPl be øn d.-sun,. Let
''Ð6, 'ü¡ = F[P] are best aþþroximøtions to tu.

clÙ, 1l
U:(U

ul e.

Then
an'd, suþþose
F, U-), witk

Z(ø oo)

holds (xor,uoGOr{otrF criterion).

- F Utl is callccl an o(-sulr (see
and uo is a best a1t¡rroxinration' to
to tro þ À(l - uo) lor cverJ¡ À > 0.

lrrì.oso\\¡sKr, \\¡rlcrr,{Nm tl i), if w e T'
tø, then zu is a best approximation,

h' IilPl i-. an ¿-sun , 7t) ,= I- and u u is a bcst altproxinratioll to w,, them.,(1.3) holds.

U+ : UI-,, U Ul-,,, U- - Ul-," U Ul-",

.is a l,.-signature lvhich is extremal for uo. Fu¡thermore

Z(U) C Z(u, - zo) and I e"(x)(a,(x) - ao(x)) ilp.(x) :0.

Proof. Let À > 0 aud u)¡= 7u | ),(tu - zr). Since F[P] is an cr-sun,
-u, is a best approximation to 'ot, aud ll Tu^ - ut ll : (1 + À)llu - urll.
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fi) Z(F(æ)-a¡))Z(U'), ey, (.F(a) - ao) d'¡t : g 
;

äi) There is a q = T(a) so thøt /or alnnst eaertl ß e [0, 11,

257
Iroweve¡ llt^ - zo lls ll *^-,ll +llr-ro ll _ r ilrr_t.rll+ll,q_z¡ll:- (l + x)llu - u,ll
implies that uo is a best approximation to zø1. since F[p] is an d_sur'for every a =Flpl

J þ@) - uo(x) dp.(x) - - \ 
øøl _ uo@)) dr,Ø)< \ t,t*l _ul^-,, u\-,,, z1.i-,,¡

- uo(x) I dp(x).
i.e. U.t, - uo is extremal for zo.

llr^,_ uo ll : \t,, _ u,) | ),(u _ o,) I dtr,

(l + r) ll, - zrll : 
\1. -aoldp+Àf I ut _ u,ld.¡t.

Then ll 7Ðt-uoll :llr¿^_z,ll :(l+ 
^)llu_u, llimpties

\tt, - ao) | ),(w - a) ldtr :\lw - roldv + x\lw _ u,ldt,
and with l@@) -ao@)) | t (w(x) _a,(x))l Slw¡*¡,uo@)l*ittlu(r)-ar(x)l i ,

'(ø e [0,1]),

(* . [0,1])-

substituting o, ror ¿r0 we obtain that u is extremal fór zr, thuj

Itr. - u,) dv - f {r. - z;,) d.p.< o
cr+ ;-

and the lemma is proved.
Let an e Flp l. and..U is a l,r_signature. (F, p) has the þroþertyI,rU at (ro, Il) if ite foltowiJg ;"ñiìIf Ur) (l ønd if therc is i a = Flpl, u* ao utitk Z(u _ uo) J Z(Ur,løna 
\'u, (zi - %) dv : 0, tlren tlrere is e d. ë p,, so thøt

q(x) :
>0 xeUl

0 if. x=Z(Ur,)
<0 x=U,

(F, P) has the property I4U if it has the property al'(a6, U) f.or
ever/ u6 e F[P] and every L1'signature U.

runonnu 4. If P is regul'ør, FlPl is an d'sucn, w e ClD, .ll ønd'

ao is a best øþþroximøtion lo,w, then uo is tke onl,y best øþþroximation
'iÍ (F, P) høs the þroþerty LrU at (oo, U'-o,).

Proof. Suppose there is a u e ¡'[P], a* úo which is a best app-r-oxi-
mation io w. -By lernma 3 (J+:U;l-"UUI.-,,,U--U;-,UU;-,,
defines a lr-signature U : (U+; U-) with Z(U) CZ(a - uo) andl"o(, -
- a¡) d"p. : g. Since U ) (J.-o, and (F, P) has the property LrU at
(uo, (J.-,,), there is an a. e P with F(ø.) t' uo, Z(F(a) - ,o) ) Z(U),

1",, 1n1"¡ - uo) dp: 0 aud' there is a {lo e z(a) with

qoþt) :
x=U+

if x = Z(U)
xeU-

>0
0

<0
we obtain (w(x) - ao@\ (*(*) _ ur(x)) ¿ O

Consequently (J : U-^*,. Since Z(U) e Z(u, _ uo)

f ,r, - uo) dv - [ {r. - a) ay <.0.
tl''F. ;-

for almost every x e 10, l]. But u is extremal Tor F(a). 1'ogcther with
lernma 2 we obtaiu a contfadiction. As a corollary rve obtain

'THEoREM 5. IÍ P is rcgu,lør, F lP) is all' æ-sun -øtt'd (F ' P.)

høs the þroþerty L:IJ,- tlten ,ucry 'lt, e C [0, l] ltøs at nt'ost one bcst aþþroxi- '
ma.t'ion.

3. Dxamples. I,et f1 be a linear subspace of C [0, I ] of linite dimen-
sion d, and A a subset of [0, 1]. Theu .tI-is called aEaar space oi,4 if
everyu e H has at most d - I zeros in ,4.

1) Suppose for every uo e þ- [P] there is an ,øo- e P, r'r'ith F("0)-
: I)o,, 7'("r) it a llaar space ou (0, 1) and everl' differe'rce u - zo-rvitþ
a eFLP\)'a { uo has at rnost r/.(ao )-l zeros in (0, 1). Then (F, P)
has property Ir1U.

I.etuo eFlPl and [/ is a Lr-signature. Supposc there arc t' = tìlP),
a * uo and. a I,1-signature t/' ) U rvith Z(, - arr)) Z(lJt) and I u,r, (, -

10 - 
L'¿niìlysc nttmérir¡ue et ld théor¡c de Ì'apProximation - 
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If ttu)(O) :0
q = span ({wo,

spat ({uo,, ..,
rvhcrc

\VOLFG;\NG \4/^RTIt 7 OII,\PPROXIM,A.TION OF CON'i'INOUS FUNCTIONS t{ìo
6

JACKSoN f3l and p,¡AK t5l
2) l,.t ,, = {,,-Ð :1¡.,rr, .uo, .., H,, G,C[',_ll lincar indcpcudent

låu.,l"l"rl åuo]'- 
bc gi'cn i.v''¡o',, ...'i i,,) I'>oiuu,'."t'stc¿rd or tr(ø)

I,ct0S/¿,{...<
U,,, ..., h,j À {tr.-.. t,} : Ø. r,ct A, B CU, z, ..., r},""i,' = ll(i _ A)Ò¡ ell (j = B) and cr. .ds € Il. l,"t 

'

P: {(oo, ...eo) = El ø¡ S ao, for ever}¡ j = A,
b¡ 2 a.o, for ever-v .i = R,
cj: dtj i:1,2, ...rÌ.

Snppose a¡ {l¡¡ iI j e{a B.If cr ep theu
'f(a): {Zþrrr) Þn¡ 2 0 if ao.: ø¡ ancl .i = A,

Ê*¡ < 0 iT ao.: b¡ attd, .i = B,
9r¡:0 .i - 7, 2, ..., s).

'?'l:cu P is regular, È-[p] is convex, hence an o¿_sun.Norv snppose u,n(:u) - .ïi 1'or x = 10, 1l anci i :0, l, ... 1.t. Then
IìlPl: {P":Ða.u,lo¡ S I{l (0) for cycr1..7 =,4,

5¡ z n!i) (o) for eve¡)- .i = B,
e¡: Fll e) t : r, 2, . .. .s],

6¡: h¡!b¡ (i = B), e¡: h¡! c¡ (i : t, ,¿,

'f (a) : {rl : z þ,rr, I ,l&r) (o) > o if F(þ¡)

q'0,' (o) s o ir rfr)
q"" (o): o j : 1,

for I cspan {uu, ...,,t,ut\ ald
..., ø"]\.,{r4}). Thus

I,(t): {j = t1t-!i'p): o,}, t"(a): {ì = B¡pft, p) --Ai

I.et rr(æ) (resp. zr(ø)) the ni-rmber of elements of 11(ø) (rcsp. /r(a)). We
assumc hrt 0, lr.) 0. Then rr(ø) + rz@") f s { 1ø -l I for every u. e P.
I,et m.(a):(" + l) - (rr(ø") I rr(æ)+s) (" - P).I,e'c uþuoG FlPl, ar+ ao:

î: pþ.) .: 11r, f uo). Then â - zo has at most nt,(u) - I zeros in (0, l)2'-
(see wentrr [7]). As above 'ffe can rlse KRErN's theorem 'co s]ror'r.

that (F, P) has the properby I,rU. Applying theorem S rve obtain that there
is at most one best approximation to every element of C [0, 1]. In lven-Tr-r

17] this has been shorn¿n in the case of uniform appr'oximation by a simi-
lar method.
3) We can apply theorem 4 to restricted range approximation problen:l
as in DÐvoRE l2l and we obtain the satre lesult conccrning rrniquc-
ness. Regularity in this case has been proved in wART}I [61

/*. Concluding rernarks

A compaison of this papcr with wanrrr [7] sholvs, that the f,-airpro-
ximation and the uniforrn approximation of continu.ous functions cau bc
treated by similar theories. Sti11 open is the problem if there are 1r.o11cou-

vex ,r¿-surls in the case of Ir1-approximation.
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