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Iret X be a real linear Banach space and P: X -, X a continuous
mapping. \Me shall note respectively by lx' , fr" ; P] and lx' , x", x"' ;Pl
the symmetrical clivided difference of the mapping P for the points ø',
)t", %"' = X l2f , l3]. I,et's consider the equation

(1) P(x): x - a@):0.

11 (x,,) is a sequence of the space X, then (u,) will denote the sequence
defined by un: O(ø") and I, will delote the inverse of the linear map-
ping [*,,, u,,i P), if it exists. fn ou¡ paper [1] (Theorem 4.l) we gave a
sufficient cond.ition of the existence and the approximation for the roots
of equation (1). The approximating sequence was defined there by

(2) xtl-l : x,, - l,,P(xn), tt - 0, 1,2, . . .

In this paper rve shall give a better version of the theorem wc were talking
abont. By better version we mean that the mapping lx', x"; P] must
not be bounded and that the radius of the ball S(ø0, r), where the bili-
near mapping lx', x", x"'; Pf has to be bounded, doesrr.'t depend. on the
upper bound of this mapping.

The next theorern gives sufficient conditions of the existence and. the
approximation for the roots of equation (1) :

'rHr¿oI{EM. We suþþose that there exists ø þoint xo e X a.wl tke cons-
tønts Br,4o, 1( so tkøt the follow'ing cond,itions øre søtisf,íed:

1' llP(øo)ll : lløo - O(ro)ll : lløo - uoll ('Jo;
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B oI{ '40

.( ko h6

(1 - hn)'
\<

I
2"_for xo !?d u!:_Q.(xo) there exists,tke inverse of tke d.iví.d.ed. d,iffe_rence lxo,uol Pl and llloll - ll[ø0, uo; p]-rl ( Boi r '

3o sup {lll*', N',, %,,,; p]ll: x,, !t,,, x,,, e S(xo,r)} < K;
4" ho= Bor{(! +zn,1r,* 

:- 
, zahere

S: {ø = X:llx - xoll <r}, r:29or¿oJ- 4u.
In these conditions thc equøtity

(2) fin+t:x,- l,,p(x,,), n:0,1,2,...
d'efines by recurence (r sequence (x,) kaaing tke fottouing qrør,ities :

(i) xr' : lim xn, x* e .Ç ¿xisls øntl x* is tke solulion of equøl,ion (l) ;

(ä) the ,Lü "¡ conaergence is giaen by

ltx, - r*lt < 4Bor)o (å)" [;J,"tsko),"-'.
. P,po[. By condition^?,", using^equality (2) we construct ør. From (1)and (2), by the mcen of l¿ and"2"'wc obtäin

llro__ uoll: lløo_ o(ro)ll :llp(xo)ll ( r¡0,

llx, - xtll : lltop(øo)ll { Boro.
(3) llx, - uoll : llxo - lxo, uo; p)-r p(xo) - uoll :

: llP(xo) I Lxo,uo;pl-r p(xo)ll < ,lo(1 * Bo).
Frorn forrnula

(4) P(r) : P(x) + l*, y;pl(z - x) + lz, x, y;p)(z_- y)(z _ x),
which is true for all x,!,2 eX, for, ,:*r, x:%0, !:uo, using (2),we get

P(rr) : lxr, xo, uo; pl(x, _ wo)@, _ xo) and
(5) llP(x,.)ll < I(llx,- xoll .llx,- uoll < KBo1f;(l _l_ Bo) ( åoro:

conditions 1o - 4o for the points xt, xtrt with the constants Bt, rtand. K.
From identity

(7) . lx,y;pl - lz,u;p) :
: lx,y ;Pl - lx,z;Pl I lx,z;p) - lz,u ;pf :

: lx,!,2;Pl(y - z) | lx,z,a;pl@ _ a),

which is true for all x, j, z,u e X, taking x : xo, g: ü0, z : x1,, : wb
we get

(B) lllo{lxo,uo;Pl - lx,,u,;pl}ll < 1(Bo|lxr= uoll f lløo _ ø,ll) <
( KBoI r,(r + Bo) * r,(r, * +)l : BoK (! +2a,1 \o,: kò* ] t.rl
IIere we used (3) and. (6) and. the fact that '%t, 

Ltt, uo e S(xr, r).rf 1 denotes the identity operator of. x, then we can write

{l ofx r,ur; Pl}-' : {1 - I o{fx o,u o ; 
p I _ lx r,u, ; 

p l}}-1,
whigþ by (B) 1e4ds to the existence of the mapping {lolxr,ur;pl}-1 andto the ineqirality

ll{lo¡ør, ur; Pl}- 'll< ;ì
Using the evid.ent equality {lo[ør, q; p]]-rlo: lr, we obtain

llf,ll < :i- B, * ; u. (Bo ( B,).

Thus condition 2" is s_atisfied. for the points xt, xtt. condition I " for thesepoints is verified in (S). We have

h,,: B,ri li + zn,1\: : hr{i+ + l\lltor¡o I
4

- I 2Ru

l.

Ir Io (r - hò" 4

,1
ù

(6) llxo-urll:llxo- xtI xt-%rll ( llro - xtll + llp(#1)ll <

( Boron*r,.'r,(u,+;)
From I o results that the term ø, on (x,) :a' be constructed. using

the equality (2) and t]nns ur: ,Þ(ør) 
"aä 

.lsò Ët obtained. We now.check

and so 4" is satisfied with the constants Br,¡, and I{.
By mathematical induction we shalr prove the foilowings
a) x, - S(xo, r),
b) llP(ø,)ll < hn-t I,_t: rn ( 3,
c) un e S(xo, r), 

3t'

d) l,: l%n,u,; Pl-, exists and lll."ll < #;-_ B,< 
(

F'urther we have

T) u,,
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e) hn: u"o(+ + ru^)r¡" < [#-r * (i,' n?,- ,.i,Ior n.:r,z,s,...

We already checked .) -d) f.or n : l.
I,et's suppose that they are true for all É ( ø, where n > l.
From c) results that xr-r! cåp be constructed using equality* (2).

Fronr b) and d.) ¡y (l) qnd (2) it results llx,,r, - r"ll < A^r¡, { Bff,

(9) llx,t-t - u,ll: llx,;l,P(tc*)-u*ll:llx,, - %o - lx,, u,,;Pl-rP(x,)ll:
: llx,t - .D(*") - lx,, u"; Pl-rP(n,)ll : llP(r,,) f

I lxn,w,,; p)-, p(x,)ll < ,¡"(1 +8,).
We further have

. llx,+t -rpll ( ll{r-rr -ry"ll*llx"-xn-ll +'..i llvr'-øoll (
( Boî?o(t * å + ;i + ... + t*).ru,r".

This rueans that finit e S(xo,r) apd. so a) is proved ior h : n * L.

From (4), taking z : r¡jrt fr : rn, ! : il,, and using (?), w" obtain

P(x,+t) : lfrn+t, %n, ü¡i Pl(x,*t - u,)(xn+t - xn) and'

llP(ø,*,)ll < I(B,r¡l(l + B,) 4 h*L : T,+t. + # .dï
Thus b) is also true for þ : n, ! l.

llxo - u,+tll 4 llxo - xrll * llx' - xrll 1...1 llx" - øn+rll *
* llø,+r - lturtll ( roBo(t * i + ... *;) * llP(x,r,)ll <

( 2Bor¡o + #'
mealls L!¡t+l ê S(xo,r), which is c) for h: n I L

(10) llx* - ø"+rll ,( llx,, - x"+tll I llx,*t - u"+tll 4 B,In I In*r :

: ,,(u. * +)
If we p:ut x : xn, j :'ttn, z : xt,+l, D : ün+1, then from (7), using

(9) and (10) and the fact ttrat x,,, u'¡t %,¡1t ut+t e S(xo, r) we get

(11) lll"{[ø,, u,,; P) - lx,+r, ø"tt; Pl\ll 4 KB,(llu,, - qry+tll i
* llry, - u,+tll) ( B,K (Ï * ru"\n*: h, < + (<1).

The obvious equality

{l,l*n*r, u,+ti Pf}-t : {{ - {l"lxn,Unl Pl - T,l&r1+t, w,+ri pf}\-t,
together with (11) leads us to the eristençe of {l,lxu+r,túi+-r; Pl}-r, ¿nd
so to the existence of {1, lfrn*r,,uu ¡, iP]}-t l": I.,,+r. Thus we iave

ilf,+,il < :ï- 3,,,, 
= (

3 r+l
2

Bo,

ì" which means that d) is proved. for È : n + l.
The relations

(7 - h")"

hn+t : Bn+r K ¡! + za,*,) r,*, : :+"ti * lhlr.r* .

"""(å -t 
"u,) rnhn: &. (;)' u< +

mean that e) is also true for h : ft * l.
The expressions e) and b) lead to

(12)

," 
" (T)' k?._, < (;)'[(;)' oi_,f' < . .

I¿ : ( hn-t\n-t { hn¡hn-zhn-s ..' holo:

:r¿okokf;kf,' . . . kg"-' (ii,'-" (l)"^-" . . . (|¡"*-' -" -
: t)ok!o"-, (*)o"-"-'(n-l't - rr. (å,|'.' (T)"" ttr,¡o'-'.

On the basis of the inequality llr,¡1- x,ll ( Bnll,, using d.) and (12),
we obtain

llx"- x"+pll 4 B,In * Bn*r1¡n+r + ... I B¡+t,_r 1¿+p_r (

* å uoro lii å)'"tvkò'"-'å(;)'-' (*)"on-'-" .
1 4B ot¡o( å f 

"( 
å)'" 

(sh o)'" -',

lvhich rneans that the sequence (*,) has the limit x* = S(xo, z), because
X is a Bauach space.

\ow we only have to prove that x* is a solution of (1).
The evident equality

lx,a,,;PJ : lxn,r,to,xx ;Pl@* - x*) | lxn,x*,xo;Pl@* - øo) * lx*,xo;Pl,
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together with condition 3" of the Theorem leads to

(13) lllx,,, u*; Plll < 3Kr I lllx*, xo',Plll : M'

which means that the linear rnapping 1x,,,'tt,,;P] is bounded'
nV Q), using (13) we can writ

llP(x,)ll : ll fxn, un iPl(x, t, - x^)ll < Mllx,+' - x ll,

which lor n --+ oo gives

lirn llP(r,,)ll : llP(ø*)ll :0.

so P(ø*) :0, rvhich shorvs that x* is a solution of eqüatiou (1).

Exent'þte. I,et's co:nsid.er the equation [4]

(14) P(*) : x - <Þ(x): vB -2x - 5: x, - (-x'13ø f 5) :0'
If xo:2,1, then P(*o) :0,061, %o 

= PVo) :-2,039 and. llloll < 0,093'

Ttrui l1-e(ø.)ll :0,061'.: ïlo, llf'll < 0,093: Bo and r -2Bo\o * Io:
: 2 ' 0,093 

" 
0,061 + 0,061 : 0,072346. We have

lx', x"; P): x', I x'x" + x"2 - 2anð'lr',x",x"';Pf - x' I x" 1- x"'

So strp {lllx',x",x"';l']ll : x',x",x"' '= 12,027654,2'172346]} < 6,517038'

tt,o: 3,v(1 + ro.; ro ( 0,0e3 ' 6,s2(r,334 -l- 0,186) 0,061 :

:0,0562216992 < +'
The cond.itions of the 'l'heorem being satisfied. the ecluation {1_a) !ç

" solirtion in 12,027654; 2,1723461, to wÉictt the sequence defined ttv Q)
convefges.
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l. Introtluction

. rn the papers d.eali'g r'vith the rnathematical programming problem
in compiex space this is formulated as a' optimiâatiõn problãm of the
form:

Miuimize Re/(a) subject to g(z) <= g,

where f :C" --t C, g:C'--+ C" a¡d S ç C,,,, S +Ø.
. _Given the object function f and the.feasible set Y : {z e C"lg@) e g¡
in the preseirt pap_er ,soûre 'clv optirntzatiott problems iì-r 

"omfË"' rp""é
are forrnulated, and then relatiolrs airrorlg thc -^solution:; of these^ probiems
are established.

2. Nod,¿rtÍ¡¡¡rs

Dcnotc l-iy C"(R") z-climcnsiou
: (r) e C' is a vector, thcri z?', ;
conjugate and conjugate transpose,
number, then Iìe b,Inb, arg Ò ánd 

I

arguurent, and. modulus of ó, respe

3. Forrnulatiorr r¡f ¡lroblerns
I,et Y be a nonernpty set in C" and. lct f :y --t Ç.

. rn the papers d.ealing with the mathematical programming problem
in complex space this is formulated as an optimization ptît t"t" of"the fornr :

(PR) Ifinimize Re/(e) subjcct to z e Jl.

ll-J,)irllt{l)NCrlS


