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1. Let () ¡ lì'9 a bounded domain and

(1) Lu : Aíi, + 2B]'."' I cri,i, a Dul¡f Fuí,+ Gtr : r{

a system of dilferential equations rvith seconcl' orcler partial derivatives
with
,(2) À, R, C, D, F, G = C(O, M,,(R)), fI = C(f,); R'),

.and. u - (rrr, wr) a veclorial-function, u : C) --+ Il2.

I,et c : (xr" xz) - ll be so that u = lule, therefore lel : 1.

In [5] roAN A. nus proved a theorern that gives conditions to assnre the
validity of maxirnum principle for the modulus of the solution of a strong
elliptic nonhomogeneous system of second order partial differeutial equa-
tions. In essence the condition is the follorving :

If there exist ø € R, c¿ # 0, se that for each e e Cz(Q, R") 'rve have

(3) (e,Le)4-o-z,
then

,{4) i,,(x) I < lrrax 
{r,'.,*,lu(x) 

l, * '}:ä lH(*) I I
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takes place for each solntion u = C'(O, Il") U C(O, R") of a strorrg ellip-
tic syslem of second order equations.

The purpose of this note is to g_ive the^ algebricaf conrlitions to the
coefficiends oi systern (1) so that the relation (3) might be achieved, name-

ly, a maximum principle might occtlr.

In this case the Dirichlet's boundar¡' r'alue problem possess at most one

.otntiott. But, since Fredholm's alteruatives occtlf thc existence of the
rãiutiou is beiig assured, the solution exist, therefote, and yet it is unique-

Let us introduce the follorving notations :

r-r: (xr, x2), lcl : 1; et : (xs,frr) : #t
ô2e

(s)
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with P(À) : (er, - &zr)' | 4a.t ørr,..' and

lgì a: 2or, : 2br, : 2t,, + +1 (notation and assumtion),
\- / atr - 4zz br, - b* ctt - czz

then

(10) fr' : - &rz, t(3: M2Ú2, *t: ãMllz' fis t: Nx'' xu - a'Nx''

where

"1hq--' l¡az

J

M:
ert: (x7, xe) :âeez: \tís, xù: 

Av
(11)

- a,? ld,,- - drr\ -ôx" Tr(A) [lr, - ø(f', -N:
etz: (xs, xro) : # t czz: (nt, *'r) - #,

and

(6) f : <e,Le): (e, A e,1) +2<e, Ber2) f <e, Cer2) J-

f (e, I)er ) * {c, Fer} I {e, Gc>'

We seek for max/ in the lollowing conditions :

lel: 1, (e, er) :0, (e, c,) :0,'

17) (e, e'') * (e', er) : 0, (e, er¿) f (e' er) - 0'

(e, err) * (or, e¿) :0.

After having effectecl the calculations rve conclud'e that :

f :Tr'sT * (gu I grr)xrx, I drrxtx" I d'rrxtxn -l
I -fr.rxrxs -l Írrxrxu I ar','xrx, I arrxrx, )-2bttxtxo !

(6') | 2brrxrxro I ct xrxr, )- crrxrxn I gr"xZ { d',,x,x" I
I drrxrxn * -f"rxzxu l -frzx"xo )- a^xzx? ! arrxrxt I
| 2brrxrxn | 2b"rxrxr, I c"rxrxrt ! crrxrxrr'

Since u'e have a problem. of connected extremum, lve nake of the La_.

;;;ù"'; multiplicators method. After long enongh calculatio's we get
the follovviug results:

If
(8) P(a) : P(Iì) = P(c) :0

while

Tr (A) : (ht I ø'" is trace of matrix A' ' ' '

tr : Tr(A)Tr(C) - Tr(R)'z I 0 (assuurption)'

For fagrange's multiplicators r,ve get the follorving expressions

(l+

ør-l

-(1]_a')
lltIz(an

a(dr"l d'rr) - azd'rt- drn,

l*o2

M(d", - drr) I N(fr, - f,r)
2(a2 t 1)

M(drrø2 ) drt) ¡ N(frrøz I .fzt)

2(az - l)

zMN(bon- b,r) * Nz(cr, - crr)

- a(gtz )- grr) -l a'grt

^ 9'zz- a28r t z

^1 
:--1-Ø

' az-l

d,p * dzr I Ír, -l .fz,(13) l. a' +

- ¿tr) -f

t\2 
-

TrlÂ) - hl ,n\ . 
Tr(C)

t¿: - "?, Às: -1'r(B), ls: -;

Noting by/* the value of I rve get

(14) ¡"+' : tutz(aen - azz) - 2A[N(abr, - brr) | Nz(øcr, - crr) I
, Mld^ I a(tL", - drr) - azilef * Nlfr, ! "Au-JÀ-!trÀ ,+ -' '--- i-l;; - -

Í."I
I llø'
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2. Exømþle. I,et be system (1) in which
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Nor,\' \r,e suppose that

grr { o I 48n8.2 - (gt, * g")t > o;
(15) tlr,rclrr(g* _| grr) - d?.r&r, - df;rgr, 10;

drrdr, - drrdr, # 0 (that is, I) is nondegenerated matrix) .

Retnqrles: 1) The conditions (B), (9) and (12) pla¡, the role of simpli-
fying the calculations that appear and permit an effective exltression of
the'r'ariables.

2) Conditions (15) assure (see, for exarrple [1]) that the cluadratic
form/is negativel), defined, that is its rnaximum is nonpositive.

We have th.e follorving theorern ,

TrrDoRENT l. Il i) system (l) is strong elliþtic in domain Q,

ä) matrices A, R, C satisflt il¡c relations (B), (9), (12),

ä1) tnatrices I), G søtisfy tloe relatiotos (15),

i1,) tloct'e is o.e ll, q. * 0, so thatl{' < - ct-2, tløen,

4

^: [; -:'J
1 -1
4-3 C: 10

8

lH(x) I

3l

D:
f -: ll ,:l-7

lu(x) | : 6o* rnax lu(x) l,
re ôtù

G:

I_ max
o,77 387 .,=e¡

13
1-2

We conciude that

ø,:2, A:92, ùI:-431115, N:-9/46,
( le)

.f* - - 20473126+5fJ.

We can easily find out thlt the conditious of 'Iheorem 1 are achievetl.
Wc have therefore the follorving theorerns

THEoREì{ 3. If thc coefficients of sysúetn. (7) øre giuen b3t reløtiorcs (lB)
atad, o. : 0,8797, tlten

lu(x) I < -."{2?ã lu(x) l, å':jJ, lu(*) l}

llenrørhs : '3) For the strong elliptic s)¡stems of the form (1) the Theo-
rem 1 gives conditions for the r.alidity of the maximum principle, only
relatirre to the coefficients of the system, thus eliminating that anlr suil
vector e which appears in the condition (3).

-t) The Theorem I leads easily to uniqueucss of the solution of Diri-
chlet's problern

Lu - H in C)r

(16) ., = Cr(Cl, ffr)l
tt:hon äOJ

whcre h = C(äQ,R,).
It really takes place l

l'rrEoRD¡{ 2. Unclcr tltc cotøtlitions of Tltcore,m, l, front,

(r7)
Lu:0inO
u € cr(o, R2)

u:0 on åC)

Proof. 'I'he det.ronstration is obrriousl)' as ltasis 'Ihcorem l r'r'ithin
conditions (17).

w,l'tcrc tt € C2 (Q, R') n C (O, R'z) is thc solution of system (1).

lrrrrJonErr 4. Und.er tltc cond'it'iotøs of Tlteorem 3, Dirich,let's þroblcm
lt,as an tnt'iqw solution.

Rcul&vk 5) In [2] c. nrrr{ÀNDA gives theorems of maximurn lor the
solutions of eliiptic systems of second order equations where the matrices
of thc terms with second order clerivatives are diagonal, while the respec-
tirre conditions are expressed b). a certain 'r,ector rz-dimensional. In a next
."r'ork, rve intend to irnpror.e Mirancla's results in the case of nondiagonal
matrices, and concerning the conclitions, to be given only relative to the
cocl ficicnt-s
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A CHARACTBRISATION OF THB DIVIDBD DIFFERBNCBS
OF AN OPBRATOR WHICH CAN BB REPRESENTED

BY RIEMANN INTEGRAI-.S
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l

1'hc notion oI dividecl cliflerence of au operator was intfodtlcecl in
1g56 by J. SCHr{oDrln [B] and was_userl-, five )'eais later,.by À. SIITIGBDV [10]
to the 

"*î"uriotr 
of the'sõcant rnethod for the solution of nonlinear oPerator

equations in tsanach sPaces.

DrlFrNrr.roN 1. Let f l¡e an opelatof .having the domain of dcfiui-
tion ìñluded into a Banaôh. spacc ¿ ãnd taking \¡alu€s into a Bqn99þ.space^

ff-nit lanð. 5t be two distinct poillts frorn-the domain of definition of

f. we shall call a ctiuideA d.iffcrcnce of f on thc þoints x !.nd y a botrrrded

iitr"rt operator lx, )', f I : ð 'Af u'¡ich satisfics the conditton

(1) lx,;t';Í)(x - t') :f(x) -"f(t')''
In the abovc illeutioncd papef Scrgccv supposed that thc di-

videá dilTerence ol./ is symrnetriò (i'e. lr,i;ll: l1t, x,/l) and that the

divided difference oÎ sccond order is bounded in norm'

In l11l and [12] u. urr\r assullted that the divided difference of /
satisfies'only a Lipschitz corrdition o[ thc fonn

(2) lllx,t:;fl-l)',x;/lll=Hllx-zll
,lhis assumption is 'nvcakcr than thc hyp.otheses or. sergeev !"1 il implies

however thã s¡,m'retry of the dividc'cl dilfcrencc (to see that take z : x

in (2)).


