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In this paper we consider thc problcrn

(P) I¡Iitt,ittt,ize Re/(2, z) su,bject tc z = X,g(r,z) = S,

(alrcle X ,is ø nonentþt1t oþen set in (:", S is a. þollJx¿¡,rn¡ conc i,j?. C,,', f : X X
\-l - C'and{:.YXI*C,,.

The paper is clevided into fou.r sections. In Scction 1 lrotation is
int¡cduced and solnc preliminary resrllts arc given. rn Section 2 rvc esta-
blish a llecessar\/ conclition of the Fril.z Johì t¡'pe for probiem (p) . rn
Sect-.ou 3 sevr:r-r kinds of colnplex co11strai11t qualilrcertion (cce) are gir.en
arld relaiions bctrvr:cir tloern are estal)lishccl. rn Section 4 

'ive proric a
Kt-rhn-'l'ucker tyPc necessÌr)¡ condition for problem (p).

1. Notation and Preliminary lìesults

I,et C' (lt") denote the ø-dirnelrsional colnplex (real) vector space with
Hcrrrritian (Euclidc:in) norrn Il.ll, Ri : {*/* : (x¡) eI/t", xi 20, j:
: l, . .., n\ the non-negative orthant of R', -11¡{ [uxr the set 01 tlx X n
,cor,; rplex matrices.

If A is a nlatri,\: or \/ector, then Ar, A, ile denote its transpose, collt-
¡rle:r conjugate and conjugate transpose respectivclv. For z: (rì,w: (w,j)
e (ì" i (2, tv) : wgz denotes tlic inner product ol z and rv and Re z :
': (Re t!i) e lltÙ dcuotes thc real pttrt o1' z.
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If x: (rl, y: (_v¡) = R", we co¡sider

x S y(x < y) iff :v¡ I y¡(x¡ <1,i) for arry j e {1, ..., it\,

x<y iftx<yandx+y.
If l( c C" then X: {, e C;,lz = X} and ,y: {z e C,,f 2,,= X}.
The nouempty set .S in C"' is a poir'heclr¿rl cone if it is an intersection

oi closccl half-spaces in C"', each containing 0 in its boundarv [3], i.e.

Þ(i) ,S: n 1{,,,,, rvhere H,,,, {r'e C"'/Re (r,, u¡) 
= 

0}, i¿ : l, þ.

The polar S'¡ oT the nonempty set S in C,, is defined b_r.

S,r.: {u = C,rlv € S.> Re (u, v) > 0}.

þIf .S-: À II"u is a poh'hedr-a1 cone (l), then
È:r

int S : {r' e C,,,/Rc (r', u,,) > 0, /r : l, ..., þ).
or ecluirralcntl¡',

i1t S : {rr e {ì,,,/0 * tt e Sr. + Iìe (v, ir) > 0},

arrd irt s : Ø iff "s'F n (_,s*) : {0}, t6l.
A noner1tpt¡r set S in C"'is a closed con\¡ex cone iff (S*¡'r ' S, l3]"
I,et X be an opcn set in C" and 7et z0 e X. -{ function $: (gn(wtr.

rv'!)) :-Y X -ìl--+CÞ is clillerrentiable at (z0rzo) - X xX rl for ail z e X:
(2) .c1Ø, z) : g(zo, zo) -F [V,Í, (zo, zo)]r(z - zo) I

* iY¡t|fu\, zo)lr(z - zo) 1- llz - zolla(2. zo),

u'here

Y,,!l(zo, zo) , (*+@",20)\,.,,=o = c"-p,
\ ttuj Jt..jSi

v¡gþ'. ,\ : I1t*" ("0,70)1,=u=n = c"^¡,
| úuj tt_<¡Zi

and.

(3) 
):Ï "(", 

zn) := 0

DrlrtrNrTroN 1. Lct X bc a u,ottuttþt,tt set in C", lct zo e X, and.
lct S bc a closcd conacx cc¡tt,c i,n, C"'. T'Jte fr.t,nction, q:X X X --+ C"' i,s said"'
to bc
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a) conuox at (zo, zo) witlt, resþect to S i,f
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zex
l-t) 0<t<1

(i'- i¡zo f Àz e I
_),çj(", z) + (1 - À)g(ru, zÐ) -;1Q.2 i

+ (1 - À)zo, Àz -f (1 À)zo) e 5.
ì

I
If in øddi,tioto X is oþul ond. q is dífferc'ntiable at (2,, z,), th,en from.

(4) it follotas tltr¿t

llØ, z) - {l(zo, zu) - [V,fl(zorzo')),(z - zo) -

- Ly;g@o, zo)1,',(z - zo) = S

for caclt z e. X.
b) þseud.o-corluex. at (zo, zo) w'itlt, rcsþcct to S i,f X is oþut, 5S ís tliffe-

ventioble al (zo, z0) ctnd for øn_y z € X

(5) ly"çj(zo. zo)l'Ø zo) + [Vtg(zo, zo))t(z - zo) = S -
* {l(2, z) - g@0, z") = S

c) con,cnue (pseuclo-concave) øl (z"rz") withrcsþcct to S i.f u r: s cot1,r)(:y

(psendo-convex) ctt (zo, zo) witlt, resþecl to -5.
d) conuex (pseudo-con\¡ex, concave, pseudo-concave) on X X X tuith

rcsþccl to S if X i,s conuex øn,tl g is clnaex (pseudo-convcx concave, pseuclo-

conca\re) at any (", z) = X x X wíth resþect to S.

e) witlt, conacx (pseudo-convcx) renl þø'rt cLt (zo, zD) ruith, resþect to a
aloscd, coll.aex cone T in'H" if ç1 is conaex (pseu<1o-convax), øt (zo, zo) uith,
rasþcct to the closcd conuaw Coltc CT : {r' e C"/I{e v G 7'} c C'n.

1) witlt conaex (pseudo-con:,ex) raal þart on, X x X zaitlt, rcsþcct to
ø closed conr)ex aone T ink"'if X is conacx øtttl tf is'¿uitlt, conaex (ilserrdo:
convcx) rcøl þart at øtr'y (r, r) - X x X uith resþcct to T.

LEtIì\,ra l. Let F^ e ÇÞx" , {l e Cs,x" arud D e Qrxn be giaen rt,ølr'íces,
u'itlr il bei'ng nonaacuous. T-lter't cxaclþt onc of thc folloruirr,g ttao systetns ltøs
ø solut'iott :

Iìc (,lz) ) 0, lle (llz) >0, Dz -8. z e {';',

J.THrr ì- Rffr' + I)¡r$¡ 0. u e RÉ, ì' e lta. lv .= dl',

' l,t)0,r20.
'Ihc þrooJ is given in [7].
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If zo is x l,occtl miu,int.u.nt þoint of Problent (P), tltcn tlte svstam

(7) Rc [y,/(20, zn) -l Y af (zo, z't)]Hz < 0,

(8) Rc[ç2,1¡(20, zo)u,,|_y;lJØ\, zo)uo)Hz> 0, le = J,

(9) Rei¡/,9(20, zo)t¡ -l Y¡1ìJ@0, zo)ru)Itz 2 A. h. e I,

Jt,a.s n,o soln,liou, z e C".

Proof . I.et zi be a loc:rl rninimunr 1-.oiut oi Problcm (P), i.e. thcre cxists
ò > 0 such that íf

(10) ll(zo; ã) - {, u (1" ' il'L - zo li < fi}

and

\' : I, € X,.,' t1@. z) = g\,

then

(11) lìc /(2, z) > ìI.:ef(2o, z0) lor all z e fl(zo; fl ¡ 1'.

We sh¿rl show that if z satisfics the s¡'sfsm (7) - (9), then a contra-
diction arises. I.et zbe a solution of the system (7)-(9). 'Ihen, sincc X is

open ancl z0 e X, there exists . î > 0 snch that

(12) zo!ùzeXforall0<S<î,

Sincc l'and g are dillerentiable at (20, z0) horrr (2) u'e have that for

all I e 10, g[

(13) .f (zo -l- 82, ztt + ðz) :.f (zo, zo) + 8{ly,f @o, zo)l'z +

* ly;f Ø0, zn)l'zj f ò I lz llnu(zo f 82, z0)

¡¡rrd

(14) g(zu * 8z, zo Ì àz) : Il(zo, zo) -l- ò{lY,¡1@0, zo)l'z I
-l- Vr ll@u, zn)l'z\ i Ð llz ll a(zu I õ2, zo),

u"here

(15) lirrr øo(20 -l à2, '¿o) :0 arrd litrr:r(20 * ô2, z0) : $
8+0 ô+(t

r,Errtra 2. LcÍ X ltc ct. non,ctrtþt1t co,tr.u(tx sct .i4 C,,, lct i.r:X x X ___, {;,,t ,l¡ : l, 2, 3 bc ucctiot, .fun.ct,ions- lioaing coltaex rcctl þørt on. X x X z,t,ilhresþect to R*t' h - r, '2, 3, a.nd ret fi: ()2, n rÞ b, n rin.rn, ,cctor Ji.mci.iott.If the syslun, ;

Rc f,(2. ./,) <t, Re fr(2, z) < 0, Re f.(2, z) 
= 

0, h(z,i) :0, ltøs yo
soltt'lio, z e x, theto rh,crc exist ),h e frlir, /¡: r, 2, 3, and p.= cþ st.tclt. fi,tri

(Àt, À" À"tr) + o
a.n.d.

""|'É 
(,tu.i),ru)r qh(2.i),u>l >o,

I

forollzeX.
'fhe þroof is giveu jtt i7l.

r,rlrllt\[¿. 3. I-etS: Á Hr,,, bca. 1bol.-t,h,cd.rnlconc,í,u(,,,,,1(llt = {1, ,..1ri
be fivd, t¿nd lcl X ¿r,.:.r)onrnr¡t.t. col?,¿r(.\ s¿., i, (,u. If 1y: \., X _, {, iscoll,cane on X x X with resþccl l, S, lJtcr, tlrc .f.rut,ciío,i Ì,0,X:,< X _ Cdefined. b;tt tltc forntulø

It,o(zr,n): _(g(z,rv), uo) for a.tt (2, w) e X x -X,

ltus conztcr real þørt ott, X x X uillt rcsþect to R.r.
'lhe þroof is given in l7l.

2. A l¡ritz Johrr .l-heurorn in Cumpìcx S¡lace

lr¡rlOnEl'r 1. L¿t _X bc a lnont:mþttt oþcy, sct itt C,, 'ar¿tl lat zo e K"Lctf :,I * n(l,and q:X x X --+(;,,t 6rd.íffcrcntiubl.cftut,ct,ious at (20, r)),
let S : ) Hun be a þol,'ttJrcfl,ya.l. cctn,c in, C,,, a.nel. let

À*l

E: {k e fl, .., þi ,.tìc (g(2,,, zo). uo) _: Q}.

(6) I : {h e [ ,' q is 
'seuclo-co11\rex 

at (zr, z0) u,ith -respect to l{,ol

ï-n.. r,L:{1,...,þ} E
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Rc/(20 -l à2,7. a 17; < tlef(zo,io) for all $ e 10, zf, u,hich contra-
dicts (11). Ifence the system (7)-(9) has no solution z in C".

r¡rEonDl,r 2. Let X be a nou,ctroþtSt sp¿yx set in C", lct zo e X, let
þ

S : n H,,, br ø þol,yloeclral cotte,i,n C,,, witÌt, nonernþ4,,intey'iot,, tct j : X ( X-r C

ø'nd g: XxX- C'' be d.ifferentictble funct,ions at (zD, zD) ancl tet E,I øncl

J be clefined hy (6).
If zo is ø local ntittirucnu, þoint of Pyobletn (p), then there exist t € R+

øn'd' tt = lß ",r,)'- 
c s'F such that :

(I) tloere exists }.: (Ào) e ll"l.witlt,;
þ

a) u-:f Àrrr,,,
h:1

b) l,o:0 for an¡. li = {1, ..., /}"..Ë..
c) if u7 : )ì Àou, then (t, r't¡) + 0,

heJ

(II) tÇ,f (zo, zo) * :.V,f (zo, zo) -y,g(zi, zD)u-- y;g(zo, zo)u :0,
(rII) Rc (g(zo, zo), u) : 0.

Proof. In view of Theorem l, Systern (7)-(9) has no solution .L e Cb.
'I'hen, b¡' femma 1 the systern
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linr (Re (a(zo * 8z' zo), uo) :0 lor all lr ' lI, " " þ\
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From (14) and (15) it follorvs th'at

(16) Re(g(zo f 82, lo + tl), u¡) : Re(g(20, zo), \e) I

f Re ([V,g1zo, '"")l'" I l-\/;g(zo, zo)')2, u¿) *
* S llz ll Re (a(zo * à2, zo), tt¿)

for ¿rli Ì¿ = {1, ..., þ} ancl I - lO, ,î:,

and

(r7)

(i) I,et h -^J. Then Irom (16), (17) aud (B) rve deduce that thcre

cxists 8u e ]0, Ð [ stch that

Iìe (g(20 I ð2, zo ¡ 8:r¡, rrt) 2 Rc (g(20. z0). ,to) Tot' all I = l0, òr,[

Since Re (g(zo,i'1, n,) :0, k u J = E, it follorvs that

(1S) g(zo * 32,'zo + ùtl <: Htk lor all I - 10, 8ol, A e 7'

(ii) I,et h e I. Since g is pseudo-convex al (zo, z0) r,vith respcct to
H,,0,:lt e 1, from (5) and (9) s'c inler that

Re (g(20 I ò2, zo f- 8z) - ll(zo, zl'), uu) > 0, lor a1i S € 10,$[

ancl hence

(19) :l(zoi8z,zo+St) eH,k, for all 8- 10,î¡ntta heI'

(iii) I,et lt. e L,'l'hcn, frorl (16) a1a (tz)a it Tollo$'s that there exists

ù,. = 10, $¡ such that Re (g(zo -l- 82, zo l- òz), uo) > 0 Tor Ð e 10, 8¿[,

ancl hencc

(20) g(zo l- 82,'/'o + àz) e H,h lor à e .10, 8ri, k e I-'

(iv) Fror. (1:i), (15) ancl (7) rve d'cduce that there exists òo = ¡0,'6'[
such that

(21) Re./(20 f Ð2, zo ! 8z) { Re7'(z,,lo¡, lot ail à e 10, òo[.

I,et z.be the minirnum of all positive nurnbers ã, î, Ao, Su({ = I U L)'

'l'hcrr, froin (10), (12), (1S) -(21) rve have rD | 8z e B(zo; ã)'n ]' and

(22) rlV,f @o, zo) *V;.f (zo, 7o)') -
trnLy,g(zo, zo)t,u I y zg(zo.

has a solution (", Fr) ) 0 rvith

(23) (t, Vì à 0 and p¡ ì 0,

where gr: (¡t,o)p-n, VJ: (p)o-t and ¡.r., : kLo)t,.t.
DeTine

rvhere

_D
lre lì

zo)uul - 0

Àåuá,('24)
þ

u, --) i.uu,,, u¡ .: D Àour, and u .- |k.=t keJ É=1

À¿: I
I

pu, if lt, e E
0, 11 h e {r, , 1) ..8

2 -- L analyse numórique et la lhí]orie de I'apÞroximÂtion - Tome g, No, 2. 1990.
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ä iï ::i,il r?i;i";"1.;.".åJ"i^:'?T,i:? r'll'ws (ra)

(1) If r + 0, \\¡c have that (r, u¡) + 0.

(ii) If c : 0, lrom (23) it follows that ¡t¡ > 0. If u"r : 0, the systeur

"r:ÐP¿u¿ 
:0, vo Þ 0 has a solution. By l,"mån l, the s),ster.

Re(u', u*) > 0, h. e ,I has no solution 14¡ € c,,/, r,.r,hich co'tradicts i't s #* Ø. Consequently u 4 0, hence (r, q) + 0.

coRoLLARy l- If the condit'iotts of Tloeorem 2 øre fu,tf,itl.ed ard. J : Ø,
then ¡ + 0.

3. Seven Kinds of Cornplex Constraint Qualification

DEFTNTT ToN 2. Let X bc ct nont:m,þt1t scl in, C" and tet S be a. clc,sed
cojtuc.x cott,e i,tt, C,,' .

!!rc.funct.,io^n;1: XX-X --+ C,,,ul¿.ichdcfinesthe set\- : {2,= Xlg@,V¡..5¡,rs se.id to satisfjt :

\". sløter's comþlex constrøirt quøtif,icøtion, (cce) with resþect to y
16l f intS I Ø andthere cxists z7 =X sucÌøtloat g-Ø',r]) =irits.2". thc strict CCe with rcsþect ta y 16l ,if int 5 I Ø ønct tltere eris[luo þoi,ntszo, i7 ey,zo + zt &;xd À e 10, \¡' ,Lri tnø'z(l¡: (t _ X)r, i*},zt e X and

glz(¡), z(^)l - (1 - À)a(20, zo) - xç|lzr, ù) e int S.

3". Kørlin' s ccQ z.u'iilr, resþect to y ,if there exists 1,to rt = s+, r,, 7 6sztclt, tltat

Re (g(2, z), v) < 0 for øll z e X.

r,Br{¡{A 4. Let X bc q nonunþl¡t sct,in, C,,, /.et S :,örro be a. þolt,lte_
dral conc in C,,', tct g : X x X -, C,,,, and lcl y : å L Xt 11þ. l¡ = 5tr.

^^^ 
(i) .If g sntisfies slatcr's ccewitlt, r,esþect to y, thevt, g søtisf.íes I{ørtinis

CCQ willt. rcsþact to Y.

^_^ 
(ii) .If g sutisfies iltc strict ccetuith resþect to y, thcn g søt,isf,ies slatcr,sCCQ zaitlt rcsþcct to \'.

. (iii) lf in ødtitiott-X _is cut.tu.ex, irt S / Ø and 11 is concauc ou X x Xwith resþect to S, tloen l{arl,in's CCe'and ,stairr;s Cce"or"; ,i,,,l,rntrnt.
Proof. (i) I,et o satisfy Slater,s CCe. Then int S I Ø anð. there exists

z1 e X such that g(zt, ./)) e int S. Non,, if v e S* and. r, + 0, it follows
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that Re (Í(zt, zt), v) ) 0, and hencc th.ere exists no v e S*, r' I 0 sttch

tlrat lìc(g(2, z), v) I 0 for a77 z e X.
(ii) If the strict CCQ with respect to Y is satisfiecl, then int S + Ø

ancl there cxist two points zo, z7 e Y, zo * zr and À = ]0, 1 [ such that
z(r) - (1 l)zo + }tzr e X aucl Re (tltz().), z$)l- (1 - i.) g(zo. 70i--

- \{t(z', zt), v) ) 0 for all r' e S*, v + Û. Sincc 20, zr e Y, we have

lì-e (J¡ lz(1.), z(X)1, r,) > 0 for all t' e S*, t' ¡L 0, hence the point 7:
: z(),) e X has the property tlnat g(2, z) e int S.

(iii) I,et g satisTy Karlin's ccQ u'ith respect to Y. If ct does not satisly

Slater's CCQ, thcn the system

Iìe (g(2, z), u,,) < 0, /¿ = {1, ..., þ},

h.as iro solrrtiou z e X. 'l'hen, þ1r f,crnmas 3 and 2, thetc exists )': ()',) e

e IÌp, À > 0 such that -Re (g(z^ i), 1,) à 0 for all z = X, rvhcre r' ==

pÞ
: 

Ð ^Uro 
obviousl),, \¡ € .St'. If r, :0, the systern Ð ^Uto 

- 0, ). - (Ào) > 0

lr¿rs a solution, hence b1, femrna 1, the systern Re(rv, u¿) > 0, h - I' ' . .,l)
has no solution w e (ì", s'hich. contradicts int S I Ø. Conseclueutll- v 7 g.

ÌIerrce, there cxists \¡ c S:ii, r¡ l0 such that Re (g("r r), v) s 0 lor al1

.Ì, = X, but this contrad.icts the lact that g satisfies I{¿rrlin's CCQ. Frorn

this ancl (i) it follorvs that Slater's CCQ artcl Karlin's CQQ are equivalent.

DErrNrl'roN 3. Let X be øn oþen set in, Cn, tet S - å,,, bc a þoty'
h'_L

hcdr øI cone 'in C'0.

The functiong: X X X + C'' which defin,cs lhc scty - {."= Xlg@, z)=S},
r,s sa.'id to satisfy :

1". lltc Arrozu-Httlwicz-l-Jzawa CCQ al (rn-Zo)'l'x Y il tt is

di,ffcrcntictblc at (zo, zo) and' if

Re(y,g(zo, zo)ne i Yn¡l@o, nolu,,,z)>0,h=J

I (l

(25) 
I

Re(y,g(zo, zo)no * Yig@', zo)uorz) 2 0, It, <= I

lns a solttlion't e C", wherc I and J øre thc sets dcfined by (6).

2"' tlzc y'u)ay'se con'cøI)e cCQ ctt (zorio) e ]' x T ¡f g 'is ttifferentittble

at (z0rZo) ønd þseudo-conuexe at (zo, zo) w'itlt, resþect to Hr,,, for øll h e E
(E is the set defined bv (6)).
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3". tJøe l{uh,to-Tu,clwy CCQ at (zo, 2,,) e y x l. [l] if g is cti,fferentiø_
ble at (ro, ,o) and for all z e C" .ui,th

(26) W,çl(",rtt)1, z I LVzg(zo, i\lrz = ,?uU,,o,
there exists ûn € e It, u¡ 0 anct ø f,wncfion, [:[0, e[-Cu dtfferentiøble
at 0, such thqt b(0) : zo, 't- h¡0¡ : z, &nd b(t) = X, gfb(t) ltØl e S for
o-<l(e.

o,r,11". 
lhe ue:¿lc CCQ aL (ro, in) e l- x y 16l iÍ g is rliffcr:,ùinbl¿ &t (zo, zo)

(27)

nç1(zo, zo)v i Y;g@o, Z')v : 0

Rc(g;(zo. zo), r') .: fl

\. e S{,

imþly r'--- 0

11 NECESSARY opTtMAlrry CRrrERr.\ JN Ì\ONLTNEAR pRocR^MMrNc 
7TS

(ii) r'et f¡ satist¡, the re'erse cce at (zo, zo) a'd let E, I, J be defi'ecl
bV (6) I,et z e C', satisfy

(28) LV"çlØ,. in))r, I lv;gØo, ,o))rz -o?uU,,r.

Definc the lunction b(Z) : zo -f lz, t e lì. \\¡e har.e b(0) - ,t, ] b(0) :
: z. \À/e will 'ow shor,v that there exists e > 0 such that lr(l) = x and
glb(l), tr(i)l e S for att ¿ e [0, e[.

Since z0 e X anct X is open th.erc exists en ) 0 such that
(29) b(l) _- zo I tz e X for alt I e f0, .n [.

Frorn (28) it follows that

lV,tJØÙ, z\)lrlt(t) - zol * tV; g(io.zo):l'itÍ{ _iol =oDH,o

for al1 t e 10, eo f. Since el is psc'c1o-cot1\-(.x at (zo, z.o¡ r,r,itï respect to
Hrro Tor a17 /t, e E, rve havc

glb(l), h(i)1 - g(zr.r,) = ¡{ttk Îor al1 I = [0, eoI ancl h, e E,

hence:

(30)

becansc

. !J(zo, ,o) = ÐrBu,,.

Since q is differentiabe at (zo, zJ), rvc har.e

g ib(l), l)(/) I : g(zu I h. no + Lr.) : g?). zo) I t{l7,g(zo. zo¡1rz ,,

* lY,gØn, zu)lrz\ -f Ljlzlla(zn * tz, zo) lor all I e 10, eo[,

hence

(31) Rr'(ûtb(r). |14 l, u¡,) : lrc (g(20, r.o), u¡) *
f I Re (lV,g1zn, zo)lrz * iV,gþ0.;¿o) l.a uo) +

+ lllzllRe (a(20 -l tz.zo), rr,,), Ior I = L0,en I and lr = {1, ..., þ}
and

(32)

10

r,ENrì,rA 5. Let X be øyt, oþe,n set in C,,, Iet S: 
Årtrrobe 

ct þol.vløcdral
sonc in C*, let J¡:X x .Y -- 6,, øu,d let zo e y: {z e Xlçl(r../) = S}.

(i) lÍ g satisfics rJt'e reucrse concøuc_cce at (ro, io), th,en t1 søti,sfics the
A'rrou - Hur uicz -, (I zøua CCe øt ("0, n\.

(il If g søt,isfies tlre reuerse concqlc CCe at ("or:zo), then t søtisf,ies theKulut-Tuchcr CCQ ø1 (zo, io).

, " ]liÐ !:, g t, cctncauc at (zo,Zo) zaitlt, resþect to S a¡ød cliffercntiable øt
(zo, zo). rf g satisfies slq.ter's cceuith resþect toy, then ç1 sati.sJ1,es r.l¿,e zuca.h
CCQ øt (zo,io).

, fiu) Let g at (zo, ir¡ t ít/.u rcsþect to S øn,d, ilifferent,iøble at
(zo, zo). I-f g s er's CCQ, or ilte stulü CCe zuiilø resþect to y, then
q satisfies tloe rwicz-(Jzøaø CCe at' ("0, io).

(:,) Let X be conaex, let int S + Ø, tet ty be clncaue on, X x X uitlt,
'resþect to s and d'ifferenti,øble øt (zo,z\. tf g søt,isf.ies l{arlin's cce uith
'resþect to Y, tloen g søtisfies tlte Arrou-Huraicz-(Jzø¿øn cce at ("1, i\

(v1) If int s I Ø, tl'ten tlre ueølt cce a/ ("n,."0) imþlies the Arroza-
Hunticz-Uzøaø CCQ at (to. io).

Proof (i) r'et g satisfy the rer.erse cce at (zo, r,o) and let E, I, -I
b_e clefined by (6). Since g is pseudo-co11\,ex at (zorZ'o¡ *itt respect tã
.Huo for all /¿ e -8, rve have that J : Ø. Then Systern (5) becomes

Re(yrg(2o, zo)n¡ I y;¡,1(zo, zo)uo, z) 2 O, h e I,
wlrich has the sol'tio' z:0 e c',. rrenr-'e g satisfies the Arrow-rr'rwicz-
llza iva CCQ at (ro, Zo).

gfb(l), b(/)l €.).H,,0lor atl I e f0, eol,

linr Re (a(zo f /2. zo), uo) : 0 lor all /i = {1, . . ., þ}
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IT Þ e L: {h = {1, . ..,þ}., Re(ç¡(20,_ tto),n.a) ¡ 0}, thcn frorn (31)

and (íì2) it foliows that therè exists e¡ e I 0, eo[ such that

(33) Ir.e (gtb(r), b(l)1, ur) { 0 for ell t e [0, 'o[, h e I'

If rv<: denote by e : 1nin {eo ,,t lh € /-} $'e have e > 0 and frorn (33),

(34) gtb(l), b(l)l =ofì. -I1,,0 for all t e 10, '['

Sinr:c S: (oO1¡,,0) O (llrH,,n), Irotn (30) and (34) rve have

fJtb(l), b(l)l e S for all ¿ e [0, e[,

arrd the Kuhn-'I'ucker CCQ al (zo, z0) is satisfied'
(iii) I'et g satisfy Slater's CCQ rvith respect to Y, i'e' int S + Ø

arril tlrere exists zre X such th¿rt gØtrnt) e int S, or eqttivalentl¡r,

(35) 0 + t' e Sr' + Re (g(21. z1), r') < 0'

If the r.veak ccQ at (zÙ, z0) is not satisfied, then there exists r'0 e
e S*, yo I 0 such that

(36)
Y,{l(zo, zo)vn Ì V;g(zo.2o)vo : 0

Iìe (g(zo, zo), r'o) : Q.

The function tt being col1cf,\¡e aT (zo, zJ) rvith respect to S for all
t' e S't

(37)
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System (5) has the solution z: zr - z0 and the Arrow-Ilurrvicz-
IJz¿rrva CCQ at (zo, zo) is satisfied.

(v) Appll' I,emma 4 (iii) and I,ernma 5 (iv).
(r,i) I,et g satisfy the weak CCQ at (zo, zo), i.e. 1et (27) hold. If the

Arrorv-IIt.L¡rvicz-IJzawa CCQ at (zn, zo) is not satisfied then System
(25) has no solutiort z e C'o (E, I and J are again the sets clefined in
(6)). ny l,emma 2, there exists F: (p¿)¿=¡ ) 0such that

(38) Rc [y,ç¡(20, zo)v I Y;g@', zo)vlgz S 0 for al7 z e C",

rvhclc

¡tu, iÎ h e E
0, if A={1, , þ\\ ]t

f(
v : | Àrtto attd lo -- IÀl t

Frorn (38) rve har.e

+ n" (V;.ll(ri "¡t + V;$Ø0, zo)v, zr - zo)'

By letting v:v0eS'r in (37), from (36) we getthat Re(g (zt, Lt),vo) 3 0,

r,hich contradicts (35) for v: v0 lO, v0 e S*.

(iv) By I,emma 4(ii) the strict ccQ impliesslater's ccQ..I1 g satis-
fies blater't ccQ rvith réspect to Y' then int s + Ø anrl there exists

zr e X auch that g(zt, zt) e intS'
consid.er the scts E, I, J delined in (6). Since g is differentiable at

þo, lo) and concave at (zo, z0) ivith respcct to S, rve have

0 < Rc (g(zt, zt), rt,,o) I Re (g(20, z0), u¿) f

-| Re ( LV,g(zo, ;L'o)lr('Lr 
- zo) +lY;gQo,l'¡1'1lt -'i"1, ]to)

for any L = {1 , .. , þ), arrrl hetrce

0 < Re (V,g(zo. zo)tt,, t- Y;1¡(zo.:t'u¡io, tt - z") Ioi' any l¿ e þ)'

(39) Y,l(zo, zo)rr a V4y@0, zo)v:0.
'Er,.identl1',

(40) v e Sx and Re (çlØ0, zo), r,) : Q.

lf v :0, then the system

Ðrro,ro:0, 
(p,e)t-o 2 0,

has a solution, arid by I,er¡rnr 1, the systern

Re (uo, r,r') ) 0, l¿ e E,

lras rro solution u,t € C*, which contladicts int S # Ø. Consequently v I 0,
but this together rvith (39) and (40) contradicts the fact tt'at g satisfies
the rveak CCQ at (zo, zo).

T'nÞonEu 3. Zet X ge øn oþcn set in, C", let S: ó.U,0 be ø þoty-
h-t

Jt,cdrøl cone in C"',let A, B = Çuxtt tvxfl b e C"t, an,d lct

g(2,tv):,\zl Bw*bfor all (z,w) eXxX.

IÍ \': {z e Xlgþ,2) = S} is nonemþty, then g satisfics tlte rcaerse

dlncaae CCQ øt øny (zo, zo) = Y x Y
Proof.I,etzo e Y. Evidently the function ç¡ is clifferentiable at (zo, zo)

and yog(zor'Lo): Ãr, y:'g(zo, zo):81. The function g being pseudo-

corlca\/e at (zo, z0) with respect to Hu,o Tor all å e {1, ..., þ},it follows

1-hat the function q satisfies the reverse conca\¡e CCQ at (zo, zn).

Re(g(21, z'), v) < Iìe (g(zo, zo), \') -|
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corìolrrlÌìY 2. I.et X, S, g and Y bc a's itt' T-hcorutt' 3' T'h'cn tlt'c

lu,nctiott' g satisfies :

a,) llte Art'ow-Htltruic¡:-fLzawq' CCQ at anl' ('o'''') e Y X \''' and

lt) tlu. I{ttlttt'-T'u'char CCQ al cru1t (zo,to) = Y x Y'

proof.In r.ierv of 'lheorem 3, the ltlnction (| satisfics thc reYerse con-

carre CCQ at a¡r. (zor;to) e \' X \'' Nor' 1ly applying Leruna 5 (i) and

(ii), the corollarr' lo1lorvs'

/r. -r\ Kuhn-lrtclitlr'l'heol'enr in Cornplex Spaco

THÉoRrììI 4. I-cl' X bc a ttotluttl>t1t ol¡cn sct 'in C'' lct t:oô t"o

bcaþolthedralcot'lcitt'C"'u'itlt'tlottctttþb''inte'rior'l'etf:XXX-+Ca+t'tl"
g:X x 7 -- C"',let \' : {z e Xlg(z,i) ' S}, tet zo eY bc ø loc(tl ntin'i'

nttlnt, þoittt of Problcttt' (P), /'ct f anct {t tltl diffarcltt,iable fomctiott,s a't (zo, zo)

and. l,it E be tlrc set defined ó-t' (6)'

Sttþþosc in uld'ition' tltat on'c of fottowing con¿lítions lt'old's :

(1) ;1 satisfies thc Arrotu-fltuwi'cz-Llzau'a CCp al (zn' zo);

(ä) ¡y sat'isfics tlrc I(ulnt'-'[uah'ct' CCQ at (zo' zo);

(iii) g søtisfies th'c rettcvsc co'lcaae CCQ at (zo' zo) 
'

(i.,) tÌ satisfics tlte zueak CCQ at (zo' zo);

(r,) g .sølls/'ics Slcúcr's CCQ zrt'itlt' rcsþcct to f an'¿l ¡l is con'cøae øl

V'o, l)) uitlt' rcsþect to s ',

(r,i) g srrlø.y.ì'cs llt,e stt,ict CCQ tuillt, re sþcct lo Y and 1¡ is col;tlauc at (zo, zo)

zoitlt, rcsþcct lo S;
(r'ii) g sati,sfies Iiurl'ín''s CCQ zuith t'csþcct l'o l.' X rl's aott'ttcx antl

g is concat'e ott' X x X zoitlt' rcs'þcct to S'

'l-h,ut' lhere rxt'sls r' = ( n ø"r)'* = 't'* sncJt' lhal

(41) y,f þu,n\ + v,Í(zo.to) -Ç-,1¡':' '9 - Y'll(7o' Z')t :0

(42) Re(g(zo' zo)' r') - 0'

prooJ. I,el 7n e 1r bc a local minimtlm point of Problern (I']) ancl 1et

E, I anð. / bc the sets c1c{inec1 bV (6)'

In vie¡n' oI Lemna 5 rvc ncecl to cstablish the thcorer¡ trndet tþc assurnp-

tions (i) ancl (ii)'
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(i) B-t 'I'heorem 2 therc e:iists a a €Iì* and t = (;lrrt"u)*- t*'

such that (I), (II) ancl (III) holc1. \\¡c Nili sho$' that J is empty. 'I'helì by

Coro11ar1. 1 n'e hartc r #0,
tsú-" ,f is ro'e''pt¡r. 1y" rvill 'orv 

sho*'b)'conttadictio' that t * 0'

suppose that .¡ : 0, then frorn (ra) it l<¡llorr's that rt7 I 0, ancl hc[ce

(43) (i,,,)t-¡ > 0.

Since q satislics thc Arro\'--Tlur$,icz-Ijza$'a CCQ at (zo, zo), t1rcre

cxists a L e C" such that

Re(y,ç¡(20. z;1tn i 'r/;"ç1(zo, io¡Lr.u, zS ) 0, h e J
44)

Re(y,ç¡(zo. r.o)uo I V;9(zo, zo)u..2)>0. åeI

Irronr (I), (43) and (44) rl'c havc

Re(Y"g(zo" z")rr f V;g(zo, zo)u, z) :

- R" 
| Ð,^Xvlf*.al.o I v;e(zo, Zo)uo' ,)] t'o,

rvhiclr contradicts (II) for r :: 0. consecluentllr ./: Ø.',t*]nen b-v corollary 1,

it follorvs that t > 0. Dividing (II) and (III) b)' . > 0 and settiûg

1, : (l/r)u = (,0, ,',,0)* = S*, u'e gct that (a1) and (42)'

(ii) I,ct .L € cn suct that (26) hold.s. since q satisl'ies thc l{rilin-|lLrcker

CCQ at (zn, zo), there exists an e ) 0 ancl a function b: l0' el ' C"

clillerentialtle at 0, such that

(45) b(0) :20, a¡P) -'

arrcl ìr(1) e 'Y, fllb(l)' b(¡)l = 'S ror all ¿ e [0' e['
Since z0 is a iocal rnillillmm of llroblcnr (P) rve have

r nc{/ltr(l), h(r) l} l, o > o,

or ec1uir.a1entl1',

(46)
"" {* /rh(,), Før} 

l, , , ,
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Frorn (45) and (46) it Tollor,r,s that

Re {[y,/(zo, io)lrz t Ly¿.f (zr, zo)]rz]> 0.

Therefore the system

r 

-

I R" (V"/(zo, zo) I V¡f Ø0, zo), z) < O,

I .-..-----...--------_
( Re (V,g(zo, z\)to I Vag(20, zo)q, z) > 0, l¡ e E,

has no solution z e C,,. 'I'hen by I,emma 1 the system

(47) ,¡y,¡¡.t:, 
""¡ + V-,-f (zo.zo)l -

-À *r lV,çS@0, :t'o)to -l Ytgl(zo,z,)uol : Q,

has a solution (t, l"o) ) 0 lvith r à 0, r,r,here [r¿ : (F¿)¿=r. Since t ) ù
is equivalent to t ¡ 0, from (47) it Tollorvs that

Y,f (zo, i') + V;f (z,,,i.n) - iprl-rv v;gør, io)i - 0,

q,here .,: Ð T,,0.
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Then v:lÀnrro ancl r.lnø,,. I' h't h-ii- kì
c S*. ì'Ioreover Iìe (g1fu0, io).t,) -- 0.
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