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1. Let Q C IR2 a bounded domain and
(1) Lu = Aul, + 2Buj, -+ Cuyy + Dulyy+ Fuy + Gu=H

a system of differential egqnations with second’ order partial derivatives
with

{2) A, DB G D F GeCQ MR, He CQ R,
and w = (u,, #,) a vectorial-function, wu: Q - e
Yet e = (x;, x,) = R? be so that w = |uje, therefore [e[ = L.

In [5] 10AN A. RUS proved a theorem that gives conditions to assure the
validity of maximum principle for the modulus of the solution of a strong
elliptic nonhomogeneous system of second order partial differential equa-
tions. In essence the condition is the following :

If there exist « € R, « # 0, se that for each ¢ = C¥Q, IR*) we have
(3) <e, L e> < ~ U'z,-
then

{4) ju(x)| < max {max lu(x)|, L max |H('()|}

| reon ol x=(
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takes place for each solution u = C*Q, R*) U C (Q, R”) of a strong ellip-
tic system of second order equations.

The purpose of this note is to give the algebrical conditions to the
coefficients of system (1) so that the relation (3) might be achieved, mame-
ly, a maximum principle might occur.

In this case the Dirichlet’s boundary value problem possess at most one
solution. But, since Fredholm’s alternatives occur the existence of the
solution is being assured, the solution exist, therefore, and yet it is unique.

Tet us introduce the following notations:

0
e, = (%, %), le|=1; e, = (%3 %) = LA ;
' ox
oe d%
5 c:x(,,x =i e = (Xn, X =
5) = (o )= & W= (o xg) = 22
J% d%
€= (%, X19) = : Cop = (%1, Xqg) = ——,
1= (% 10) % Oy 22 (%11 12) o

and

6) f=<eLe>=<e A e;> + 2 < e, Beyp> + <e, Cegp > -
4 <e, De, > + <e, Fe,> + <e, Ge>.
We seek for max fin the following conditions :
le|=1, <e, ;> =0, e, e,> =0,
(7) (e, e) + ey, > =0, e, e5> + (e, ey> =0,
{e, ey 4 (e, ey = 0.
After having effected the calculations we conclude that:
=¥ + (812 1 8a1) %1% + dy1 %1%y 4 dia% %,y +
+ fraaxs b f1a%1 % A+ X%y + G1a¥i ¥ 1 2b x84 +
()] 4 2b1y X1 %0 A Cr¥i%ay  CraXiXag T+ 20XE + dar¥e¥y +
b dyaXoXy -+ for%aXs + faaXeXe  AaXoXy | Bap¥eXy 1
4 205,255 9 + 2b55%5%19 + Co1¥aX1y T CaaXoXie

Since we have a problem of connected extremum, we make of the Ia-
grange’s multiplicators method. After long enough calculations we get.
the following results:

If
8) P(A) = P(B) = P(C) =0
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with P(A) = (@3 — @a)? + 41585, .. and

2an 20y, 269

9 a= e — = # +1. (notation and assumtion),
Ay — By by — by €11 — Loz
then
(10) %, = — A%y, X3 = Mx, %, = aMx,, % = Nzx,, % = alNx,,
where
1
2 et
B e |

M= Tr(C) [day — aldy — dyg) — @dys] — Tr(B) [ far — a{fia — foa) — 8%a]
(11) IR

N = Tr(A) [fo1 — @i — Jug) — atfiy] — TT[B) [day— aldyy — @ps) — @Pdyy]

(1 +a) A

while

Tr (A) = @y + @y is trace of matrix A, ...
A = Tr(A)Tr(C) — Tr(B)2 # 0 (assumption).

For Lagrange’s multiplicators we get the following expressions :

A = Zos — @11 +a Iw(dzz — dy) + N/ _fli 1
at— 1 2(a? + 1)

dyg + doy + fro '+ T M(dyoa® -+ dyy) + N(fip@® + far)
13 Pt 21 12 .
( ) - a' — 1 - 2(a® — 1)
ol (1 + Clz) M@y, — @11) + ZMN(byy — byy) + N¥{cyy — 611)
2(a® — 1) ’
A == a(dyy + dgy) — @y — dyy, N = a(fiy + fo) — @ — S
2 1+ a2 ey 1 4 a ’
’ 'r "
M:—E?,Mzﬂﬁﬁ,kz—tm

Noting by f* the value of f, we get
(14) f* = M*aay,, — Agy) — 2M N(aby, — bas) + N*(acys — Co9) +
+ Mdyy + aldyy — 1) — a®dyy]4 N[fu + a(fzs — f11) — @*f1a] +
1 4 a?
g B2 — a(gyy + &21) -+ @ g1
I 1+ a? '
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Now we suppose that
& < 0; 45’»1182‘2 — (812 + 821> 0;
(15) Ai1do1 (812 + &) — A18ee — 31811 < 0
dydgy — dyydy, # 0 (that is, D is nondegenerated matrix).
Remarks : 1) The conditions (8), (9) and (12) play the role of simpli-

fying the calculations that appear and permit an effective expression of
the variables.

2) Conditions (15) assure (see, for example [1]) that the quadratic
form fis negatively defined, that is its maximum is nonpositive.

We have the following theorem -

THEOREM 1. If i) system (1) is st;lfong elliptic in domain Q,

it) matrices A, B, C satisfy the velations (8), (9), (12),

iii) matrices D, G satisfy the relations (15),

iv) there is .= R, « # 0, so that f* < — a2, then

Ju(x)| < max {max ju(x) |, L max, |[H(x) I}.
12 %< 3Q o el

Remarks :''3) For the strong elliptic systems of the form (1) the Theo-
rem 1 gives conditions for the validity of the maximum principle, only
relative to the coefficients of the system, thus eliminating that any unit

vector e which appears in the condition (3).

4) The Theorem 1 leads easily to uniqueness of the solution of Diri-
chlet’s problem !

Lu=H in Q
(16) u = C2(Q, R2)
u =h on 0Q
where h € C(dQ, IR?).
It really takes place

THEOREM 2. Under the conditions of Theovem 1, from

Tu=0 in Q
(17) un s CZ(Q, I{Z) =u =0 in Q.
u=0 on dQ

Proof. The demonstration is obviously as basis Theorem 1 within
conditions (17).
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2. Example. Let be system (1) in which

I R Lk, _1], i A
2 3 4 -3 8 2

We conclude that

@ =2 A=92 M= —43/115, N = — 9/46,
(19)
= — 20473/26450.

We can casily find out that the conditious of Theorem 1 are achieved.
We have therefore the following theorems

THEOREM 3. If the coefficients of system (1) are given by velations (18)
and o = 0,8797, then

1
ux = maX !max |I(X ———max |H(x ’
ju(x) | max fu(x) |, o max [H(x)|

reQ
where u < C* (Q, R2) N C (Q, B?) is the solution of system (1).

THROREM 4. Under the conditions of Theovem 3, Divichlet's problem
has an wuniquc solution.

Remark 5) In [2] ¢. MIRANDA gives theorems of maximum for the
solutions of elliptic systems of second order equations where the matrices
of the terms with second order derivatives are diagonal, while the respec-
tive conditions are expressed by a certain vector n-dimensional. In a next
work, we intend to improve Miranda’s results in the case of nondiagonal
matrices, and concerning the conditions, to be given only relative to the
cocfficients.
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