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TLet X be a real linear Banach space and P: X — X a continuous
mapping. We shall note respectively by [x, ¥ ; P] and [&/, 2", ' ;P]
the symmetrical divided difference of the mapping P for the points x’,
2, ¥ e X [2], [3]. Tet's consider the equation

(1) P(x) = x — ®(x) = 0.

If (x,) is a sequence of the space X, then (#,) will denote the sequence
defined by #, = ®(x,) and I', will denote the inverse of the linear map-
ping [x,, u,; P], if it exists. In our paper [1] (Theorem 4.1) we gave a
sufficient condition of the existence and the approximation for the roots
of equation (1). The approximating sequence was defined there by

(2) Xag1 = %, — 0,P(x,), n=0,1,2, ...

E

In this paper we shall give a better version of the theorem we were talking
about. By better version we mean that the mapping [«, x”"; P] must
not be bounded and that the radius of the ball S(x,, #), where the bili-
near mapping [&', "', ”’"; P] has to be bounded, doesn’t depend on the
upper bound of this mapping.

The next theorem gives sufficient conditions of the existence and the
approximation for the roots of equation (1):

THEOREM. We suppose that there exists a point x, = X and the cons-
tants By, no, K so that the following conditions arve satisfied :

Lo | P(x)ll = llxg — D(xo)]] = 1|%g — #oll < 7o
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2° for xy and wy = ®(x,) theve exists the iwverse of the divided diffe-
vence [%o, #y; P and ||Ty|| = |1 [%0, %0 P17 < By;

30 Sup {ll[xl, xn‘ x//r; P]H . xr" xn' xlll = S(xo’ 7’)} S K,
4° j, = BOK(—;— + 2By 1< _i where

S={x € X:||lx — x| <7}, ¥ = 2By + N,
In these conditions the equality
(2) Tnir = %, — I\ P(x,), n=0,1,2, ...
defines by recurence a sequence (%) having the following qualities :
(i) x* =lim x,, x* © S exists and x* is the solution of equation (1) ;
(ii) the r;?gm of convergence is given by

2 RRY n_
e — 1) < dBona [ [3) 80"

Proof. By condition 2°, using equality (2) we construct x,. From (1)
and (2), by the meen of 1° and 2° we obtain

g — u,l] = %o — @(x,)|] = [|P(xo)] < 0,
%o — 24| = N P(xo)ll < Bon.
3) %1 — wol] = ||%y — (%o, 2o ; Pt P(x,) — tol| =

= ||P(%y) + [%0,2y;P] 1 Pzl < mo(l 4 By).

From formula

(4). Pl) = P(x) + [5 5; Pz — %) + [5 %, 9Pz — y)(z — ),

which is true for all x,y, z'< X, for z = %, ¥ = %, y = u,, using (2),
we get

B(x) 1= [%y, %o, thg5 Pl(x,— o)(%1 — x,) and
) NPl < Kllxy — xll - ||#, — uol] < KByns(1 -+ By) < hgne =
; ;
= M < ,; Mo~ . ; . 3
Further we have
(6) 2o — wuill = llxg — %, + 2, — uy]| < %0 — 4 +||P(x1)l| < )
it Ll
< B07]0+T3"Y)0:: 'ﬂo‘Bo‘i‘E).

From 1° results that the term x, of (%,) can be constructed using
the equality (2) and thus #, — ®(x,) can also be obtained. We now check
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conditions: 1° — 4° for the points x,, #; with the .constants B, N
and K. ' :
From identity

7- . L [%yiP]— [zv;P] = |1 | _
' = [%,y;P] ~ [%2;P] + [%,2;P] — [z0;P] =
= [¥y,2; Py — 2) + [#,2,9;P](x — ),

which is true for all %, v, 2, v € X, taking & = x,, ¥ = 4y, 2= %, v’ = Uy,
we get

) T o{[%,u0,;P] — [#,u,,PI}| < KBo(||%;: — || + %o — %,]]) <
< KBo[ 1oL+ Bo) o ma (B + ) | = Bk (& +28,) mo = ho< L(<1)

Here we used (3) and (6) and the fact that %, u,, u, < S(%,, 7).
If I denotes the identity operator of X, then we can write
{Po[xp”l;P]}—l = {I — Fo{[xm”o;P] - [xlrul;P]}}—lx

which by (8) leads to the existence of the mapping {I'y[%,,u, ';P]}‘1 and
to the inequality

1
{0 (1, uy; PV < T

Using the evident equality {T'o[#1, u,; P]} 21y = T';, we obtain
By
||F1|| < 1 I Bl <

— kg

2|

B, (Bo < By).

Thus condition 2° is satisfied for the points x,, #,. Condition 1° for these
points is verified in (5). We have
4 2

. a _4_ . L B;, 5 |l By
hy = B,K (g +231)7,1 1_';;0K|3 +1_~h0)h°7’°<

4
BoK (~ +2B,] 9,
3 2 1 1
M

< Iy

kgt (—e 27 T3

and so 4° is satisfied with the constants Bi,n; and K.
By mathematical induction we shall prove the followings :
a) x, € S(x,,7), J

b) P (%)l < Aps uoy = 7y < e
c) u, € S(xy,7), .
@) Lol ot P exgtstind, (I3 2= By 2 B,

n—1
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4 3 3 2 .9 1
= — + 2B |, <« —22 < |2 ko <—,fore=123,...
ks B”K(3 i ”)n (1= hy)? (2’ E :
We already checked a) —d) for # = 1.
Let’s suppose that they are true for all £ < #, where » > 1. <
From c) results that x,;, can be constructed using equality (2).

From b) and d) by (1) and (2) it results ||x,,; — %,|| < B,y, < 320:0,

9) i — sl = l1%,— T, P(x,) —u,l|=\lx, — u, — [x,, u,;P]1P(x,)||=
— |0 — O(%) — [%m, #,; PIP(x,)]| = || P(%,) +
+ [% u,; P17 P(x,)l| < »,(1 +B,).
We further have
Ho¥warr — 20l 4+ lx — 2aall 4+ -0 4 ¥ — %ol) <

1
<B0n0(1+l+i2 + ...+—”)<230m,.

%n41 — x0|| <

This means that %,41 € S(%,7) and so a) is proved for k= n + 1.
From (4), taking z = %,41, ¥ = %, ¥ = #%,, and using (2), we obtain

P(%y11) = [Zns1, %, ty; Pl(Zps1 — %,) (%241 — %,) and

1 TNo
1P Il < EBm2(1 + B,) < hyny = masn < - 2 <

Thus b) is also true for & = » 4 1.
Hxe — #taall < Nlxo — 2l + 1% — %l 4.+ 1% — #ugall +

1
+nmﬂ—uwm<nwo1+;+.u+jJ+nHmﬂm<

< 2Bym, —}—

3n+1

means #,,.; € S(%,, #), which is ¢) for 2 =n - 1.
(10) %, — #ayill 4< %, — Xagall + Nopiy — Ung]] < Bn"]n + Nny1 =

= m(Bn + g)

If we put x =%, ¥y =#,, 2= %X,11, ¥ = U,4;, then from (7), using
(9) and (10) and the fact that x,, #,, %,11, #4ug1 € S(%,, 7) we get

(11) HPn{[xw Uy s P] - [x"‘H! Uni1, P]}H < KB”(”%” e xn+l” +
+ Hxn T “n-HH) < BnK (% + 2Bn) Nn = h-n < % (<1)'
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The obvious equality

{Fu [x”+l: LB P]}‘l =, {I e {Fn [xn’ Uy s P] 1 Fn [xﬂ-l-l: Unt1; P]}}‘l

together with (11) leads us to the existence of {U,[%,.1, #;41; P12, and
so to the existence of {T',[%.41, #yy1; P} T, = Iy 1. Thus we have

B
1Pl € —"~

3 #u+1
= B,y < (E' B,,

n

which means that d) is proved for 2 = » + 1.
The relations

i 4 B,K ;4 2B
h =B, K|=- + 2B o j=nity Aa, r\h
nt1 +1 l3 + n+l) Mpt 1 T ol + i h”) a <
B K(i | 2B
L ") A 332 1
- ok =" | 2L —
ST Rt = i (ZJ MR

mean that e) is also true for £ = # + 1.
The expressions e) and b) lead to

(12)
32,9 312[(312 .29 2 322" 1) o e
hz” < (;) h’n—l < (E) [(E) hn—z < ... £ (—2—) ho 3 Hn = 1, 2, ey

Ny = < kn—l Mu—1 S h’n—l h‘n—2 hn——ﬁ s ho")o hull

gn=1 (8 22-1) (3 \2(2~1) 322"t -1)
SR 6T
2 ] 2 2

”» 7 4
e kz -1 J2(2 —2)—2(n—1) 1ol (i n+1 3)2 2" Ta
=mohi [, 3e(5)" (5] G

=nohhth? ...

On the basis of the inequality ||%,41 — %,|| < B,x,, using d) and (12),
we obtain

%5 — Zutpll < Bty + Bust Mutr + -« + Buipo1 Muip—1 <

%B"”"(%J”( ) (3%,) ‘"*‘;( ) ( )2 e

<4Bmo(| ) "Bhy)?

which means that the sequence (x,) has the limit x* = S(%,4, ¥), because
X is a Banach space.

Now we only have to prove that x* is a solution of (1).

The evident equality

[x”,’lit";P] T I:xn’uwx* ,P](%n e x*) + [x,,,x*,xo;P](x,, . xO) + [x*:xG;P]J

A

A



10 . M. BALAZS I 6

together with condition 3° of the Theorem leads to
(13) [ [%,0 %3 Pl < 3K7+ |[[%%, %o P} = M.

which means that the linear mapping [%,, #,;P] is bounded.
By (2), using (13) we can write

”P(xn)H T H[xn.’ Mn ;P](xn»lfl i xn)H < MfoH—l - X H;
which for # — co gives
lim 1 P(x )| = I P(x¥)]| = 0.

So P(x*) = 0, which shows that x* is a solution of equatidn (1).
Exemple. Tet’s consider the equation [4]

(14 Px) =x— O(x) =2 — 2% —5 =25 — (—2° + 3% + 5) =0.

If x, = 2,1, then P(x,) = 0,061, #, = ®(x,) = 2,039 and [|T|| < 0,093.
Thus ||P(x,)]] = 0,061 = =, [|II'g]| < 0,093 = By and 7 = 2By |+ Mo =
=2 .0,093 - 0,061 + 0,061 = 0,072346. We have

[xl) x/l; P] E xlz _+_ x! xll —i— x/lz ! 2a11d [x,’ xl/’ xl/l ;P] = x/ + xl/ _4_ xlll
So sup {||[#,x", %" ;P #,a",w" & [2,027654 5 2,172346]} < 6,517038,.

I

By = BOK(% + 2130) 10 < 0,093 - 6,52(1,334 -+ 0,186) - 0,061 =

— 0,0562216992 < % :

The conditions of the Theorem being satisfied the equation (14) has
a solution in [2,027654 ; 2,172346], to which the sequence defined by (2)
converges.

RLITLERIENCES

(1] B alazs, M., Contribution fo the Study of Solving the Lquations in Banuach Spaces.
Doctor Thesis, Cluj (1969).

[2] Balazs, M. Goldner, G., Diferenfe divizate in spatii Banach si unele aplicatii ale
lor (Roumanian). Stud. si Cerc. Matematice, 7, 27, 985--996 (i96%).

[3] Ulm, S., On Generalized Divided Differences, I—11 (Russian).

. Tzv. Akad. Nauk., BSSR, 16, 13—-26 and 146—135 (1967).

[4] Werner, W, Uber e¢in iteratives Verfalwen der Ovdnung 14 AL s Nullstellenbestim-

mung. LAMM, Band 79, Heft 3, T. 8687 (1979).

Reccived 20, VIII. 1980
Faculty of Mathematics
., Babes-Bolyai” Universtly
3400 Cluj-Napoca, Romania



