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1. Introduction. The following theorem was proved in [6] (see also
[2] pp. 94— 95, N. cr0BANU [1], D. xurera [2], . MARJANOVIC [10]).

THEOREM 1. PRESIC (1965). Let (X, d) be a complete metric space
and [: X" 5 X q mapping. If there exist =Ry, i=1,ma +... -+
T, =a <1, such that

m
WX s ns), (O, oy 3,)) < 2, A%, %))
=
for all X - .oy %, € X, then
(i) there exists a umigue x* = X such that
W I=ifi(%%y 100 x*);
(i) for all o oo X1 € X, the sequence
(Fmsn)ren, Xmir = f(%,, ..., Xrtm—1), converges to x* and
#-1—m
d(x,, %) < “1 —omax (d(xy, x,), ..., d(%,,_,, X)), # > m.

In the prezent Paper we will give a generalization of the theorem 1.
Let ¢ R:i - R, bea mapping with the following properties

(@) ( <5, 7, s € RY) = (o(r) < g(s);

(b) (r e R,, 7> 0) = (o, ...,%) <7);

(c) the mapping ¢ is continuous,
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Example 1. Let o, € R, , 1 =1, m, Za; < 1, We, define
f=1

o:RT - Ry, by o) = 5_\ ar;.
P

B

Example 2. Let a € Ry, a < —1-. We define

m
o:RT - Ry, by o(r) =a(r, + ... 4 7u)-
Example 3. For a = 10, 1[, we define ¢: R} - R,

by @(r) = e max {r,, ..., 7,}.

”m

Example 4. Tet a, € Ry, 3 a; < 1, and p = N. We define
=1

-

" AY
¢:R” >R, by o) =3 air,’,’) .
=1
Example 5. Let ¢,: R, » R,, i = 1, m be mappings with the following

properties :
4

@) (<5, 7,5 =R) = (p0) < oifs), i = L,m);

®) (r =Ry, 7> 0) *(i@‘ma);

i=1

(c') the mappings ¢, i = 1, m are continuous. We define ¢ :RY —
" )

- R, by ¢fr) = Z; 9;(74)-
ILet » € R,. For simplicity we put
B2(r, CNEREG( =)L T elr, ) )iy

o (rit. AL#) = Q@b l(r,-.J fr)y il mprmd (o )

2. The main result. Let (X, d) be a metric space and f: X" - X. Let
:X - X be given by x - f(%, ..., ¥). The set of the solution of the
equation

x = f(x, ..., %) (1)
is equal to the fixed point set of f

3 AN ITERATIVE METHOD Q7

The main result of the present paper is the following
THEOREM 2. Let (X, d) be a complete metric space and f: X" > X be
such that there exists o : R™ — R with the Jollowing properties

(@) (r <5, 7,5 =RY) = (or) < g(s));

@) r =Ry, 7 >0) = (r, ..., 7) <7);

(c} ¢ s continmous ;

@ 3 ok0) < +o0;

(€ e, 0,...,0) +¢(0, r, 0, ...,0) + ... + 0, ...,0, )
<o, ...,7), Vr € R,

(f) for all xy, x4, ..., %, X, Af(%o -+ oy Bmer), f(*r + .., 2,,)) <
< (P(d(x()' xl): ) d(xm_l, xm))

Then
(i) Fyp= {x*%};
(il) for any %, = X, the sequence (Zp)nen) %o = f(%r,s ..., %u_1), Conver-

ges fo x*;
(i) for all x,, ..., %y € X, the SCEUENCE (X rn)naNs Tmin == [(%n, . ..
ces Xnym—1), comverges to x* and d(x,, x*) < my (P[,,,J +k
wher:
dy = max (d(%,, %), ..., A Xpm—1, %,)).
Proof (i) + (ii) From (e) and (f) we have:
Af(x), f) = d(f(x, .., %), fO, ., 9) < AUf(#, ..., %), f(%, ...
s % Y +A(f(x 8 9), fE . Y) 4 Faf(x oy, .y,

., .. ) <90, ...,0, (%, v)) + ¢(0, ..., 0, a(x,%),0), + ... -+
+ el ), ..., 0) < od(x, ), ..., d(%, ).

From the fixed point theorem given in [7] we have (i) 4 (ii).
(iii) Let %o, %y, ..., %y, € X and Zn =J(Xp_y o, Zuy), m = m
If we take 0 << d, > max (d(x, %y, .. ., A(%m—1, %,)), we have from (a)—(e) :

d(xm, xm+l) = d(f(xO' TS xm—l); f(xl: ey xm)) < (P(do, ey dO) <Z do’
AZms1, Forz) < @(d(%y, %), ..., d(x,, ) 5

< o(dy, ..., dy, e(d,)) < (do, ... dy) < dy;

7 — L'analyse numérique et la théorie de 1'approximation Tome 10, nr. 1, 1981
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A(%gm—1, %om) < CP_(d‘:(xm—l; Km)s o or A(Xam_z, Fam_1)) <
< o(do, o(doy - dg)s - 0(dyy - .., dy)) < dy;
A(%2mr Famt1) < QA Xy Tmpt)y « - -y A(Xom—1, xg,,,)). <
< @(pdoy - s dg)s oo, 9(dg, - .., dy)) =
= @*do, ..., do) < 9(dg, ..., dy)
and byl, induction we have:
(X, %py)) < cpm(du, cody) < @[”’] 1(d(,,- cond))) mem

and

n

= Eﬂ[_nl:’+k N
d(xm—f—jn Xp) < M ECP- (o), > m, o SRR
k=0

Hence, (%,41)1en is a Cauchy sequence. ILet

x* = lim X
7#—+00

Let us prove that x* is a solution of the equation
x=f(x, ..., %x).
We have from the hypotheses on f
W Zman [(5%, ooy %) = A(f(Fn - .., Bugmes), FBF, ..., 7))
< P@(®n Zntr)s oy AFmrnis, Tminoa)s AXmiior, x%) +
+ oo (@ (Fmin—, %%),0, .00 0).
Making '# — J-c0, we have -
a(x*, f(x* ..., %*) < (0, ...,0) + ... + ¢(0, ...,0) =0,
ie. a* = f(x*, ..., a%).
3. Remarks
3.1. For ¢ as in example 1 we have theorem 1. )
3.2. For ¢ as in example 2 we have a result given in [1].
3.3. We have the following

THEOREM 3. Let (X, d) be a complete metric space f: X" > X be
such that there exists ¢:R%— Ry with the properties (a) — (d), and (f)
Srom theorem 2.

Then for all %, ..., %p_q € X, the sequence (Xmin)rens Xmorr = f(%
e ooy Hprm—), comverges to a Solution of the equation (1).

VAN
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4. Exemples . fio ™ wily @
Example 6. et SR - R be such

|f(%0, %1) — f(#y, %o)| < o(%g — x4, |%, — %)

for all x,, x,, %, = R, where ¢:R% > Ris as in the theorem 2. Then the
equation ' S co

% = f(x, x)
has a unique solutibn, x* and ‘che Sequance (n)nen, %, = J(%u—1, %), con-
verges to x* for all %, x, = X,
Example 7. Let Q C R be a bounded domain, and C (Q), the Banach
space of all functions defined and continuous on Q, with ||| = max |%(z)).
B Y e

Let f:C(Q) x C(Q) - C(@), be given by

S 3.)0) = LK s, x(s), v(s))ds,
where

K<CQxQxRxR).
We suppose that

B 5, %, 0) —K(%,9, v, 8)] < P(lu— o], |o — w|)

for all x, y = Q, #, 0, ®w < R, where ¥ : Bi - R+ is such that, ¢ = m{Q)¥V
is as in the theorem 2. Then the equation .

x(t) — SK(t, s, %(s), x(s))ds, teQ

o

has in C (S_2) a unique solution, x2*, and the sequence (#,),<y,

lt) = (Kt s, 5 o(s), 5, 1(s))ds, ¢ <@
3 ;
converges to x* for all x,, x, € C Q).

5. Generalization. I,et (X, d, p) be a two-metric space (see [7], [8],
[9)) and f: X" - X 4 mapping. For such type of mappings we have
THEOREM 4. We suppose that :

(1) A% y) < p(x,9), Va,9 « X;

(2) (X, d) is a complete metric Space ;
38) S &™ d) — (X, d) is continuons ;
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(4) there cxists ¢ Ry - Ry with the properties (a) — (f) in (X, ), from
the theorem 2. a3

Then

(i) Fy= {x*};
(ii) for any x, = X, the sequence (%0 nen,
Hu = f(%n1, .., Xu—y), converges in (X, d) to x*;

(i) for all %y, ..., %p_y < X, the sequence (%mia)neNs Fmin = f(%n ...
o Zppm—1), converges in (X, d) fo x*.
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