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_^_ l. Introduction. The following tl2l pp. 94-95, N. croBANU tf l,"n
THEoREM 1. pnnsrÕ (t96íl. Let

ønd' f : X' --' X a møþþing. II therI ø*: a. < l, such lh'at e r '--'

d(f(*o, " ', x^- t),.f(*', ..., %*)) < ia6,-r, *¡¡
for al1 4r, ,.., frn, E X, then

(i) therc exists ø uniquc x* e X such that

x*:f(x*,...,x*);
(ii) for all xo, ..., %m_te X, the sequence

(xrn*o)u-n, fint*h: -f (ro, . . ., rn+^_t), conaerges to x* ønd,

d'(x,,, x*) * {]-ax(d(xo, xr), ..., d(x,n_1, x.)), n Þ m.

-rn 
the prezent paper we r,vilr give a generarization of the theorem r.. Let g: Ri - R+ be a mappinf with tie following prop"rti",

(a) (" < s, /, s = Rî) = (p(r) < ç(s))j , L

(b) (, =R*, r>0) *(e?,...,r) 1r);
(c) the mapping g is continuous.
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Exarnþle l. Let Ø¡ e R* , i: l, rft, io,.ti:l
We define

AN ITER.Ä.TiVB ME'THOD s7

The main result o[ the present oaue hø
rFrnoRnrlr 2. Let (X:l)^ot^o 2oþile ìnd, f : X,,_> f, þssuch tkq,t there exists g : R. - R wi.tk 

-the 
eriles

(u) (r < s, /, s = Ri) + (9(r) < ç(s)) ;

(b) (r - R*, r) 0) =+ (ç(r, ...,r) <r) ;

(c) g is continuous ;

p:Rî-, R.r, bv pV) : .pro,r,.

Exøn'rþl.e 2. I.et d e R+, a < ] . w" define

,p:Ri*Rn, by ç(r):a(rtl ...1r^)

Exømþl,e 3. For a. - )0, 1[, u'e define g : R'i -+ R*

bY ç(r) : ú¿ ûlax {rr, . ' ., r,,).

æ

Examþle 4. Let Ø¡ =R*,Do, ( 1, andl - N. We define

(d) D çu?) < ræ;
¿==0

(") ç(r,0, ...,0) + e(0, r,0, ...,0) +
<g(/,...,y), VreR+

(f) for aII xo, %t, . ., fi-€ X, d(f(xo, .

{ g(d(xo, xr), . . ., d(x.1, x_)).

* q(0, . . .,0, r) (

, t*-t), f @r' .. ., r-)) <

Then

(i) F¡: {x*};
(ii) for any io = X, the seqorence (i,)^=n) i,: ¡1i,_r, . ..,iu_r),co,ytüer_

ges to xÅ. ;

(ä1) for øll xo, . . ., xn_t e X, tke seguence (x*+,),-xi 2cnt,.¡:.f(x,, . . ,

...r x¡+n-t), conaerges to x* and d.(x,, x*) * -À rlirl.r,
wltert 

do: nrax (d,(xo, xr), . . ., d.(x^--1, x^)).
Proof (i) + (ii) Frorn (e) and (f) ,"ve have:

d(f@), Í(y)) : d(f(*, ..., x), ÍA, . .,y)) < d(Jþc, ..., x),.f{x, ...,..., x, y)) + d(Í(*, ..., x, y), ,f(x, ..., %, !, y) + ... + d(J@,- !, ...,!),
ÍU,...,¡,,)) < p(0,...,0, d(x,ù + p(0,...,0,d.(x,y),0), +...+
1- ç(d(x, y), ...,0) < p(d(x, y), ..., d(x, y)).

From the fixed poiirt theo¡em given in [7] we have (i) + (ii).
(äi)-I.ej xo, xt, ..., !Çu,-t e X antd. xo:.f(xn_,,, ..., x,_t), M Þ m.If we take 0 1 do Þ max (d(xo, xr, . . ., d.(x,n_1, ;ill', "* froä üorí 1"¡_1"j-i

d.(x^, x*+) : df(xo, ..., r^-t), -f(*r, ..., %*)) ( g(do, ..., do) 1do;
d(x,nt-t, x,t.+-z) { ç(d(xr, xz), ...,d(*,n, ø,,+r)) (

( p(do, ..., do, p(do)) < 9@0, ....,1o) l do;

/ - L'analyse numé¡ique et la théorie de I'approximation Tome 10, nr 1, lgBl

ltt

þ

9 :Ill --' R* by q(r) : l>

,/tö a,

Exa.mþte 5. I,et g;:R+ -'R*, i: Trn be mappiugs with the Tollowing
propcrties r 

,
(u') (, ( s, /, s e R+) - (p,(r) ( çn(s), 'i: l, t/L)',

(b') (, e 'R*, z ¡ 0) +
ñ
1, e,Q) < r

(c') the nrappings fr, i,- l, m are continuous. We define I:R'f -
-- Il+, by ç(r) : L ç,?,).

I.et r 6 R+. l'or simplicity we put

g'(r-, ...,r) : ç(p(r, ...,r), ..., e(r, ...,'r)), ... ;

g"(r, ...,r) : e(g"-r(r, ...,r), . ., g'o t(r, ...,/)), ...
2. Ttre main tesrilt.I'et (X, d) be a metric space and .f '. X" -+ X'Lel

-: X - X be given by x --f(x, ..., x). The set of the solutiotr of the
equation

x:Í(x,...,x) (1)

is equal to the fixed. point set of i
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d(!tr,,- r, xìn,) 4 g(ì!x,n-r, x^), . . ., d(!ír,,-r, %2,,*t)) 4' , 
,

4 g(do, g(do, . . ., do), . ..,g(dr, . .., dr)) 1 do;

d(*"n, %ztt_rt) { p(d(x*, %,,+t), ..., il(x2,,_t, %z,n)) {
( ç(p(do, ..., do), ...,g(do, ..., do)) :

: er(do, .. ., do) 1 g(do, . . ., do)

and by induction we have:

l.!L1 lL1 _t
d.(x,, x,,*r) < g'-t(d.o, ...,d0) a *tt'-'(oo, ...,dù) n > rn

and

d,(x,,¡p, x,,) 4 mËär#r tn(oo), 
% Þ ffi, 1 = N.

Þ:0

Ifence, (xu,+n)t-n is a Cauchy sequence. Iret

x* :tim frn.

Let us prove that x* is a solution of the equation

x:f(x,...,%).
'W'e have from the hypotheses on /

d(x**n, Í(x*, ..., %*)) : d(Í(x,, ...¡ frt*m_l), .f(x*,..., #*)) <
4 g:(d,(x", xn+t), ..., d(x*+r-2, xm+n_l), d(xn,_ri_t, #*)) +

+ ... * g'(d(x*+,,-t, %*),0, ...,0).
Making to.-+ læ, we have

d.(x*, f(x*,...,tc*)) ( ç(0, ...,0) + ...* ç(0, ...,0) :0,
i.e. x* :.f(x*, . . ,, x*).

S. Remarks

Q.l. For g as in example I we have theorem l.
9,?. Igt_g ?s in examþle 2 we have a result given in [1].3.3. We have the following
TITEoREM 3. Let (X, d,) be a complete metric space /: X,, --+ X be

such tkøt tkere exists g : Rl. --+ R* uitk tke þroþerties (u) - (d), ønd, (f)
from tkeorem 2.

'fhen for øll, xo, ...t %tn-t e X, t/xe sequence (%*+o)n-x, x*_rn:.f(xn,...t %tt+t¡t-t), conaerges to ø solution of tke equøtion' (l).''

S eN rrrh^.nvn METTJoD 
gg

4. Dxemples ,

Examþle 6. l,"t f :Itlz -_, R be such

lÍ(xr, xr) - -f(xr, ør)l ( ,p|xo _ xtl, lx, _ xrl)
for all frv, rt, %z e R, where p : Rî _- R is as in the theorem 2. Then theequatlon

x:f(x,x)

Ï**","tånî:,'?:î'?,ï' ;,:' -:! *:e 
sequarce ('tn),'n, xu : f (%,-,, nn), con-

Exømþle 7.1,.t ., CR, be a bou'd.ed domain, and C(e), the Banachspace of all functions defined and continuous on é, *iir, lløll: maxlx(t)1.
I,et f :C(O) x C(Õ) -* C(O), be given by teçù

f(x;y, )(t) : 1", Xç, s; z(s), y(s))d.s,

where

KeC(exOxRxR).
We suppose that

lK(t, s, u, a) _ K(x, y, a,w)l < V(u _ ul, la _ ul)
forall- %,y eÇ1,,,u,y 

=R, 
wherev:Ri *R*, issuch that,g:m(e)\yls as ln the theorem 2. Then ,the eqiation

xþ,) : 
JO(r, 

., x(s), x(s))d.s. I = e

has in C(O) a unique solution, x,k, anTd the sequence (#,),=n,

xn(t) : 
\ 

rr(r, s, ø,-2(s), x,-r(s))d.s, I = o

converges to x* f.o:

Generarizar ,r:^'ii:!ir?,it3"^ a two-metric space (see r7r, r'r,[e]) and .f : x* - I ^ *upþiág. Tí", ,r"t"ï;på';ï.;Jfiü,g, *" n",,"THEoREM 4. We suþþose that;
(l) d@,y) < pþ(,y), y %,y e X;
(2) 6, d,) ,is ø comþlete mety,ic sþøce;
(3) 

-f , (X^, d) - (X, d.) is continuous ;
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(4) theye exists

the tkeorem
p.:Rli'R+ witlt, tke þroþerties (r) - (f) in (X, p), from

Tken

(i) F¡ : {x*};
(ä) for r¿ny xo e X, tke seqr,úence (x*)n=x,

x, : Í(x,-t, . . ., itn_t), conuerges in (X, d) to tcx ;

(äi) for all xr, ..., xnt-r e X, thg se,quence (x,n+n),-x, x*+*:f(xn,
. . .t x,*¡,_t), conaergcs in (X, d,) to x*.
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le and finite multi-valued metric
existence in rrormed, locally-ãLn_

spaces.
d 'r'ector space alld. M an arbitrarv
etric projection with respect t;- í,[

Pr(x) : {tmo = Mlllx _ moll : i"{ llx _ mll},
and by ull, the set ,ileM

\t* - {x - Xl card pr(ø) < t}.

,r," f,;it" 
X4 be a norl-voicl propcr subset oI X.If for e\/ery .ø e X\M

2 <,card pr(x) <ut,
then'w'e shall say tt-r1t pu is a fin*ety murti-aørued. mctric þrojcction.s. rì. STltÕrKrN 15] prgvgd that, 1t*: X for every subset M of. X,if a'd onlv if x is'a-sirictþ 

"àü"ä*"''orme. vector space.
ctly convex norrned vector space,
ponding P, isn't a finitely multi_

appens in more general spaces, i.e.y convex.
THEoRErvr l. Let M be an non-aoid, subset of ø nor-

þrojection.
med sþøce X. Then pu isn,t ø metric


