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1. Introductiorl

I

li

l

I

i
I

I
I

Irrthispal)eraspecialclassofgeometricllrograrrrmingprobletrisis
consid.efcd. In ordcr to solve such a problem, i'e. to minirr.ize a general

posincimial subject to arbitrary lincar constraints, a variant oI coniugate

ir.atlients rnethotl is proposed. First a ncw form of optirnal criteria {or

thc solution o1 such a problem is established. Then a method o1 projection

graclients are describeã to slo*,e the problcm. To illustrate the algorithrn

a srnall exatnple are also presentecl'

2. PreliminttrY rosults

Iu this scctio[ sor.[c rc'srrlts rcgarr1ing thc optirnal solution of the geo-

metric programs with linear' constraints are establishecl. The probleÍr consi-

clcrecl hcrc is the lollou'ing :

þ(x) :'
g1\¡cll þ R] -' R,

D ,, ,"rn ,o"n" . . . *oru' ,

ieI

0

.,,f1çy¡ a;¡ el{l, i e I, j':1,2' ...,11 ' c.¡ € Rt'' i e I'



210 r, T4ARUSCTAC 
z

called þosinotnial, and

Q:{xeRn:Bx(b, x>0},
\r,here B: (ör¡) e ùI,,r,(R), l¡ = M,,*1 (R), the problem s,e will dealing
u'ith is :

(1)

or cxplicitell'

(1 ',)

Consider g : R' -' Ri.

çl@):(e"' ¿'" ... ezr)r:pz
If we take x : ez, then

q(z) : (j, " çilØ) : Ð 6-su'.',
ieI

rvhere
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þ(x') <1(xo), x' : ¡t',

a contradiction.
(+) Is similar.

rn the case lvhen óø = R+' i: l' 2' " '' nt" j : l' 2'

blem (2) is obviously a con\zex piograrnmiug problem'

l)enote by
Z:{reR":Be,(b}

the f easible set of the problem (2)'

3. lNecessary and sufiicient conditions tor optimal solution

If zo e Z, let Jr: {i: b''tr" : ör} and I-: {i:llic"' ( b,} (.f- U

U ./n : {1' 2, ' ' ', nx))'

Assurne that vectors l)t', i e Jo are 1inear15' independent' Then if

87. is the rnatrix formed. by the vectors bt', 'í e /0, then (see [2], p' Ml)
matrices :

Q : Ili;(B/"nf.)-'ßr, = Ñ[",,(ll)

P : E -Q,
are the operators of orthogonal projection onto the sr.rbspace D c Il spalrned'

by the vi.tors lti. , i = fi and Df - the orthogonal subspace of l). res-

pectively.
It is knorvn that

QQ:Q; PP:P

PQ :0.

r,Bì{}rA 2. Assume thq't Il = M,,',(Il-r), J' = M'"r(It). .ønd' t'lt'at ^(2) 
is

,u.prîåiti-itri¿. fnr,,i-l"n è Z i,s o1>tinìài sòiutinn' to tlt'e þroblent' (2) iff

(i) f un(zo)tsat'?'1zo¡ : o

(ii) Ð.r,(ro)(B/.BL)-rB.r.ai 
r(20,) < 0,

J

inf {1(x) :x € O}

int{f c,xi,rxi," ... *:r,: Bx ç b, x ¡ 0}.

, n, pÏo-

¿li' : (a¡a¡2 . .. q¡,,) e M,",,(Iì),

is a convex function on Il', and ploblem (1) is transformed into thc follo_l'ing ecluir.alent one :

(2) ;ni{f crt:oi ,'.Ilc, < b}.

r,rJì,r'lra 1. x0 e R" is oþtitnøt solott'ioto lo (l) i,ff z0 : 1rr x0 :: (1rr rf, 1n xfl, .,., 1n x9,) = R" is oþt,iryat soluti.oto to (2).

. fl.rooÍ, (=+)^.Co_nsider_ x0 e Q optirnal ,solution to (l). ,lhen z0:1rr x0ts optrmal to ('2). fndced, since x0 n= C) rve harre

or 
axo,< b' xo > o'

A¿"'( b,

and, therefore, zo is a feasible solution to (2). Assu're the contrary, that
z0 is not optimal solution to (2). The'therè ir r' = R;, i;; which "ir,' 1( b and such that

q(z') < rl@o),

that nreans

l,ktø')) < !r(.tl@o)),

Q':Q Pî:P
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ulrcre

ai'(z) :

I?roo.f. si'ce iu this ,case problern (2) is conr.ex a'd superconsiste.t
with coutinuously differentiable objective ancl constraint functions, lronrKnlrn-,luckcr's theor-crn it follorvs that zo e Z is optimal solution to (2iilf there is uo e Illi such that

lo øf(þr c,' - br) :0, i: l, 2, ..., 111.i

til

2o V rt(tn) -i- D "îV 
(bt.s,"- b,) : ¡.

i:t

Since rzl :0, i = J_, from 20 rve har-e

(3) 
Drn@o)rr''(r') -F nÐ rto¡rti .- o,

Frorn (3) it is seen that

-(Ð a,Q.o)tti'(zo)) e l)-L

and, therefore,

P (Ð u,(zo)ai.11zo)) -: Ð u,(zo)t'ú.I'(zo) : 0,

i.e. (i) holc1s.

ln order to prorrc (ii) rve obserrrc iliat (3) can be r,vrittelr u¡c1er trre
fronr

Du,0.')il'(zo) .l- rroi'llr" : g

ot, ltv transposirre,

(4) 5:u,(zr):ri.1(zg) _t lì¿uo:0.

ÌItitiplying- (4) try, (Bi.Bî)-'Bl" rve gct

.,' :,Ð u, fur,) (ß, 
"ll'1, ") 

- | Il, 
"i¡r 

.'1 (2,,) ( 0,

i.e . (ii).
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1'r{DonE},r 1. Lct (1) be ø s'u'þerconlistettt gcorttctric þrogrøm witk
b¿¡ e lrl¡, i: l, 2, ... , 1n; j : l, 2, - '., 1?. TJt'ett' x0 e l) is oþtimøl'
sol,ution to (l) if ønd. only if

1" f ø,(xo)Ptr;'7'1¡o¡ :(l'
íe I

2o Dr,(*o)(B/,Iì;)-lBr"a''tixn¡ <0,

wltere

u,(x) : c,xi" xi't... x:,¡", i e I,

a''(x) -
ã.til

Proof. I,emma I shorvs that x0 is optirnal solution to (1) if and only
if zo:ln x" is optimal solution to (2). As program (1) is superconsistent
s,r is (2). Since ó¿ = R+, 'i: l, 2, .., ffi, j : I, 2, ..., %, prog1'am
(2) is convex, and. from I'emma 2, zo is optimal for (2) if and only if
(i)-(ii) ho1d.

Because zo : 7n xo, r,ve ltave

5I. M,/\RU$CÌAC

anfu) : creo''l't,

a¡t ai2

e7, ea,

& ¡tt

cztt

eil u íz
o' o'K1 x2

(,
a'

IL

u ¿(zo) : c, si:t

fl

a^ ei,z

0' o'
e'| e'2

,,,, "0, $, o,,nr! tr'' ' 
- rn rj:t " ' : c, ll lxl¡.'t : tt',(xo) i

0,.
LI

o

e'rl

j:t
a¿z

-_0to1
0,x2

a i,,

*o

a,, \
)

at'(zo) :

'lherefore (i) - (ii) are equivalent to lo -2o

/r. Minirniz¿rtion of a posinomial on a subspace

Now strl>llosc that rve havc to lniniluiz.e thc ¡,rosinomial

(5) þ():Ð",(*)tÐ,ur,*","*;'-...*:'"
subject to the lini¿r¡ constraints

(6) b'x:br,i=J.
Assurne that r.ectors at , i - f , are lincarl¡, indepencLcut.
I,et x0 e Ri be a point which satisfies (6), i.e.

Ifxo : b7,

ivlrere b7 is a vector rvhose components are Zr;, i e'J.

x
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Now lve introdus a new variable J' c Iì" defined as foilor'vs :

X: Xo * I'y, P:E-nfprnf)-'Iì¡,
and consider the function g : R" -* R",

e(y) :y'(xotpy).

r,BìrI,I¡. 3. f x0 = X: {x e lì1":B7x - b¡}, then'

VSre¡1"+x.:xofPveX.
Proof . First we observe that

Bjp : ßÁE - niinrni¡-'Br) : Br - (B/Bi)Ë.,Bi) ',B¡:0,
thus

Byx: B¡(xo t Py) : B"rxo I B¡PY : RTxo : fY.

According to the rules of differentiation of a composite Tunction ancl

irr vierv oi the symmetrl' of opcrator P, u'e have for each y = Ri- stLch
0

that xo f PY = lli,
(7) V'q(y) : Pv'þ(*),

'r'HEorìDr{ 2. Assotme tloa.t Ò,r=R+, i=J, j-1'2, "',tt" If
y* = Il is ø þoint of gtoba.l, uyinintunt, of the fonr'cti'on' g an,d' tlt'e corrcsþou,d'ing

þoint

x'F : xo + Py* = Iiî,
then x*'is the m'ini,tn,unr, þoint of þ on X.

Proof .I,et y* e f¡ be a point of global minimun of 9. Since in this

case g is differentiat¡ie at y* (as a corrposite of trvo differentiable func-

tions), it follows that

vq()'*) :0,
therefore

(B) v?(x*) : Q.

Taking

u : - (BrIlT)-18/V'y'(x*),

from (B) we derive

(B Bí(B/Bï) 'B¡)V'11.}*): V'1)(x*) a Bfu : 0,

ON .\ GEOMETRIC PROGRAMMING PROBLEM 2t5

which represents the necessary condition for x* to be minimum point to
on X.

But cond.ition

Vty'(x*) f Bfu:0

4?iDuÞø:o'i:7'2"''n'
11¿) : q( ln x),

(11)
âþ(x*) ôq(z*) I

ôrj ðti xf

Replacing (11) iri (10) rve get

aqþ\ rl "nb'i"i 
: o' i =- l' 2' '' 1t''

ôtj 1--J

r,vlrich shor,vs that z* : 1n x* is a minimum point of q on

Z -{, eIì":B¡c':l¡},

sirrce 17 and constraints

n
I

þ

(e)

is equivalent to

(10)

Frorn

rve halte

(1 1)

lbnr'i-br-9, ie J
j:l

are convex.
No-"v frorn 'l'heorem 1 it folliws that xx is also a miniurum poiût of

þonX.
'lheorem 2 shows that the Problem

min {1(x) : B7 x: b.¡, x > 0}

can be reduccd to the minimization oT g rvithout constraints.

To minimize 9(y) we appl1' the method of conjugate graclients:

(r2)

vo:o
¿': -V"ç(0)

yk+t: yh * c^n-rrdh+l , l+ 20

dÀ.,-, : -V'ç(yo) + frffi ,l'

v (l,o)ner-t
(13)

,rr+ r1oz91¡'þ¡rtâ+ Io(¡+r : -
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'¿alLcre

i c. (15)

I MÄRU$CÍ.4C
B I

SlNCE

(r7)

f,DMn{A 4. For ea,t:h /¿ e N,

(14) PtlÉ : rlÉ

Proof. Can be donc by induction, using (12), (13), PP : p and the
relationship betrvcen Vç(V) and y/(x).

3. Thc- þrobteut, rf ntírtitttizøtiott. of th.e þosinomial þ nith
is soluccl by lh,a foll,ozaing ølgorith,nt,: giuen øn iu.itial þòirú xx

(6),

d1 : - | zz,(xo)Pai.7'(xo)
íe I

X¿-t-r : x¿ + ø.å.t ldÄ+l

ll )ì ",{*¡,¡roi'7'1xr¡ ll2(15) dh+t : - f r.rn(x¿)pt i'r'1xr) ¡ ---îI 
-= 

rlÉ

ll Ð",f.r-r¡r,ui..,1xa r¡ll2

)ì ør{xÉ)at'{*¿),le

(16) ak ieI
I I - 

D,qra"-"|\Lú,r-.' 
h > o'

íeI

Norv from (13) we get

P yr2(xÁ) itÞ+r
| ø;(xr¡ ni'1*a¡ ¡t+t

| ø¡(xl¡ ¿l+'" ¡ 1*r,¡ ¿l+r 
'ul¿lt: -

,lÀ*11pV, p(xe) pd/i+l

V'þ$): | ø,(x)4,(x)
ie I

5. .rllgorilhrn Tor gcometrie programs rvith lincar constraints

Let trs rcttlrn to thc Progl'alìì (1) in ivhicl, l,,ii =,tì+, i '= 1,2,
j - 1, 2, ..., n. For cach-x c O, c<-rnsider

I

,/(x) : {i': ¡;' x : åi}. 
r

In rvhat follorvs we assume that the followîng nondegeneracy cond.ition
lirliilled: rvith any x e f), vectoLs bt , ¡ = 1,x) are linearly i¡rdependent.

We norv propose the lollowing algorithrn for solving , problem (1).

starting with afr arbitlary point r0 e l), assume that lve have already
constructcd Xl, X2, . . ., XË, 'Iõ 'constructe xÁ|r we proceed as follows:
wc take the set of indices Io: J!u) and we construit projection matrix

, ilx;

Po:rì-ß;,(ßrÈßi)-ooi, (o¿t - 7) t'a,

xti \ x!

a. a.
LL ltt

it, -l
Lz

"I"2

a¡n

tk
fr

d¿r, aiz

r'i, lti

ait

tri

Jþ.

5 -- L'analysc trumérique et la théorie dc l'approx¡mation - 
Tome 9, No.2 1980

a,
I'L

,1,
tt

Proo-f. Fron (7) ancl T,enrma 4, jt follor,vs:

xÊ-XD+Iryo
x¿r-t - xÉ + P(yÀ+t - )'o) : x¿ f cr¡¡1Ptlh+r- xþ * u*Fr(l¿+r

F'rorn (12) rve har.c

d*'t I , -l¡V 
r þ(xÞ\ + IlPV72(xÉ)ll'? dÉ .-

llp.7rl,(*ut)jl, -

: -Ð ø,(xtt)llai'1(x¿) n
íeI

ll | "n1*t¡ui'1*t¡ ll'?
¿eI

llD "¡@" 
r¡r'ai''1xr'- r¡ 

| l2

'l'herr calculate the quautitics

(18) , 8':Ðir,(x¿)F,,,i71¡1n¡

(19) nr : Ð øn(xÉ)(Iì7oRlr)-'Br*o' ''1*o¡

ancl test for the optimality of x¿ ('I'heoreur 1).

If ÐÞ + 0. then rve apply the rnethod of conjugate gradients to solve
tirc. problem oT rninimization of 1(x) with constraints

bi.x _ b¡ :0, ,i - Jn.

I{owever, in appif ing the method of corrjugate gradients thc following
chcck should. be made. Compute thc cluautitl'

o--n.' --inf!r-ru >o: i + .,tÌ
I i.dar-r "")

A,(xu) :
(o¡,, - 7)

dÉ
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'Ihen 6. ExamPlc

Consider the Problem

1(x) : xrt xlt -* nrin

rr -þ r, ( 1, xt) 0, :vr2 0

rri 1,1 : xe * ø.¡-t-, ùk+\ , a¡r'r1 1o'n+t

xÀ -l 7.¡+r (lh rt, an rt 2 a'n¡ t

In thc second. case, i.e. x¡tr-l - XÅ _ìL ø¿-r., de-l-r, the pfocess of of appt-

cation of conjugate gradients stops'

If 8 :0 arrd there exists -/ = {1, 2, ' ' ', ø} such tjnat u! > O, con*

struct the set'of indices

Ii, : lr\{i}

and appi¡, thc urethod oT conjugatc gradieuts, coffesponding to Jí' Irt

".r"ry 
,t"p a check is rnacle lvhcther the point Y& i-1 < 0, or not' If xÈ+1 ( 0'

then the probletn (1) has no solution'

Thus, the outlin o1 the algorithm. for linding an optitr-ial soiutio[ to

the problem (1) is the follorving:

Starting frorrr an arbitrarl' x0 e O, set Þ: :0'
Steþ 1. Select the set of indices .Iu : .I(xo)'

Steþ 2. Construct thc projection matrix Po as in (17)'

Str.þ 3.C¿rlcnlate ð4 ancl uÀ as in (lB) and (19) respectivelv'

Steþ 4. If 8È : 0, go to Step 7 ; others'ise applying the urethod of

.onjugale gradients, find the solution vÀ-l-l of the problem

rrin {y'(x) : bxt - b¡ :0, i ' It}.

Slcl 5. I1 x < 0 then stop; otherwise go to Step 6' (If xfr < 0 then

program (1) has no optirnal solution)'

Stcþ 6. Set À ;: h + 1 and go to SteP 1'

Steþ 7 , If ue ( 0, therr stop, xe : x* is optimal solrrtion of the pro.

blerrr (11 , otherwise select ul > 0 and the index set

.Ti : .T,\ U}

arld go to SteP 2.

llcmark 1' If at Step 2, Jr: Ø, then the projection nratrix Pn - E'

Ilentayh 2. 'l'he convergence of the algoiithrn follor'vs froru ihe con-

vergeûce of the method of conjugate gradients for the rnininrization p,ro-

blem of a col1\'ex ftrnction with linear constraints (see [3])-

Take xo : (314, ll4).
Step 1. /. : {U.
Step 2.

r12 i t()

Po t[2 112

Step 3

òo:!4(ì
-1

1), 
,'=,=- I

Step 4. As S0 l 0, rve iincl the optimal solution of the problern

rnin {r1 
1 x2r : x, f l, : 1}

wh.ich is xl : (112, l/Z).

Stcp 5. xl ) 0.

Step 1. ,/': {l}.
Step 2.

Ir, : rl2 -rl2
-rl2 rl2

Step 3. ô1 :0, ø1 : -B { 0'

Thtrs, optimal solution is x* : (ll2' ll2)
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