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1. Introduetion. I.et E be a lie

When G is a nonempty set of E and x e E, the,,clistance,,of x to Gfor the case of norms with values in trì

larrc Il2, Drsr (.,.). W'e havc intro- '
ation _(, for subsets of R2 which are
way lhat if rve have un ine.lrotiiy
, then the relation remain rãli¿ iii

ol a set / C Iì, was also intro-
rNFr,4 which is in general larger

a ,,new" distance of x to G, deño-

,subsets of R2 which ¿rre bounded. from
{.., . ) extend again the properties of d-with those of [3]. when the proofs rvilr be sirnilar rvith the ones of i3l, we
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shail omit them. Wc conclude the paper shor'ving horv the r-esults of [3]
can be extended. for the case of r,ector-valued norms rvith rralues in a re.ile-
xive Banach lattice.

2. We recall the clefinitions oI rN¡. A and rNËr A for a subset / C R,
(t11, [2]). F'or a subset A C}d 'we denote by I the closure of .4 irilt¿.

D ef inition 1 (11), rz1¡. Lct A Çll2 ancl lel þ e Il2. I,Ve sltall sc¿_v

th,øt þ G rNri' -f if the follozai.trg ltuo cott'ditiol',s &/e satisfi.ed' :

l") Tltere exists no & e '1 søt'ch tlt'rtt ø < þ.
2") lt = A.
This delinition is a par:ticular case oI the definition of rveak or strong

extLeLnum s'ith respect to a closed convex cone, of a set A in ¿r llanach
spacc ([4], [5], sec also Definiton 6 below).

Def inition 2 ([1], l2-1, Let ,4 CII' ønd let þ ell2. I'Ve sh'all
sa.)t tlxat 1 = rNr,. A if tke following tzao cond'ilions are satisficd,.:

l") Tloere exists no o e l7 st,tclt,tloat ø < þ.
2") Foreøclt,rettl e >0tløereex'istsato el.etncttt a<= AsucJt,thøl',t < f,+

-l e c (rvher-e ": (1,1) = R').
As it s'as remarked Á l2l, rvc har.e ah,vays :

(1) rNrf I : A À rNÌ,'r /

ancl Proposition 1, lì-emzrrk ia and Rcmark lb oI [2] are also tlue fo¡
1¡¡, (see T,etrrnas 1-3 belou') .

I'cl J/t be the collection of ali nonenllt¡r subsets ol R2 l'hich r'tre

boundecl lrom belorv (i.e., there exists /'G lÌ2, rvh.ich depeuds on,4, such
that r ( ø for all a = ,l).

r,Eìrr{A 1 (t2]). Let ;I e= Jll atcd. ú e A. Tltett' tltere exists 2 e 1ryr, ,4

sttch th,øt þ { ø. In þartiut'l¿l,', rNrrl A + Ø.

r, I{MA 2 (l2l). For eacJt, n.onent'þty stt'bset A CFl' ac JLal)e rNrn, ,4C
f rNrr,4.

For ,4 e Jll.,let ¡-r,, : inf {ø, : (ø.t, ar) = A}, 'i:1,2.
tr)I,n(a 3 (l2l). Let A = J/¿. I-f nt' - (1t1,þz) e A, tltctt, rxtt, -1 - {m}.
Retna.rh 1. I'et A € Jn and 1et I = rxtnr,4. Then there exists d e rNl''

'4 (CA) such that ø < þ. I¡deed, since I c rNFl l, for each positive

integer n thereexists &n € A such that ø, < þ + rln. ITence, si¡ce A e Jft,,

the seqnence {a,,,}i:, is bounded in Iì2. I.et {a,,r)i-:1 1te a convergent sltb-

sequerlce of {a,,}i:r and let U : 
lïi 

o,,,,. 'l'hett ø = A atrd cieariy rvc have

ø < þ. Since / € rNFl '4, it follou,s d' e rNr ,4.

Rcnterh 2. For each A e J/l n,e have rNrr, Ä - rNl, .4. Indecd, 1r1'

(1) u'e have rNt¡ ,4 g rNrr, A. I,et norv 1ö € rNri'l A. B-r" Remark l, there
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exists t G rNrr ,a (çtl) such that a < þ Sincep € rNFl l, it follows þ:: ã. e rNr¡ ,4..

pRoposrrrox l. Let A, B = -.,fl ønd À e R, À > 0. Then :
i) rNn, (rNn, ,4) f rNr,, 
ii) rNn, (rNro, l) : rNFr I : rNFr (rNr, ,4)
iii) rwn, (A U B) e (nvn, ,4) (,J (rur, B)
iv) rmn, (À + B) q (rwr,l) a (wr, B)
v) rNn, (^A) : À rnr. ,4.

the proof of Proposition 1 of [B],
forrnula (1) above show i) - 

-v).

å',i'^i: ;' "'l"f""i;å) Ëî ("iär,';
1 and Proposition 1 (i.')).

In [3] rve have introcluccd the follorving partial pre-order relatiorr
ott -/Ì1, .

Definition 3 (l3l) Iìor A, IteJft, wc definc ,4!ß.i,f
1¡'1n(lUB:rNF.t.

No'uv, r've shall introdrrce ¿inother PzLrtial pre-orderr relation o¡ _//l .

DcIi'itio n 1. Jìor,i, B e _l/.,wt:dcfi,n,c,4irIl l/rNr,. (A U IÐ:
- 1¡¡, ,4.

lcn,t

Ranaylt,3. I1 ¡i, B <: J11,, 13 CA, thcu:4 -_:rB.
r,lllrri¡r 4. Let A, B ,= Jlt. Th,e folloza'irtg tzo,o cLsseytio,ns arc cc¡uiaø-

1) A-.!, 13

ir) Fir cøclt b q 13 ot¿d, eack q e R2 suclø tltøt b < q, tlrcre cxists ø = .4,u{9.
Proof. i) + ii). Suppose rve havc i) and lct å e B and Ø e lì2 srich

that b ( q.'lhcn q € rNr¡l (A U B) arrd by i), q erNFr,4. By I,ernrna 1,
tlrere exists þ = rNrr, (.rl (_/ R) such that þ <h<q.Ry i), ió =rrx¡., ¡l
andso, lol each e ) 0there cxists o € tI, ct 4 j2 * .c ( Ç I ee. Thercfore:
q satisfies condition 2") o1l)elinition 2. Since Ø É rNr.r, A,b5, Definition 2
thereexistsûeA,o<rl.

íi) + i) . Suppose r,ve har.e ii) and rve urnst shorv that :

(2) rNF, (,4 U B) : rNr¡, 1
Let p € rNFl Ø U B).Then clearly there exists no û e,4 rvith ct {þ.
I,et e > 0. Since p = lwr, (A U ß), there exists 0 e A U B such that
b <þ | (el2)e. It b e,4 then b {þ ! ee. If b < It, then ó { þ I ee
whence by ii) there exists ø =,4 u,ith ¿ < þ + e¿. So, rve harre proi,cd the
inclusionf in(2).f,etnou,p = rNrn,.4 and b e,4 l_JB rvith b{þ.,lhen
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b e B andbl.ii) thcreexists ø€ A suchthat ø<'þ,contradicting2 e 1¡¡r"4'
Thtrs p satisfies conclition 1o) of Delinition 2 for the set A l) B, atd
obvionsly/ satisfies conciition 2") lor A 0 B too (since / e INIrr'4)''Ihere-
lorc þ € rNrrr Ø U B), rvhich cornpletes the proof'

Ren,tørl¿ 4. I,et A, ll o= J/t. IL is an irilrnecliatc consequcnce o1 Iremrna

4,thatif for each b e R thcrecxists ø< A rvith ø ( D, then A1:rrB' Tlne

con\¡crse is not always true as simple cxamplcs shoir''

.ROpOSrl.rO$ 2. The relat,íon 1, it a þartiat þrc-ord'er rcl'cttion ott' -//L'

Proof. By Definition2, /=ris reflexive. 'lo sho$'that l, is transitive,

use Lemma 4.

pRoposrTrox 3. Let '4, R e Jlt If A'!r. B tlt'ett ue høat: '1 '! B'

Proof . l,et b e /1. By f,ernma 1, tircre exists / e rNF' ('zl I'l B) suctt

Lhat þ ( ó. Since A -:, n, it follorvs / c rNr¡r A.By Remark l, there cxists

ø -'Ã. r'vith ¿7 < /. therelore a ( ó and b)'' l3l, I,cttttna I iii) + i) rve

get J :< -8, rvhich completes the proof .

Sit"ple exar11lties shor,r, that thc convcrse oI Proposition 3 is not alivays

trtte.
Remark 5. One can shorv that for- ,tI , B= -//l , t]nc crorrdition A ,!t 13

is equivalcnt i'vith the following trvo co[clitions : i) '4 ! B; ti) For each

-p = rNt,', ,l there exists no b e -B tvith b < þ'
,rrrDorrr.)r,r 1' Lct A, ]3 e -//l'' Tløa fotLotui'llg øssarl'.ion,S arc cc1,lt,illølcnt:

t'¡ tI 1, 13

ii) ,1 U C'3' A l) C for ectch C e JlL

iii) ,,1 f Clrn)-Cfor caclt' C eJ/1,

iv) ),;f i:r\B for eøclt, À e ll, ). > 0

tìrrcÌt, of llte aboae asscrtions 'ím'þlt:es :

v) rxrr, ,4 j1 rNrr, B
proof.,Ihe proof of the equivaleüces i) +ii) eiii) eir') is similar

*,ith the proof of [3], I'heorem 1 (using I,ernma 4 above) ancl rve omit it'

i) + r.). I.eL þ e rNrrr ß. By Reruark 1, thcre cxists 6 n B rvith ã < p'

By i) and. Proposition 3, r,ve gct A 
= 

IJ, {'hencc by [3] (I,ernma 1 i) + ii))
tlrcreexists ø = Ãslchthat ä .\6 (< 2) I31'I,etunalthereexists q e rNI¡'

,rl rr,ith q { ø. By I,cnm:r'2, 4 = rNr¡, I ancl since q < þ, by Rernark 4

lr,c obtain 1.), which cornplctes the proo[.

In [3], 'lheorem l lve have shorvn that lol A, B e '//1, the relation

À < B is ecluivale't rvith rNn ,4 -í rNrn ß. Sirnplc exampies shou- that

tlrc relation rNr¡1 I ír rNrr, B does not irnpi¡- A it B
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Some irnrnediate conseçLuenccs oI 'Iireoretn 1 ate :

coRor,r?,A.r{r- L Lct A, B, C, D e Jll, he st+ch thctt A t>, B ønd C l, D.
Tltcn :

i) AUCi,RUI)
ii) /+c':18+I)
Cprol,lory 2. LetA,ß o,//l be sotclt, tltat B Ç,1 . Tl'tcn' rr\F' rl-llNr' B'

l{otnlion. For A, B e -îL we sha1l usc the notation ,4 -tB if both

A'3, n antl B />1 A hold.

ll_cntctrle 6. tror A, Il e. JlL tve har.e ll -1 B it and only if 1¡¡r, ,4 :
: rNr..r B. Ilcleecl, iT ,¡-, B then 1¡r, .J : rrjr', (4 Ç B) - 1¡1F, B.
Conveisely, stlppose rNlr, -4 : rNlir 1l' Wr: shclv that A 

=\ .11 the proof
lor B/-. A n"ittg sirnilar-. L,ctb e B ¿rnd q e Rz rvith l¡ {q. lhen ø +INFr
B aird-.by hypothesis, I # INr¡l tI By fenrtna 1, there cxists y' c rNlrl B
such thãt .þ-< tt Then ó e= rNFr A and so for each e > 0 th.ere cxisles
(t€A with a <;ó+ ec {Ltlec14lee. Since 4 satisfics concLition
2.) ol Definitiorr 2 und I # rNrrr ,4, it follorvs that therc is & e A rvith
a 1Q. 81, fetrrma 4 l'r: !ìct A 1*-1 13,

t,r{ot,osrÌ'rox 4. 1''o¡' artcJt, lI e -//l lue høae tNl.,,4 -1rNF. ,4'

Proof . IJse Reurark 6 and Proposition 1 ii)

In [Ì] Tor A, Be JIL n'c usecl the not¿Ltion A - B if bc¡th ,'l'at B attd
lj-:; lt tróld. in Propositiorr-3 of l3l rve have shown that for eadn A'=,/ll
.r,ó-ñn¡.-" zL - rNt¡ .z{ - rNÌi,,{. Sinr¡rle examples shorv that the rclation
.{ -, 1Ntr, 'f is not- ahvâ¡'s tttlc.

pRoPosrr'roN 5 I'ct ¡1 , Il €: -/l¿. l4/e lutuc :

i) t¡1,. (/ [-l B) -' (tNt,, ,.1) I,J (r.'rrr' lì)
ii) rNrr, ç4 + B) -, (rxrr,,1) J- (rxrr',B)

Proof. i) R]. Corollar¡. 2 u,c obtain 1¡1,', (á U /j)jrt'rtn, ,4. arld_1Nr1
(A U B) /:r rNr, IJ, rvherrce b-r. Coroll"lr- 1 i) lve get_rNtr, (á. U ry).<.
(rNr{,.t¡ U (lNrn, rS). I,et noi'r' p c INr,'i Ø U R). J3y PÍopositi<¡n l iii)r
it tòttóws y' = (rNrn.,4) i.-J (rxrn, B), rvhence b)' ReLnrrk -l (rN¡', ¿{) l.J
lJ (rNrr, B) t:rrNr'l (.4 U B), which shorvs i).

ii) Lct'2 e (rNr, z1) f (rNrr, B). 'Ihen þ: þ,. f 1-, lor soine p, e
e rNri, A and p2 e rNrr, R. I3y Remark 1, thcre is Qe r{ with 17 ( 75t end
5 ¿ B'rvi'ch ã'S þ, n.v I,cLn,nr 1, _the^rg exists Ç. =_rllnr. \! + B) su-'h
tlr.rL q < 6 + 6. By l,errma 2 anð' [3], Re'nark 1 il Îollolr's ?.= iNlfr
(A +^B). Since q < ¿ + 5 4 þ,I þz:/, by Rcmerl< 4 rv¡ obtaitl rNt",
(A + B) l' (rNrn, ¿) f (rNr¡, ,B). r,et ncrv p e rNrr, ?J + B). B¡' 'tr{einark

1, thr:re exists d.-eA-+B(:A+ Ë) rvith d <'þ. llhen ¿l:!!6 lot
soine d e,4 and. 6 = B. Ry I.cluna 1, thele is pre rNrr, -i{ anð"þre rNrrr
B rvilh þ, 4 ã, þt 4 6. Bv Ltinrtrr 2 rvc gct Þ¡ e rNIn, A, l,r7 IlIIrr l.
ITence, tti + trrå-(rNr.',.4) f (rxro, B) and, þ, i- 1, ( tL + 5: d < þ. Bs'

';)

q -- l, i!ûnlTj;(, nutrtr!ririrtc el l.l tlì(!oIjc rle l'o¡l¡rroxitnalioì: 'l-ourc 9, Nc 2 1930.
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Proo.f. !ìasr. ruocl'Tications in the proof of [3], Theor:em 2 shol'the
above lcsult. \A/e onl)'l'ant to note that though in [3¡ rvc have nsed
sorlre results lvhich are not valirl for 1¡1,, these can l¡e avoideil using thc
rcsults ol' this 1)al)c1'.

'I'hc ncxt rcsult cxtencis the continuitl' propertr. ol' dist (. , G) for
Ðrsrr (., Ci) . Flot'ever, it se)'s 1ro nloLc than Proposition 5 of [3] as one
can sec by the prool belolr'.

pllopostl'roN 6. Lcl E ltc c¿ Linctr sþacc cndowcd ut'itlo o nornt utitl't,

u&lilcs in,lì2,Ø +GçE øn,d./.ct {x,,)i--oçE bcsu,ch,tltat,lft;1,t,,-to[.-.0.

Thctt. for caclt, þr, € rNtrr DIST' (Í., G), l,ltcra cKists þtL e rNrrr Drs'tl (i\,,, G),

lL =_ 1,2, ..... sltcl¿, tltat,!) þ,_ þ0.

Proof. R). l'roposition 1ii), Rernar:k 2 a,nd [3], Proposil-ion 1ii) u'c
obtairr rNFl llrsl'1 @, G) =: rNlt l)rs'l'(r, G) [o1 cach x = þ), u'hencc thc
result lollovvs by Proposition 5 of [3].

Proposition 6 oI [3] is stronger tharr the satne rcsult rvhere rve replacc
r¡rs'r' rvith rtrsT, (this being a conseçlrlencc of the fact that Drsr (.{, G) C
C Drsrl @, G),lor each :c = E), and rve onrit it.

'l'hc results ol section 2 a¡d ÍJ rcmain r-alic1 jf rve repla.cc everyrvherc
lì.'z b¡' Il", thc cener..a lizations iteing straightforu,ard.

/r. For a sultsct -'l oi a normcd. lineal spacc X, ive shal1 denotc b¡'
u,-c1 ,.1 , thc closurc o1,4 for thc o(X, X'F)-topology. I"ct /í be a closed
corÌ\'ex cone oI X (r'ith \¡ertex at the origin) . Then /{ indrrces a ltartial
ptc-order relatiou on X, denoted b}' ç uttd defined by x I ¡, i¡ j' x e I{.

l) clinition6 ([4], l5_)). Lcl A ltc nsLtbscl,of lltc normedlincør sþacc

X anel I{ a ck¡sec| ccila(x. conc of X. T'hc clcmcnt þ = X is cøllcd q w,cal¿

cxlvetnunt of A wilh rcsþcct to I{ if tlte foll.owing tuo conditions a1'e satisf icd ;

l") Thcrc críists txo & e A su.clt, tJtctt ø < þ.
2")þeg'-cl '4'
In the secluel X will be a rellexive Ilanach lattice, I{ : {x e X '. :\, 2

2 0) and for each noneu-rpty set -4 f X r,r'c clenote by rNn A the set of
all rveak extrema of ,zl with respect to I{. Note that Tor X: R2, the set
ol' ail rveak cxtrcrla l'ith lesltcct to 1( is nothitrg clse than rNF ,4 given
br. Definition 1.

Let -///. be the set oÍ all nonemptl. sribsets of X rvhich are bounded irom
belos',

Usiug Zorn's Lcrnma ouc can shou' the {ollorving generalization of
Proposition 1 of [2].'I'he last statcruent of the next lemma lvas announccd
in [5], p l4l, statcmcnt (ii), but the h1'potheses on X are different.

Lrlr[MA 5. Lcl X bc u. reflexiuc lJanaclt /.a.tlice, A = JIL atad ø e A.
Tltcn tJterc cxisls y' = lNr, A sttclt. lhat þ { a. In. þqrticu,lar rNy' A + Ø.

6

Remark 4 rve obtain (rNrr,,1)f (rNr, IJ)lrrNr, (,4-j-B), ndrich coniplctcs
the proof.

In i3.1, Irroposition 4 rve pror.ed for - ancl rNr¡ a stronger res¡ll tlic¡
Proposition 5 abol-e. Nal;e11', vt,c have lor each .4, I3 e Jlt A l) Il -
I (rNrr,a)!(INr,ts) and zl + I3 - (rNr.,4) I (rNlf¡. These nr. not
ahva¡'s trne lor -, ancl 1¡f, as sirupie exatrrltles sholr,.

3" f'et ,L- bc a linear space encl.ou'ec1 r,r,ith a l,e<:toL-r'aluccl norrn rvi1li
values in Rr and 1et G be a. noneruptv subset of E. we sha1l clenote iry
õ ttr" closurc of G jn the nonrr !fi-lior x= þ) let lrsr, (x,G) be clelitcd
by:

Drsll (r, G) :. rNrn, {f :v gâ: g - (})

Clearl¡', ¡19'¡. (:v, G) C {þ = l\2:þ2 0}, rvhcnce DrSTl (n, G) = J)1. 1^o
extend somc kuou'n resuits of dist (. , . ) Ior Dr,.j,r1 (. , . ) ri'e n".ci the To11o-
lving.extension of the notiorr oI conr-ex lunctiori (see'a1so f3], tor another
definitionusefulfor lrsr( , )) I.etE be alinearspacea¡cltót(l:E +!*
be_a^ set-valuecl mapping, r'here 2lt' nreans thc set of all nonernptlr 511J¡sqis
oi l12.

Def inition 5. lflrc s¿t-a(tllrc¿l maþþi,ng Li:E -+2rr" is aoilcd con-
acx, ,íf lh,e follozaing tzuo cont{,itions u.re satlsfic[;

1") Ll(r) = Jll for eacl1, x e þ).

. ?")^ U(xx' f (1 --a)r")1' t,U(x,) -l- 1t -- À)U(ør) lor each r¡ = E,i-1,2ancl cachÀ ellu,ith0 < À < ].
l'he follolving , . ) some proper-ties of

the usuai clistance di .51or thc corrôspondirrg
results for dist (.1, . the resllts concerr-ri¡f
Drsî (.,,)). We sha nt þ ot the set {1}.

't'rìr)otìrììr 2. Let E bc ø lin.car sþace ert.clozuecl zaith (tr nornL zaith aa-
lues ín, ll2, G cL nonern.þt¡t s,wbsct o.f E ancl x,, )) € E. lVe ltøue .:

l') i) 0 í1rrsr, (ø, G)

ii) DrS'r, (iu, G) : 0 for cacfu' g e G

iii) rrsr, (x,G)-:, Drsr (_r,, c) + I x - _),N

ir') orsr., (*,G) 
=,,1* - Sl for cøclt, g e G

r') DrSTl (r, (]) - r lrsr, (r, fr
2") fi G, CG,Gr + Ø, theu, ms,r, (*, G) i, Drs.r.l (r, Gr).

. ^?")_I-et,Q.4 n conacx su,bsct of 8.T-h,ert, tlte sct-uqlwed t:nøþþi.ng o's'r,
(. ,G): E -+ 2R' is conuexr.

4') IÍ G is ø littear su.bsþøcc rf E and ^¡ < K, tlrcn, ;

i) Drsr, (Tr, c) : ly I orsr, (r, G)

ii),enrsr, (x I y, G)í, orsr., (x,G) I rrsr, (.v, G)

7 G GODINI
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. -_\11 l'esults of [3], $2 are true iT'"ve replace everyrvher.e 12 rvith a refle_
xlr,e Banach lattice X, andthe closure of an1, sct A lvith lv_c1 ,4, the prooi,
beiug similar-, (Note that in [B] Definition i r.,e repla"" ulro u{ ancl È rvithrv-cl ,4 and rv-c1 B) .

rf E is a linear space e'.clo''ed with a noïrn l.! rvith values in K, G
a tronempt). subset of E and x e E then Jor D¡ST (;v, G) :1¡¿¡ {1, _ Sl ,:g € GÌ ( 1(, the res'its of l3], $B are also true, the proofs being sir.iiár
rvith those given in [3].

},f A,I.I{EI,IA'f ICA _ IIÐVUIJ D'ANAI,YSE NUMERIQUTì
E'I' DE'I'HDORIE DD I,'APPIìOXIì,I41'ION

L,ITNAI,YSB NIJMERIOUE ET I,A TIIDORIE DE L,APPROXIMATION
Torne 0, No 2, 1980, pp. lB9-193
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1. I,es nornogrammes à trauspârent orientó avec des Tarnilles d,e iignes
côtées dans un des pianes clu nomograü1111c permettent urre extensiou con-
sidérable des possibilités de représertation cles systén1es d'équations ar.ec
rln nombre assez grand cl.e r¡ariables.

Dans cette idée, en [3] on a demontré les théotèmes générais de iepré-
sentatioll cles s¡'5fþ6es à n équatio¡s avec 2n, -l 2 vartables de |a ¡o¡¡re
(1) Fr(Ít-lfzifz¡rr, hI Ezl g"¡+r', c'"2¡.¡2):Q;

,i : 7,2, , . ., rt,; tc 2 2,

ainsi que des systèmes à /¿ écluations avec 3n, f 4 variables de la Îorrne
(2) Flft," I ft,n I fr¡+",r;+", gr,z I Est I Es¡ rz,s¡+s', a.s¿++) :0 i

i, : l,'2, ....n', tL > '2

par des nolnogrammes ¿ì tlanspârcnt orierté ar.ec cles familles de lignes
côtées.

Ira formule de structure cle ces nonrogramlnes cst

(3) P'rl:l Pr; D, ll D"; P2¡.¡1â^¡'z;.rz

pour les systèmes (1), et

(4) Pr,o l:l Pi,2; D' ll D ; Pr¡t-r, 
"¿+" 

H y3'*o

pour les systènres (2).

'1, ì: r'


