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(4) theye exists

the tkeorem
p.:Rli'R+ witlt, tke þroþerties (r) - (f) in (X, p), from

Tken

(i) F¡ : {x*};
(ä) for r¿ny xo e X, tke seqr,úence (x*)n=x,

x, : Í(x,-t, . . ., itn_t), conuerges in (X, d) to tcx ;

(äi) for all xr, ..., xnt-r e X, thg se,quence (x,n+n),-x, x*+*:f(xn,
. . .t x,*¡,_t), conaergcs in (X, d,) to x*.
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le and finite multi-valued metric
existence in rrormed, locally-ãLn_

spaces.
d 'r'ector space alld. M an arbitrarv
etric projection with respect t;- í,[

Pr(x) : {tmo = Mlllx _ moll : i"{ llx _ mll},
and by ull, the set ,ileM

\t* - {x - Xl card pr(ø) < t}.

,r," f,;it" 
X4 be a norl-voicl propcr subset oI X.If for e\/ery .ø e X\M

2 <,card pr(x) <ut,
then'w'e shall say tt-r1t pu is a fin*ety murti-aørued. mctric þrojcction.s. rì. STltÕrKrN 15] prgvgd that, 1t*: X for every subset M of. X,if a'd onlv if x is'a-sirictþ 

"àü"ä*"''orme. vector space.
ctly convex norrned vector space,
ponding P, isn't a finitely multi_

appens in more general spaces, i.e.y convex.
THEoRErvr l. Let M be an non-aoid, subset of ø nor-

þrojection.
med sþøce X. Then pu isn,t ø metric
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. PryÍ. .a) .If M.: X, the4 lor eve_ry x.= X \ M we have F*(x)- Ø
hence P, isn't a finitely mulii-valt-red-metric,projection.

b) If M * X, then let x, = X .. M. Since X is a regular topologicat
space, there exists a neighbourhood of øo contained. in X \¡2.r,et be r: inf-llxo- mll ¡0. we supþos" that p* is a fi'itely rnurti-

tre tr[
valued metric projection.
. I,et *rr*r, ...,!a,h >? be the finite set of elements of best appro_ximation of xo by eleinents ftom M,

Let us de'ote by B.(xo, z), respcctively,E(x', r) thc o|cned (respecti_
vely the closed.) balls rvith ceirter i,-, øn orid rÀdi,,r',.

Then we have: ll.xo - moll:.,r, i-:1,2, ..., å. I,et be

lo : \%o+ (l - ),)mr, 0 < ). < l, an{ 0 < 3À¡, ( min llm, _ mrll.

'; 'rn the followi'g proposition we shali give a chara.cterizatiott, of thesemi-normed. vector-späceì which ár"rr,t 
"oi-"¿, in'lrrã:i"rrrrs, of finitely;multi-valued rnetric lirojectionsp*oposrnroN 2. rn-baury-semi-normed, aector sþøce ,x, uhich isn,r nor-med_ there exist the sets M", -Mr, 

...," i,f ,,, ... *s aett øs the sets A and, Bsuck , thdt.., ,, . .

(Ð card, p¡¡o(x) : n,

for'eaerg # ê,X'\ Mn, arud, euery$.n e N, ønd.

(ii) ;' : catð,,Epn@):l{',fi
(iii) card pr(ø) : ¡ç,

for euery x=X .A
'"' . 

"eíI"¡.-si"å 
;" t x\B'" '

ormed vector space, thereexrsts an element øo uff prg"" inat the sets
*r: {xo, xol2},
M" = {xo, xol2, xols},

, , x olnj,
,xrln,...j,

have Jhe 
-properties (i)-(iii) respectively

\À/e shall prove birly'túat

card Pa,,(x) : n,

for every x e X \ /y1,,.
I.et x e X.. M ,,, then we have

þ(x - ø) < þ(*) l- þ(-m): þ(x), for every m e Mn, and.
þ(x) < þ(x - m) -f þ(rrù : þ(x _ m), for every % e M,,.

Then þ(x) þ(x'- m), ror every fix € Mn.we havc norv that
. card P *(x) : card M¡ : y.

w'e ca' prove similarly the other statements in the propositions.
,tector sþøce X isn,t ø noruted. aector
et M of X such tkat p* is ø finitety

," iT"lni,'13,T'f; J åå,å f ,f, :"iå,',",:

p"(x): 
{nïn e M.lvi = l, þn@ __ mo):inf l>¿@ _ m)}.

We shall prove that
l" B(yo, I'r) c B(xo, r)
2" B(1o,7,r))M-ftt,r.
l" If x = B(yr, Àr) then

. llx - øoll ( llx - yoll * lil,o - øoll ( Àz.1,11(1 _ 
^)(m, 

_ro)ll :
: I'r i (1 - L)r: r, hence x = B(xo,r).

2" Since B(yo, tr) - B(*o, r) and, B(xo, r) O M : Ú *,, it follows
i:1

that B(yo,\r)ÀMçÚ*,.
We sha11 prove nolv that
2a) m, e B(yo, ),r);
2b) mo é B(yo, ).r), i :2,3, . . .,1ì.
2a) llyo - înll : llÀøo + (t - ),)nt,, - mrll : Àlløo - mtll : ì,r.
2b) By llm,, - nr¡ll < llm, - yoll * llyo - m,ll, it foltows that

llyo- nxnll > llmr- m¡ll - lltnr- yoll >- B^r - ^r:2^r.
'llJner rno ø BUo, \r), i :2,8, . . ., h.

. {-tot1 2a) and 2b) it follow! tlrat ß(yr, \r) f) M : nr,; then loe9itaand P* is not fi.itely multi-r'alncd, whióñ 
"ot-,ttädi"t" 

thä'hypotñeiis.
r-et x be norv a semi-nolmed vector space whose topology is givenby the.serni-'orm þ(x). we deJine the iretric projectiãn in lw,"*ita,

respect to the ser¡.i-norm Ir@) bV

Pr(x) : {mo = Mlþ(x - *,1 7;yf_lft 
_ ø}

M,,: {xo, xof2, xol\,
A : {xo, xof2, xof\,
fi: {Àøo}¡=10,r¡.
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with this definition 9f tq" metric projection and with a proof analogousto those of Proposition 2 we have :

nacx aector sþøce, ønd if þ¡þ-r
the toþology of X, tkcn the fòllo-

ch tha.t P, ,is a finitely multi-ualued.

2. X isn't Høusd,orff.
A linear metric. space is a v gy (not nece_

ssarily compatible with the lirrear "irreìric p. fn
such.a space one can-easily giveu au h p* iiuitely
multi-valued. Here the metiic proje

Pr(x) - {/no u Mlp(x,mn) : in| p(x, m)}.

the ":niï i"3"Jå::lii:å* 
*n'rogicar vector space,

let Trr:r#¿;r.*is 
an arbitrarv elernent of rlz' then

,t@)-Jlnt+41;S
With the_ metric p(x, y) : o,(x - /), n, becomes a llausd.orff metrizable
topologtcal vector spacc.

I,et M be the set

{x e hlzlx : (a, ø), ø e l.l}.
Then we have card l"(x):2, lor every ø e R2\ M, anð. hence p* rca finitely multi-valued -àetric 

projection.
toþolog'ical aector sþøce X, P*is u

: (l(x - m) < s, with q the mention

inf q@ - m) :0,
ùe II

and it follows that x: ?no anð. this contradicts the fact that x = M'\M.
Ilence M is a closed set.

. - Wg suppose now that M isn't dense in itself. I,et ffio Ê M be an
isolated point. Then there exists an e > 0 such that the set

{x e Xlq(% - mù { r},

doesrr't co'tain points of M different from mo. Thenr,ve have q(rn - mù Þ elor every m e M, m * rno. r,et À,, _*,,0 b" ä ""ii-;"qrä" "rr¿ 
x,: (l _- \n)mn. F¡om the coniinuity äf the rrrappü,g"Ìi,;i ._+ ì.x, rve obtail

q(x" - mo) : Ç(-\*mo) : qe,,mo) 4 el}
for every n Þ No.

Thcll for evcry rn e IVI , m * /no, anð. n ) No rr,e obtain
Ç(x" - m) : ql(l - ì.,,)nt.o - ntf : g(m, _ 11r. _ )1,,s,¡o) s-

Þ lq(mo _ m) _ rt(\,mn)l Þ e _; : i, i; + q(x, _ mo).

Ifence we have

q(x, - m) ) q(x,, _ mo) l_ 
.r 

,
J

of the normed vector space X.ric projection p*is a ùuntablc
ø e X...M we liave

catd P*(x) : ,\to.

If tlre above relation is verified _olh, for x e X\, jl¡ * Ø, then weshall say that P* ís a ueøhry ,louøøbtr"nturt,i-uarued,-rníni, þrojcction.By the stcckin's above mentioned. result it forlorvs that such metricprojections nust be tryed onry i" trr" 
'on-strictry convex spaces.

-os a-simple remark, we have that for a collvex set M,,re corres-
ryljilg P" isn'r. a finiterv, ot " *"ãkly 

"oontãbrå, 

-ì".rrli-""1ued 
metricpro¡ectron.

rndeed' if M is a convex set, fr = x'.,ili and if tltt,lttz e p*(x), withmr + rnz, then, for every À = (0, l) vve h¿ys l

llx - ),m,- (l - ^)mrll: llÀ(ø _ mt)+ (l _ 
^)(x 

_ m,)ll << Àllø - m,ll + (1 _ r)llø _ m,ll : d,(x, M),
where d(x,M) is the ci.istance of x to M.

ft follows that.ì,mr"f.(\._ ì,)m, = !a@), for_every À e (0,1). Hence
11^tl1^,""r",3,r ir"-! "ii"itltv or'á'weakry cou'table nìurti-valued rnetricprolectron. when x is a nrctrizabrc topoiogicãr ;;;;";-;;;"e, and. p, isa countable multi-valued metri" 

-proftctro', 
we rrave (in anarogy rvithTheorem 4).

q(x - mo) :
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za'ble toþological uector sþace and"M
, is ø coutt'tablt multi-valued' rnetric

X.
of 'Iheorem 4.

ace rve ha'e
q.nd. M a non-ao'id,, þroþer' subset

-u alued' metric þrojection.
sts a set M C X, with the. ProPertY

lrcrfect set. If r e
ìntersection of two
t the intersection

P*(x) : M À S(x, d'(x, M)),

rvhere S(x,d'(x,M)) is the sphere with center in x an'd' rad'ius d(x'M)'

of two 'closed sets,
Indecd, if mo is an isolated

o, e), with center in mo anð'

P*(x) f) B(mo, e) : m,

Let us considet the Point

x^:(l- \)mo!l'xeX, I l

with0<À< elPllx-v1xtlÙ <1' Since

llx- xxll:llx- (i - t')mo- Àrll: (1 - ^)llx-rn,ll: 
(1 - )') d'(x' M)'

it follows t]¡at x e {'..,44. We have

lløi - moll: ll(1 - \)moI )"x - moll: Illr -moll<?'12'

On the other hand. \et m e M, m * rno. Then m e PM@j 
''''. 

{rø6} or

m, ø B(x,d(x, M)). We shall Prove that

llxx - Tnll > llxx - rnoll,

for both cases.
I1 tn ,= P ,(x).,.{mo} we havç :

llø¡,- mll>lllmo - tt^l- llri- molll> '-;:;,llx^-nt'oll:
If m é B(x, rt(x, M)) vùe havc :

, !lø^ -lltll>|llx-wl! Ilx.till I> @'(x,M)-(l- )')d'(x,M)):
: l.d.(x, M) : llx^ - tnrll

It follows thal Pr(x) : {*o},.anð. x¡ 'e \M. Then P*(x) is dense in
itself. and hence a_perfect sèt.''But, ,it,Fu@) is a perfect set':ôt'the complet
metric space X, then (see l\) P*(.ù is àn uncoìntable set. The theoiem
is proved. j 1

' Ifowevet, if X. is a'non-'Ilaus<lorff locally,convex spacc, þrln=. is
the gerrerating. set of semi-'orms for, the topology of Xland ìrti O ,,
a.point for rvhich þo@o): 0, for evet'f i e I,'theÁ the metric projectio'
rvith respect to te set A : , :.

,4 - {xo, xol2, ..., xoln', ...},
is a countable multi-valued, metric projêctiorr. A pr'oof is given in propo-
sition 2.

\Ã/e shall sholv irr thc sequel that th.erc exist a wide class of normed
spaces with weah,ly countablc multi-valued ruetric projections.

Notice first, that, in r.irtue of a lvell-knor,vn result, in ðvery non strictly
convex normed space there exists a closed real hyperplane H such thai
card Pr(x) ) N, for evcry Í e X' H.

fud-eed-, if X isu't a strictl¡' convex normed- space then there exist
%r %z e S(0, 1) : Irr (B(0, 1)) such that tx,t (l-- ),)x, = S(0, 1) for

iustance rí. c). r{ur.)rN [2]). Then from a well-
(see H. rr. sctrllJrrJn [3]) there exists a close

,"ff;:ïil:i
'uvhere ø, is orre of the previous po
to H and passing through the or
ø = X'V/, card. Pu@) >- N. I,et
with À + l, h" e Ho and the d.eco

Pr(*) : {x, + hrlllÀr, -1- h, - xt - h,rll:
:.in_! ll\xrl h"- x,- hll\: ntl Po.((À - t)*r+ h,),

heH¿

and. fro.rn the quasi-additivity anc1. hornogerreitl' of the multi-valued metric
projection (with respect to a subspaçe)'-rve have,:

Prr@) : xr ! h," f (À l)P¡1"(xr).

11 x:0, rve have k,.:Q, À:0 and Pr(O) - xr- po"(xr).
Since P"(0) contains the segment l*r,'xrl it lolloovJ'ihãt

ñ ( card P*r(O) - gtlrd Pa"(xr) : card Pr(*),
for À I 1, i.e. for every x € X.\H.

r'et A be a convex set and. f1 a closed, real hyperplarre of a norrned
spa_cg X. Then, 11 is_ called a suþþorting hyþerþtanà of R it A À H + Ø
and if ,4 is coutained. in one of the cloJed 

-s"mi-s1ro."s 
d.etermínuå ¡v ø.

hyperplane 11 considered in the previouS exanple was the 
-sup-

porting h¡'perplane of the unit,.ball of a ,nã',strictly conirex space.

.| oN THE MULTI-VAÌ,ÛEd..METRIC PRoJEcTIoN 10?
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THEoREM 7. Let X be a. normcd' sþace. If the un'it batl B(0, l) oJ X
has at lea.st one suþþorting hyþerþlane H w'itk th,e þroþerty th'af

1 < dim [¡1 l-l B(0, 1)] ( No,

thcn there exists ø set M ÇH, d.ense in, H suclt, tc¡ P* be a ueahly coutt-
tøble multi-aøl,uecl nretric þrojection.

Proof. I,et S : H a B(0, l). ffhen S is a convex set of dirncnsion
( ¡{o which coutains at least a segment. Fron the previous remarks it

results that it' ø e X\ -Il, then

Pr(x) - t(, -l- kr -i- (À - l)PY"(x') :
: xt I h" + (^ - 1)(ø. - P*r(O)) :

- \x, I lr" - (À - l)Prr(O) : * - (À - 1)Pi?(0),

with the above notations, and À # 1, for x e X'. H.

Since Pr(0) : H n B(0, 1) : S, we have

cardPr(*) :cardS:l{,
for every , € X'\. 11.

Coniider the Hamel basis {en}i-¡ in I/o aud. let Mobe the linear hull
of {ø,} with rational coefficients.'Íi is 

"asy 
to see tlnal M - X[o-i- øo is deuse in H, and- for every

, € X\..ff: X\..Ì1 u'e have

carð, P*(x) : ¡¡o(dim S) : So,

since 1 ( dimS { No.
R e m a r k. Every non strictly col1\/ex normed space of algebraic

dimension at most l{e has weakly countable multi-valued metric projections.
IIowever, there exist non strictly convex normed. sPaces without the

property iu the precedent theorem. A such space is c.o, the space of real
seguellces conrrerging to 0. If x: (frt, fr2, ..., x,,, ...) = to, then lløll :
: max {lø,1, ø e N}.

It iè well-knowü that cn is a separable Banach space and. his unit ball
has no extremal points. 'Ihe intersection of the closed. unit ball with an
aúitrary supportiig hyperplane of its is a closed convex set of algebraic
dimension N, howe'r'er we have :

pROpoSITIo¡ç B. There exists in co ø weøkly counteble rnulti-aøIued'
nretric þrojcction.

Piooj. I,et H be a supporting hyperplane of the unit b-all of cu and

roeH nB(0, l). Then

xo: (xT, xfl, ..., xl,, ...) where xoo,, xl,, ..., !!¡- e {- 1, 1} and x.

with i * ir,ir, ..,i, rvill bc in an interval l-r,rf with r e (0, 1)'

For a complete proof we need the follorviug lemma (see r. srNcER l4]).

r,EMNrA I' Let x be a normeiJ vecto_r sþace, tc e x ønd. r 2 0. For øny
.f - Xn ai,th llfll: r, tke hyþerþtame U ëx'ai¡;"ri-Uy''
(*) H:{y = Af(x-y):r}:{y = xlfU):Í(x) _ r},

suþþorts the bøll B(x,r), and conaersely, for øny suþþorting hyþerþløne H
of t\.batt.B(x,r) there exists a, wntqui ¡ € .E* AUn'i¡¡: I such thøt tkeequølity (*) hold.s.

'se only the second 
_ 
part of the lemma. particularry, we havethat each supporting hyperplâne of the ""it ¡uri"utr-¡"*iiit""i"irr"

form

(**) H:{*=Xlf@)--l},
where Í = X* and ll/ll : 1.

. For co, the theorem of representation of continuous linear functionalsglve

Í(x):f,(x) :t,u, *,

where u : (ur, Mz, ...) = l,t, x : (vcr, xr, ...) and,

ll/ll : llull,.
From (x*) we obtain

ææ
Ð_ru,*n: -l and ll/ll : llull,,: Ð lu|: L

From the fact that xo e H lve have

r : lå *, .?l * Ë r,,l r,tr < þ@,t: t.

rt follolvs that in order to f.ave.equalities irr the above sequences of ine_qualities it is necessary and. sufficiänt that

signur: - sign xl, f.or every i e N;
%í:0, for any i * it,ir, ...,ir.,

It

Ð lr,.l : t.

From this conditions it follows that the supporting hyperplane whichpasses through øo is

':{* = 
"1'É, 

%'nx'n- -l' f w4l:1}'

f¡ oN THE MULTI-VALUED Mnrruc pRoJEcrIoN
109
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where &ho ãÍe uniquely d.eterrni¡ed-for a given supporting hyperplane 11.

It is easy to see nou' that . : : . ' :

HaB(O,l):{x e col%¡a: --signil¡., k:1,n, lørl ( 1, i =N}:
: {x e colx¡o = nlo, n ==.1;tt,, lø,1 < 1, i = N}.

Then f1 n B(0,1) is a closed. set of algebraic dimension ¡.
I,et us d.enote by M the reunion of the exterior of B(0, 1) and the

set N in S(0, 1) given by

N : {* = col lløll : 7, x: (x), xn rational, and
,íi + O for a t-inite set of indices).

We prove nor,v that for this set M, P*is a rveakly countable rnulti-valued
metric projection.

We have immediatly

Pä(0) : N, and hence card Pr(0) : $ o.

If x e B(0,1), x + 0, it follows that there cxists a:rr xo = Fr B(0, l) and
an À ! (0,1) such that x - \xo. I,et H be a supporting hyperplane of
the unit ball which passes through xo. Tlne existènce of a such hyper-
plane is guaranteed by separation theorems. (see 11. Fr. scH¿nr,np [3]).
We have

PnQ"xo) : )'xo + (1 - À)PH(o) :
: {x e colx¡n: *1,,, h:13, x,: ¡x', f (1 - À) ø,,

l"rl ( I, i +ir,ir,...,in, and d; +0 when i -æj,
where xlo and xon *er. given in the first part of the theorem. It is easy
to see that a, can be chosen such to ø, be all rational. Moreover, since

llrll <(t-r)/À
for any iÞNo22in, all the ø,'s can be chose' -l,xorl$ - À), for i2No.

Since

lx,l: l^x?. + (l - i,)a,l < rlø¡'l + (1 - À)læ,1 ( 1,

forevery i *it,ir, ...,in,and.tr¡n = {_1, l}, A :1," and.sincethechoice
of æ¡ with the previous properties can be made for a countable number
of points from

Pr!,xo) n B(0,1) aM,
it follows that we have

lJo ) card P*(x): card. Pn(),xo) 2 card(Pr(txo) n B(0, t) fl M) > So.

Ile_nce carð, P.r(x) : So, for every x e X :.ll4 : B(0, 1) and. P, is
a weakly countable multi-valued metric projection. Q.E.ò.
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