
I4ATHEM¡.'fICA - REVU]I D'AN¿.IJSE N{JMERISUE
Eî DE THÉORID DE I.'APPROXIM,q,TION

L'ANALYSE NUMÉRIQUE ET LA TTIÉORIE DE L,,APPROXIMATION
Tome 10, lgo l, lgll, pp. Bg-gB

DETERMINING SETS FOR FINITEI,Y DBFINBD
i

OPERATORS
by

ION RAçA
(Cluj-Napoca)
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). The sets of this typè have 
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Lr [5], 16l, cavannrlla l3l, nusr
g'* will be the cone of positive linear
e cone of positive linear functionals
We define Ð,, to be the set of func_
t of the representing Radon measure
ater tha¡ n,.

n functional.
on C(Q),let T* denote the adjoint

ned (of order n) positive linear "ope_

in Q, T,Fi is iu Ø".
a Korovkin set for an operator T

ors. ({o) .in ï* the convergence of
f in X implies the converlence of

dqtsrmining set for Z if for any S
n X implies S: ?.

d. determining set

We use the following result (see I 
way'

lr{EorÌEM 1. A subsþøce x'of c set for øn oþerntor
7' 'in {* if ønd. onty i,f X .is a d.etermining set for T*Ç for øl.l q in Q.
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A point þ t" Q is said to be a quasi p9"\-po:"1 for the subspace

X if foi uoy b < u"< t "n¿ 
any neigh-borhoõd U of þ there exists g in

X such that
(t) e@l ) 0 for all q in Q',
(ä) g(þ) < e;
iiiil s(øl 2rtoratlqin ?'U'
l'or / in C(Q) anð, q 1n Q let us denote

1*@) :inf {g(q) :,/ ( g = x} ;

Í¡Q) :sup {g(q) :Í > e = x}'

I,et 0X be the Choquet bound.ary of X' i'e' the set of all q in Ç such

is referred to [1], [6].
C(Q). Tke fottowing a,re equiaølent:

ent'itY oþerøtor ;

oint for X ''

(d),/" :f* fo, øll f in c(Q). 
card Q > n r 1. we say
em (q,, Vr), ¿:1, " ',, n,-

an ope11 neighborhood of
that:

(S) e(q) ) 1 for all c1 rn 0 .. U /n'

I,et X be a subspace of CQ),} in C(Q) and ¡r in ßa' Let us clenote

wiualettt :
in Ø,,;
1t itt' Ø,,; 

-ntl a.tl f in C(Q) ,

in 8";
T in Ü,'

1l ¡r. in Ø,. Iuet P' be irr Ð'

and e function (see roÞncusoN'
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v*U):sup {v(f) :vis in g*, vlx: r¡1"},: sup {v(/) :v: t¿}: pf)'

(c) + (d). Let 8t, '.',Ç, bc distinct points -in -Q-' 
V.'' " ''V' open

neighborhood.s for tåil påitis, and' " > 0' By the Ùrysohn lemma there
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exists f in C(Q such that :

(4) 0<.f<r;
(s)f(q):0, i-1,...,n;
$) "f(q):1, for allqin?.. Ú ø,.

1tr^
Define p. : Diì Thus ¡r is in Ø, and by (c), v"(fl : v(fl. Irence

there exists g in k, f , "f, p@) - rr(/) ( e. Therefore g > O, e@) ) I forflrt
all q in Q UVo. From¡.r,(/) : D/(qo) :O we obtain rr(S) < e, hence
g@t) < e, i 1] ,ø. Therefor" 1* a I,/,0-subspace.

(d) + (b). I,et ¡.r, be in Ø,, and v be in S* .o"h th"t p(fl: v(/) for allfr

f in X.If ¡-r,: Ðo,îo r,vhere rli aÍenonnegative real numbers a'd qi are
distinct points iri g, *" show that supp v Ctqr, ...,Ç,\.

. .!"t y be in supp v \ {qr, ::_.,!,},and let Vu, Vr, .'.. Vn be disjointn"eighborhoods fory, Çt, ...'â,. w" ciääotc th";"p/¿r;niing Radon measureor v also Dy v. Slnce / € supl) v we have u(Vr) :, > 0.
By (d), for any e>0 there exists gi" { such that g }-0, g(q¡) {.,

i: l, ...,n, and g(q) ) 1 for all q ir 0\ U Zr.

If q is in V, then g(q) ) l. Therefore

o < c . frr" * I-*r, :,k) : r,(e) :fo,s(ø,) < "to,.iv Q ' I

If e-'0, we obtain 0<c (0, a contradiction. Ilencc ,:llirî,,
boà}. I

I,et qn*, be in Q'... {6, . . ., (l*},and.,let V, be a neighborhood, for qr,

i:2,....n f l such thatq, is 'ot i" U V,.For any e>0there exists
g in x, g > 0, g(qt) < e, i:2, ...,n + 1 e(q) > 1. Therefore

0 : rrk) - u(e) : (et - b,)g(q,) + f @, _ b,) s(qn) ;
2

tø,- b,l ( tø, - b,le(q,):lå @,- b")sk,) 
l< "f v,_bnl.

ff e -- 0 we obtaitT e1 : år. A similaf afgument shows that Ø¿ : bn, ,i :
- 2, ..., n, andhence v : F.
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(c) + (a). I,et ¡r be in Ø,,, and let (po) b" a sequerlce in 9* such that
lim ¡roþ) : p(g) in the uniform r1orr1r, for all g ín X. I.et f be in C(Ç).
By ("), V*(f): ¡r(f). For any e > 0 there exists g in X such that

(7) e > Í;
(B) r,(e) - p(/) < '.From VxFfl : gefl it follows that there exists k in X such that
(?) h > -Í;(10) ¡,r.(h) - r,(-/) < 

".Ilence -h < Í < g, i.e. - po(k) < pn(,f) < p¡(g). Frorn (B) and (10) we
obtain nor,v

pf) - " < -p(/r) : lim (-voØ)) ç lirn inl lto(f) ( limsup ¡rrf) (
( lim p¿(S) : I-¡k) < rrff) -l- ".

Thus lim pof) : ¡.r.(/) for all f in C(Q).
(e) + (f) is obvious.
(f) =+ (b). Let p be in Ð,, and. let ¡.r.t be in g* such that ¡rt(g) : f¿(g)

for all g in X. We define the operators I and ?', on C(Q) bV f0:
: f.r(f) . 1, Tr(fl : WrA) . 1, where I is the constant function. Then I,
is in E-* anð, T*q: p for all q in 0, hence ? is in &". Moreover, 1r(g) :
:7-(Ð for all g in X. sv (f), T': T, and then Fr: t¿.

(b) = (e) is a consequence of theorern 1.

Remark. If X is ¿11 vttr ord.er Korovkín space (see cevanEtrn
[3]), then X is a l4l,-subspace. Ilence frorn theorem 3 ((d) = (e)) we ob-
tain Cavaretta's theorem 2 [3].

3. Iret Q be a compact interval or a circle.
'rrrnoRnlr 4. IÍ X is ø W,-subsþøcc "Í C(Q) ønd if dim X:2n I l,

then X is a Cebî,;eu subsþøce.
Proof. We employ the same argurnent as ì{rccrrì:1r.r.r [5, theorern 4].

I,et X be the linear span of Eo, gr ... Ez,.
Suppose X is not a Cebîçev subspace. Then there exist 2n f I dis-

tinct points Qo, . . ., Çzn in Q, aud 2n | 1 real numbeÍs as, . . ., e.2¡, rtot
all equal to zero, such that

2n

(l,l) Dotgr(q¡):0, i:0, 1,...,2m
j:0
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PúM:
assume cafd

{j: ø¡ } 0}. Multiplying, if necessary, (11) by - l, we may
M < n. Define the functionals ¡r, v by

P:Ðj=ttr
o¡î¡ (rr:0 fi M:Ø), v=: - s\

LJj4M
ø¡ I¡-

From (11) we obtain p(g) : v(g) for all gin X. Moreover, ¡r ís inØn,
and v is iu 91 . By theorem 3, X is determining for ¡.r., hence F : v. This
contradicts the assumption that Qo, . . ., Çzn ate distinct and. øo, . . . ¡ a2a àÍe
not all equal to zero,


