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]Vlultiple objective pfogfAms with continuotls variables havc been
exhaustir,êly treáted in the literature t3l, t4l, t7l, tgl - [11]. Horvever
yer)' little úas bee¡ done for the zero-one case. In [1] and l2l, theor_etical
r"s.tlts for zero-one linear multiple objective pfograms are developed. and
trv'o algorithms to deterrnine all efficient solutions are obtained-.

Tñere are serreral problems which arise in multiple objective progranls
rviih zero-one rrariableJ. First we need to determ.ine an efficient (nondorni¡ra-
ted) solution, if it exists, or to establish that the set of all efficient solutions
is einpty. 'Ihen using a certain process of enumerating the efficient solutions
it is aiways possíble to construct the whole efficient set of the given multiple
,objcctivc prãgrnrur rvith zero-one r.ariables. Once the set of efficient solu-
tioirs has 

^beeir constructed, lve often need to optimize auother criterion
(a sttpercriterion) on the eflicient set.' Som.etitrr". itt econom)¡ besides the optirnal solution oT the supercri-
terion on the efficierrt set, a nurrber of othei efficient solutions in the neigh-
bourhOod oT the optimal solution are useful. So, the problem r'vhich
aríses is to'list thc elements of the efficient sct in the fuonl xt, ..., ø' sttch
that if F is a supclcriterion lunr:tion, tlner' F(xh) ) F@a+t¡ for each
A = {1, ,..,r - 1.).

I,et A : (a¡)j:i', ...',',',' b. an rn X n matrix ancl let x: (xr, .. ' ' xo)r e\\"',
.En : (cnt, ...,'tr",)î é Ft', h, = {1, ..., s} and b : (ór, ..., b,,) € R''. F'or
t-uture refernce we define the following sets :

I : {1, ...,m}, J: {1, ...,n}, H : {1,..., s},

B: {0, l}, R":8x... xB, E= {8" lAx < b}.

--
n
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Ilere ( denotes the coordinater,vise ordering. F'urther, rve need also the
ordcring ( rvhich is defined as follows: x< y iÎ x¡{),¡, je rlrvith at
least one stlict inequality.

By (it{P) we deuote the multiple objective program rvhich possesses the
constraint set.Eandtheobjectirrefunctions .f,,, h = 11, ivhere .f,,: R" -*Il and

f,,(x) : efx 1'or all x c R"'

I,et I :ll" --+ Ils, f(x) : (Â(x), ...,,t(r,))t for all x € ll'.
IJef initiot L If x att'tl y are þoirtts belotr'girr'g to E, wc søy ihøt

x is ltþþer tlontin(üed by y iÍ f (x) ¡ f (5,)

'lhe sct of all points of E dorninated by an element y e E is denoted
byX(8, v).

In order to illustrate clefinition 1, rve consider the follou'ing example:
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2. EflicicncY eriferia

':rHEORÉr\[ l. If thc srt E ,is noneruþty, then the set EIì 'ís also n'onemþty.

Proof . Dcfine s : R" -, lì, s(x) :,p",f,,t*l for all x € trì"' \A/c conside¡-

the follorving problem: tnaxiriize the function s on the sct E' This ptoblem

has a1 optimãl solntion x0. tr'ronr theorem 1 oT CqorrrlluoN À. lr. [4] it
follou,s that x0 is a an efficient solrrtion for the problcm (MP)' Therefore

Et¡ + Ø.
Remark that a point x0 e E is an efficient solution for (MP) if and

only if the s1'sterr

(1)

Cx > Cxo

,4x ( lr

xeBt'

is iuconsistent, rl'here

ò
2

let A=:

f (*r, *r, x") : (2x, -f 3x" I 6x", x, - x,r)r for all x € Il3.

'l'hc sct Ð is E: {(0,0,0)t, (0,0, 1)r, (1,0,0)", (1, 1,0)1}. \Ã/e irave
f(0,0,0,) : (0,0)î, f(0,0, 1) : (6, - 1)., f( 1,0,0) : (2,0)r, f(1, 1,0):
: (5, 1)'
The poirrt (0, 0, 0)1is ttpper donrinated by thc points (1, 1, 0)r and (1, 0, 0)t.
Thc point (1, 0, 0)" is upper dorninated by the point (1, 1, 0)t. 'l'he points
(1,1,0)r aud (0,0, 1)?'are not upper dominated. It is easy to see tirat
x(8, (0,0,q'r):Ø, x(8, (0,0, 1)r):Ø, x(8, (1,0,0)t) : {(0,0,0)'},

x(8, (1,1, 0)t) : {(0, 0, 0)', (1, 0, 0)î}.

llef initior2. A þo'int x eE is sq'id to be ø'n efficiettt sol'ttt'io'n
lo (MP) if therc is tto t' e E such, th'at T(x) < I(V).

'I'he set of all clficient solutions to (MP) is denoted by EF and the
set of all non-efficient soltttions to (MP) by CEI'.

In the previous example the points (1, 1, 0)?' and (0, 0, 1)1' are cfficíent
solutions for (iUP). 'Iherefore EF : {(0,0, 1)r, (1, 1,0)r} and CEF :
: {(1, 0, 0)r, (0, 0, 0)r}.

Renrark 1. If thcre'is an ¡, < E suclt' thal x € X(E,y), tlrcn x e
CEF.

The problems studied in the present paper ar tire follorving :

I. How can \r'e decide vvhether a given point of .Ð is efficient i'

IL Horv can \vc obtain the points of E \ X(å-, x) for any x € t ?

III. Girren a l'rurction F : Il" --+ Il, called supcrcriterion, list the ele-
rnents of the set EF in the To'r:rr xt, ., x' such that F(x'') > F@nrt¡,
h:1,...,r--1.

Since thc inconsistencl'oI s1'5lsm (1) is difTicult to bc rrcriiiccl' rve

girr" "r, t¡ther efÏicicnclr c¡l1..ium. T,et G the set of the solutions oi thc
systcm

1

1

2

1

1

1
, b : (1, 1)r and Ì: RB - R2,

ct:

Cs1.., Csn

C1

C

(2)

(lx > Cxo

Ä.x ( lr

xeI)"
and cl.efine tire function g : nl" - R,

g(x) :,Ð 
fÐ 

ct¡)(x¡ -- r,,e) for all x e trì"'

LDx{r{r\ l, ,.1 þoir,t x0 = z- i,s ntt, efficieytt solttliott, /or (r\IP) i,f untl only

if th,e rna.x'int'r'un' o.f tlt'e fttnction g itr, G is zero.

Proof . I,et x0 be an efficient sol'.rtion to (À{P). Frotn delinition 2 it
follorvs that

lùrr,',i -Ðrc¡,¡ xl, lt' -= H

whenever x € E and Cx ) CxO.'Iherforc

g(x) : p, (Ð,cn¡)(x¡ - x]) : p, p,,c,i@i - 'xi):,Ð pu rn,lrt - x]) : o
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and

Proof.I,et x be a solution of the system (6) . Then rve have

Drr¡*¡ ) lc¡¡xj for- all h, e H,j-.1 h=J

D rn¡*¡ > Ð co¡xl ior ¿rt lcast one /¿.j-J i.J
By neultiplying b¡. d,, ) A lve get in view of (5)

(S) Ð_î,øxi >Ðî,,*", ior atl tt,eII,

(e) Ðir¡*¡ >Dj=J j=I
ct¡xo¡ 1o¡ at least one /¿.

Adding these s inequalities we get

Dj-J c¡x¡ ), s\
/-J î¡*j

Becarrse c¡, :v¡, j = J are integers, rve have

(10) Di¡*¡ >li¡xl t r.j-J j=J
Frorn (B) and (10) it follows that x is a solutio'oI svstenr 17).

- Sirnilarly one shows that any solution of systern (7) is also a solutionof tlrc s)'stcrrr (6).
From lemrna 2 and frorn definition2lve obtain

^ r,Er{r[A 3. I"f lh,e eletnents 
^of .c .øre rational nuntbers, then ø þointx0 e E is øn effici'ert solut'iott, foi $rc) i,f ønd. onty if tloc syst,tr.

Cx > õxo

õx2ãxof1
,4x< b
xeIJ"

is 'inconsistetot.
The proof is immediately.

3. Domirratcd points

If x0 is in ,Ð, then the set of the solutions of the system

(12)
Cx ( Cxo

x GBn
Ax<b

is eç¡ual to x(8, x0).'rhis remark follo,r's directry fro'r definitiou l-
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lor all sol'tions of the system (2) . He'ce the naxirn'm of the fnnctioug on G is zero.
l\ou', assn're that the m¿rxinur' of thc fu'ction g on G is ec1ual to 0.Then, for all x e ð rvhich ;.;ì.8."'^ '

(3) 
\r4^,,)\crixj, heH
teJ i-J

wc havc

(4) e@) -,,D \r,ø*¡ -,Ðpcnix¡ :0.
'l'herefore there is rlo x G É' such that cx Þ cx.. rre'ce x0 is an efficie ntsolulion for (t{p).

This lerrrrrra is lrsefrrr to test in the algoritrrr *,hich u,'r be gi'eri i.the last sectiorr, ivhether u poitrf i =^H;r an etficicnt solutio,.
suppose nou'that the ele'rents of c are ratio'al 

''nrbers, i.c.,

Crj : lthi

,hj

whcÍe lt¡i,7)n¡ arcirrtegcrs and. u¡,¡ ) 0for.all It < LI , j = J l.*or. cat.lr h= lJ,le1 d,, bè tlie least cornlnon lnírrli1-rre or' the rrr'ber, ,-,,¡, j - J, a'cr 
'¡1,¿(5) çhi :

uj:
h

cnjd ¡ lte=H,j=J,

.i-J,Ð cnj,

,:(r,

C
ctn

o"t C"r,

LElrrrA 2. If the clcu,tc'nls o.f c arc r&tion.a] ,nuntbcrs, tlacn, tlte s),slent

(6) Cxo < Cx

xeZ"
r,s cclttiuølent to th,e svsteno

(7)

Cx > Cxo

cx)exo*l
xe2".
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Because it is difficult to find the set of the solutions of the svsten
(12) rve give an other criterium. let x0 e .Ð.

I,EMMÀ 4. Tke sct of tlrc solutions o.f th,e Vtste.m
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rrErlrMA 5. If tloe elemetots of C øre røtionøl nurnbers, lhen the set of
the solart'ions of tloe systetn

õx < exo

Ax<b
õx5[ao-1
x€IJ

is equ,øl to X (E , xo).

'Ihe proof is immecLiatel¡,.

rl xo e B', rvc put Q(ø0) : n (1 -2r"¡) audobservethatQ@o):É0.

6

(13)

(11)

aucl

(1s)

Cx < Cxo

Ax< lr

| (l c,,¡)x j { D (D r,¡)"}
jêJ heÌ( :jeJ hëH

xeB"

(20)

For future re{ercnce we clenote

H(xo' x) : sSQ@o)

,is equal to X(8, xo).

Proof. I,et x be a solution oT systern (13) . Then rve ha.r'e

Drr¡*¡ {1,,c¡¡x} for all /t, <= Hj-I i=I

j-J

(16)

Ð (D c¡,¡)x¡ 1D (D øø)ri.jeJ heLI je! hetr

F'ronr (14) and (15) we clecLuce that there exists hu = ! such th¿r.t

\i.\.. ^. _- F ^ ".0/: I hoj.tj '\ ¿:_t t,h,,i rj.
j-J j-J

Frorn (14) and (16) it.follows that Cx ( Cx0. 'l'hercfore x = X(2, xr,).

I.et notv x e X(8, x0) . 'lheu we har.c

(17) ;\x < h,

(1B) Ðrn¡x¡ {lc¡¡xl lor all lt e Í1,
jeJ i-J

D rr¡*¡ <D rr¡*l for at least ,one .h, ,= H.
j*J j..l

Acldilg these s ineclualities rve gct

(1e) D(D cn¡)x¡{DÐ c,¡)x,¡.
jeI heg jej helr

F'o.r (17), (18) and (19) it Îollows that x is a solution of the system (13)
]'his lernrna is used in the algorithrn in o¡der to detemrine thc set of

points rvich are upper dorninatcd b)' a point x e X.
l:irorn lernma 4 and frorir lemrna 2 tvc obtain I .

(Ð Qt{*'){*i - x'i) - Q@')),

where Q¡@o): fl (1 - z*i).
h-I
hrj

rr4lrì,rA 6. If xD e E, tlten th'c follozuittg equ,ølity h'olds

E\ {x'} : {x e E ll(xo,x) > 0}.

Proof.In order to prove {x e E lIl(xn, x) > 0} - E\{xo}, it is suffi-
cient to shorv that l1(x0, x0) ( 0. Notice l-hat

r1(x0, x0) : sg O(xo) ('D ?¡(*") (*j - ,i) - ?(xo)) :

--ss?(xo) ?(xo) :- l?(xo) l<0;
therefore xo È {x = E lH(xo, x) > 0}.

I'et y = E\ {xo}. Without ioss of generality 1ve can assüme that

y:(1 -x1,...,1-*'ì,,*'ì,*r, .,x1,), rvhcre l<h<n. We have

¡h \
H(y, *o) - sg?(x,)lD?,{*.){t -2*j) -Q1x')):(h- l) lÇ(x') l> 0;

lrence y = {x = EIH(x, x0) ) 0}. Therefore E\{rt} is a subset of the
set{x e EIH(x, xo) > 0}.

Let x0 e E. The set X(,8, x0) has a linit number of points because E
is a botrnded set. 'Iherefore we can write X(,E, xo) : {xt, . . ., x'} wilh
1<r <2",i1 X(E,xo) *Ø.

z{ - L aLrolyse rrumórit¡ue ct ið thóorie dc I'apÞroxim.tt¡on -- Tome 9, No. 2. 1980.
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(2r) ,/\

Then we denote by (MR) the multipie objective progralrr which possesses thr:
constraint sct E(xo) and the objective function f,,, lt e H.

LBI{nrA 7. Lat xo be in E. A þo'ínt x € ¿, x + x0, is an efficient soltt-
tion of (\[P) if and only if it is an efficient solctliott. of þroblenr. (MR)

Proof. Let x be an eîficient solution of (ìfP). Then u'c have Ax ( ll,
because x €-8. If r:0, then xeE \{x'}; thereTore 11(x0,x) >-0. It
follows that x is a solution of the S)';tenr (21). If r ) I, theu x = E\ {x0,xl, ., x') because X(8, xo) : {*t, ..., *'} and x I x0. Thercfore, 'bv
lemrra 6, we havc I1(x, xo) > 0, h = {0,1, ..., r}. It lolloq's that x is a
solution lor the system (21). Since x is an eÏficjent solution for (I{P) ancl
x € E(x0) c E, it follou's that x is an efficient solution for (n{R).

Now 1et x be an efficient solution for (NIR). Suppose that it is non-
efficicnt for (IUP).'Ihen there is an element ¡, e E\E(xo) such that Cy;
Þ Cx. In viern'of lemnta 6, \Ä'e have t(xo) : E\ {xn, ..., r:"}; hence v e
= {xo, ..., x"}. But, if 1' + 0 then {x1, ..., x'} c CEII. The¡efore y:
: x0. Since Cy: Cx' ) Cx, -"ve have x e X(8, xo) : E\(E(x') U {xt}),
a contradiction. It follou's that x is an cfficient solution in E.

4. An algot'ithm for lislirrg thc elemenls oI thc sct .LT, .r
,¡å

Lct F be the sttpercriterion functiorr and let xr be an r¡axínrurn
point of F inEF. We ca1l it the first best ellicient solution with respect to È.

Def inition 3. x2 e EF is sø'id, to be the secondbesl cffict',cnt sr.¡lrt-
lion, ui,lh rt'sþe ct lo F, if F(x') : n"" {F(x) lx e EF \{x'i}

I1 x2 is the sccond best efficient solution with respect to F, then -F(xl) )
> F(x'); equalit¡' is not exciucled. If F(xi) :1ì(x'), then x2 is called an
improper second best optimal solution u,ith respect to F. Il F(x1) ) F(xr),
then x2 js callcd a proper second be st optìmal solution with respect to 1;
in EF.

r,BI\rn{A B. If x1 is thc first bcst cfficicnt solotlíon uitlt, resþact to F- in
EF, lhcn caclt, imþroþersccond. bcst afficient solarlion xz to F on EF is ct

solutiott oJ lhc s1,s[snx

(22)

l?(x) : F(xr)
Ax<lr
11(J,u, x) > 0, k e {0, ...,r}
..,!' are tl¿c elcntcttts of X(8,x,),,i.f X(E,xt) * Øttltcre yo : xt ctttd yl ,
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Proof,sincex2isarrimpropersccondbesteflicientsoltrtiorrtoForr
E-Iì, rvehayeF(xr)-F(xt), ;\*i < b. Supposethatthere exists /¿e {0, " '' r}

snclr that l/(.vo, x') {0''lherl bJ'lemnra 6' lve have x2- jh' But x2 *x' :

: ),0; therclàrc /¿ = {1, ...,r).lJecause {yt, ' ' ', -t/\ : 'Y(E' x')' it fo11os's

ttrat x, = -Y(1i, x.) - cEF, r,r,hich contrad,icts the efficiencl' oI x2' There-

iore I1(yÞ, t;) > 0 lor all h ' {0, " ', r}' It lollorvs that x2 is a solution

of the systern (22).

LIANA LUP$.A.

Denote by E(x0) the set of the solutions of the systeur

Ax(b
H(x, xh) > 0, h = {0, 1,

xeBn.

I

I

ÐIìSCIìII,îION OF'I.III, i\LGONITHNI

Norr' rvc are goirrg to <lcscr.ibt ari aigotil hllr, basc-d otl lcrltlnas 1' 4' 6, 7,

.¡,hich allo*,s r.,, to 
",-ri,,,"",1^ì" 

t,i"."ti,rclj'th" sccoltd bcst el'licictlt soltrtions

of _F in Eþ, and.to oia"il" tno *,ay thõ set EF with rcspect- to F.

Sleþ 0. Put Do : E, Et: E, i : l, tt':0' EF : Ø'

Stcþ I.If ¿'j : Ø, th'ett the algorithru sto,ps' I:l Et .+. 
(ð' li:nd a rl¿rxi-

nrurn poi't xi of theJ"rt"tlon F tt L,, I' ordãr to decide whethcr E, is

;;;ilu';;rror a'c1 to itir¿ *t, tne metËoc1s given in [5], [6] and f8l carr be

",rsed.

stcþ 2. I]sing lenma 1, test rvhe ther xi is an eflicient solution' I1 it
i, go-ïá ;t"t-ã ''oih;Ñt¿', ¡)Jt E,t: {* e= EnlH(xi' x) > 0} and go to

tt"t'.å;r, 
3. put ht : It + l, 7tt : vi and' EIì,: El¡ U-!!')' using le'''a

4. fiiät;h t*'-ii¿, f'¡ ^'ìa p't E;11 : : {x = E¡l-H'(v' x) > 0 for all

y = X(Eí, xt) U {*'}}'
Ti the systenr

(23)
7t(¡r) : I(x')
x e E¡-tr

I

I

is inconsistent' go to step 7' rt the S)¡Stenr (23) ís consistent' then denote

bt' X(E;, xn) : {yt, . . ., y'} the set of its solutions'

Stcþ 4. Put j _- 1'

ste ¡ ;' IJsing lerunra 1 tcst u'hcther )/j is an efficient solution rf it
is, ptrt E¡+t":l* - EnrrlH(yi, r) > 0), k -- h I I' zþ: iti arrd EF :

- EF U {ro}.
Using lerntra 4, lincl the set X(8, ,t,1ì); p.ut

E¡tt:: {x e E¡"lH(y, x) > 0 for ¿r11 y - X(Errr' Y')'¡

atrd go to step 6. tt y; is rrot an ellicient solution' go to step 6'

Steþ 6.Increase I rvith l.I1 i< /, go to step 5' If j >r' go to step 7'

Steþ T. Increase i rvith 1 and' return to step 1'
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.. . lnEoRjt*r 2. (a) TJtere cx,ists a nalu,ral nøtntlter n, i < 2" ! I, such
tlt'at E, : þ.

" , LÐ. Th,e set EÞ- given lt.¡, ¡¡t, ølgoritltm contains øtt ffic,ient sol,utio,ns
o/ (MP).

(.) If EF +Ø andÌ?>l,weltøuel;(zi) )F(zi+t¡, j:1, ..., h- 1.

_Pro{ (1) I1 ¿', : Ø, tl'er i : I ancl the affirmation (a) is provecl.
I:1 Et:Ø then f.rorn _step 2, 3 arrd 5, rvg have E¡*rC E¡'for all
¡ 

={!, 
., , i.- }} "l¿ E,CE. 'fhen card (E¡*,) ( cardir)-'t frr ;ii

, = tl, ..., 't, - l]. Because card E < 2", it follows that, iü the worst
case, we har.e Ej : Ø lor j :2 t L

(b) I,etx0eE\.8-F. Then there is an index j={0,...,i- l}
such that xj = Ej and x0 ê E¡+t. F'our cases l1lay appear :

^ 1) rf x0 is a.maximurn point in z¡, determi'ed in step l, then step2 and lemrna 1 imply that xo is not ârr efficient solution.
2) If x0 = X(E¡, ¡i), then from remark 1 we have x0 e CEF.

-.. .S) lt xo = X(E¡, yi), then from step 5 it follols that x0 is not an
eflicient solution.

" 4) If there exists. h = {1, . . ., r} such that xo e X(E¡ r,, yÉ), thcu
ftorrr remark 1 of section 1,-we have'xo e CEF.

Therefore, in all cases, xo is not an efficient solution.
r.et x = EF. From steps 2, 5 and frorn lemma 7 it folrorvs that r is

an efficient solution.
(c) I.et EF +Ø and /¿>1. I,et h ={1, ...,tr- l}.We h.avc trvo

CASES :

- There exists 7 such tliat zh = Ej, zh Ø Ej+t and zh-tt Ø E¡-vt,
zh ,t e E¡; tlren b1. step 3 rve have -F(x¡) : -F(xi,+r¡ ;

- 'Ihere exists i sqrgh tlnalzh e Ei, zh I E¡.t_t and zh+t = Ej tt; th.c.uit tollows_that 1'(x') ) F(xr+t¡, because E¡,., C'Ej and zh js a mâximun..
point of Þ on E¡ aÍrdrr-t't is a maximum poinñlÞ on E¡1_1 ;. R e rn a. r elemettts of C are ,rati.otl.øl nu,mbers, then ,insteat|
of lentnlø ),, iro 5, resþectíiely lem,ru,ø 4 in, steþ B, we møy u,se leruma
3 resþectively

, r,ÐMMA 10 [see l0l. Let þ:(þr, ... , þ,), el¡l' ør¿cl þr> 0, h = H.IÍ
f(x) : prCx for all x e lìn

and. xo is ø ntøximttm þoint of F i,n E, tJteu, x0 e .EF.

Frorn lemrna 10 we have the follorving remark.
R e ru. a r k 3. If the f'u'nction F is ct þositiue cortbinølion of tke objec-

t'íac functions,f¡, h e I/, i.e. F(x) : 
,*Drtr^fr{*) for att x e Rn, takere þu>0,

llrcn, zue cøn' clroþ steþ 2 of th,e ølgorith,nt, going ã,irectly from steþ | to sl,cþ B.

Also, we ca.n droþ lhc l,est irr' slcþ 5, Itecausc frorn lentm'ø l0 wc alwø1ts conclu,de
that vi - XUI¡, xi) is an cffic'ien't soluliott,.

this algorithm is a theoretical algortihnr. F'rorn this rve can obtain
the good practical algorithnis.

5. Nurnerical cxarn¡rlc

To illustrate the algorithnr u'e consider the follorving objective lunctions
f¡: I)3--+ Iì, r. : l, 2, 3 and

/t(t) : 4*, + x, ! 2:v" for all x : (xr, xr, xr)r = fi''t

,/r(*) - x, | 3l, - x, ior all I -= (xr, x2, x'r)r c= lJr

f"(*) : -x, I x, ! 4x" lor all * : (xr, xz, xz)r e Il3'

and iet
E : {(*r, xr, :v")'r = /Jt I xt I :rz-l x, ('3, 2x, 1-2xr+ x3 < 4,

xr-xr{0}.
Choose as srrpercritcrion the function ,1¡ : lJjr --+ I?,

l;(x) : 4*, + 5r" 1- Sr's lor- all x -- (xr, xr, x")r u ll".

Since 1ì is a Positive combination of the lunctions ft, .fr,./., rnd the
clc'rrrents oI C are natrrral nurnlters, we can use the remarks 2 an'd 3.

Steþ 0. Put E'o : E, Iir: E, EI; : Ø, i:1, h == 0.

,Steþ l. The rnaxirnum pgint of -F on E, is found to be,xt: (0, 1, 1)t.
In vierv of rernark 3, it is an efficicut solution.

Steþ 3. Pttt J¿ = l,,2.': (0, 1, 1) and EF -.9 U {(q, t ^t)1J.:.-: {(0, i, t)t}. For X(-E,, xI) rve gct X(-E, xr) := {(0, 0, 0)t, (0, 0, 1)"}.
Observe that

Er: {x = E, | frt - xz - xt 2 -1, x, -l xri x, à l,

- rr -- r" -l- :i;. ( 0).

Since the systcrn

Iì(x) : 10

xeEz
is itrconsistcut, rvc go to step 7.

Steþ T.Increasi: ¿ rvitl-r I aud rve return to step 1.

Steþ l. 'lhe rrraxinrum point of l'orr Z, is detcrrnincd as x' : (1,

In r¡ic"r, of rcrlark Íì, it is au cflicie'nt scllution.
1, 0)'
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Steþ 3. P:ut Ì¡, :2, z2 : (1, 1, 0)t and EF : {(0, 1,1)1, (1, 1, 0)r}.
Since X(Er, x') : Ø, weput -EB : {x e E, i -x, - x, - xs ) -1}. The
s)¡stem
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r(x) : e

xeEr
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is incoirsistent. We go to step 7.

Steþ 7 . Increase 'i with 1 and we return to stcp 1.

Steþ l. 'Ihe naximum point oI F on E, is lound to be x3 : (0, 1, 0)1.

Recause it is an efficient solution, go to step 3.

Steþ 3. Prt h :3, z3: (0, 1, 0)r arrd EF : {(0, t, 1)t, (1, 1, 0)"} U
U {(0, 1, 0)t}. Since X(Er, x') : Ø, tve pút E4: {x e Erl x,- xzl
ï xt ) 0) and because thc system Uniuersilateø,,B abe;- Bolyai"

.Facullalea d,e matem,tticå
Str. Kogälliceanu, nr. I
3400 Cluj-Napoca,' Romanie

F(x) :5
x e Ii4

is inconsistent, go to step 7.

Steþ 7.Incr-ease i rvith 1 and go to step 1.

Steþ l. Siuce E, : Ø the algorithrn stops.

Tlre set of efficient poillts is EIÌ : {zr: (0, 1, 1)r, z2: (1, 1, 0)t,
z" - (0, 1, 0).).

There are certainly several other aspects and questions to be explored
in linear neultiple objective problems with zero-one variables. This llaper
is an attempt to establish underlying results ard to give a procedtlre for
listing the elernents of the efficient sct in the form Xr, . . ., x' such that
if F is a srlpercritetion function, then F(xo) > -F-(xr+t¡ for each h = {1, ...,
r-7j.
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