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type: ror Ëo'ilu, ïåJA with th
;t";;ï; K"' rJsualY,

llþ*,il, i: l, ...,1n for m: I,2, ...
i.e., to the seque'cê d : (o^)i,:, is attached A(o) : (A^(ø))î,:, where:

A,(ø): .t,þ,,,h . (!n.
å+¡,

pfeserve
transfor-
n of the
that of

For a real sequence (ø^)i,:r, the wth order difference is defined by:(1) Afø* : ør, L,rdr^ : [n-r 4m+t - Lo-'t an,

*""i"':î'i"Ñì; !;'ff:-::u(#.)r-, is søicl to be conaex of ord,er n (or

I - L'ô¡¡ûl1,se nümériqr(û et la théorie de l,epprcrir*atiofl ToE€ 10, nr. l, legt
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I'etustodenote al:ct.and.cl ,:'c¡.t.tiori,Þ,1. Then,thescqrrence(c.)î,:iis 2-positive and (7) becomcs :

The set of a1l'zr.corr'vex sequenÇes is denoted by K*.

i,.. ÐErl,rNLTIory.2., A s.equey'cq (c,)?,¡.r,is said. lo.be1,?,þgsiti.ue, if . crr,2 O

fornt,>n. i ..
3. Before givirlg the main result, which we hâìie 

:alre.dy 
announced.,

1et us state some auxiliary lemmas, interesting by themselves. Although
they are simple enough, u'e do not find them in the specialized literature.

r,Dun'ra 1. f

tn(7') al,:lc,
i:2

arrd, by (6), we have for flt )- 2:

lorm>2

w

A,,:D
i.:t

b, for ø.ll m, then aî: alnhd = c, * äÐ,, ,1,'*ää,,,
(2) L'&,n - L"-L b,,+t for øny rn ønd øny n > l.

The.: lroof is ea,sy,to, dorby ind.uction. As a di¡ect consequeuce we
have:

LEr{tvrrr 2.T-he sequ,ence (ø^)7,':r'is tt-cottuex, if ønd. onljt if there is ø
sequence (b,^)i,:t uítlø the þroþerty'th,at'(b,,,)i,:",is conaex of oidei n - | and.
such, th,at

(3) e*=tb, for all m > l.

Because O-convexity means positivity, we will prove by irrduction
r,r1Mr\,r¡. 3. I'/øe se'qu3r¿ce (a*)?u:t'is tt-conaex if a.nd only if there is a

n-þos'itiae scquence (c^)î,:r swch tJtøt :

or

(B) &m:

t

cr lor m: l,
m

R _,.ct + L?n-j I l)c¡ for.m >2.
-.

Now suppose that. a sequence is ø-co'vex, f a.d. o'ry if there is aø-positive sequence (t_)fn:, such that :

,lt

(e) ã'],r:
D ,t

?i,- c,

gi,- c, ¡

for m {n,
fl-l ilt

Sø
Lt/i,,, c,5-

L-J lor tn ) n,

(4) úrr:Dd¿,r,
¿:r

C,

where the coefficients þi,,,, qi,,, artd ril,_ are i'd.epe'd.e't o' the twosequences.

By the lemrna 2, the ,"qu'"rr"" (oiÌt)n:, is convex of ord.er 
.n 

I L if
and only if there is a seque'ce (ai,,)'],:rsuch that (oi,,)i,:, is ø_co'vex and:ukere tltc cofficients d,;,,,, ilo not cleþend on tke luo sequences.

Pyoof . By the lemrra 2, a sequence (ø],,)i,:, is l-convex, if and only
if there is a 1-positivc sequence. (c,,)i,,.r, such that.'

(5) 'a.:,,: Ðr, fot m >- l. ,:
i,- r

Then, by the same lemma, the seqúence (o?,)i,:t is 2-convex if and only if :

tn(6) ør, : Ðor, :

where (oiòn:, is l-convex. So, there is a l-positive sequence (c],)fr-, such
that: 

¡

(10) t+
(¿,,,

frt
n: /ra¡i:l

foranym>1

,!:t ih:"1 as in (9), we must have a ø-positive sequerce (ri,,)i,:, such that,tor m Þ 7:

I
ü

(l l) &lnt, :
Dò:t

P¡,- c;

!i,ø ui -f

lor tn < n,

Ior m2n.
fl-l fr

Dt:nD ¡/¡, C¡

ff we denote

(7)
m

_\a^1
- Lrvit':l

f.or rn è 1.

øI:ct and 'c'¡ : c¿+t lor i > L

the sequence (c,,)fr:1 is ø * l:pogitive.. Moreover, if we replace i |_ 1
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'rr¡EoRnr,r l. A, segucncc (ø_)i,:t is n-conuex, ,íf cnd. onty if there is øn-þositiue se(luence (t^)|,:r, suòn"'thal :by i and' atter that, rn + | by .m,'from (11) we get fot m > 2:
il

Di-2
ù

Di-2

ÞIt,*tc¿ f.ot m-l<n, D
¿,-l
¡-l

Di:r

?n I
i-l
n-l
i-l

U for m<n,

formÞn.

(rz) ø1,,: ,r, (16) a,o :
Ç'i-t,^-t", -l 'D rl-t,,.-'tc¿ lor *t' - | > n'

i:ø*t ', *å(
rn+n-i-l

n-l ca

From (10) and
a) f,or m :

(
I
12) we have: Proof. I.et

(17) so(nt) : m, s¡(m) :

From (13) we have successively:

aI*' : al,: \l ,n

b) for l<m<n!l: 1)-ìs¡-'(i) forjÞ7

* fla

ø!o+t : a,\ + D dl : ct+ D D þi-t,¿-tct :
i:2 i-2 j-2 'i?t,,,

ti

Pz,ør

þ,,,, I

LLprj:2 i:i

ü
.. - F ¿1'+1vt 

- LJ l'l'ntj:t

m ût

:Cf* c¡) :Ðþir:t : ÐÞ1o- , : þ2,,, : m - 1 : so(rz - l),

c) for rnÞn!l:
,il

þ1,,,: ÐÞr,r-, : þs,^: Ð rr(n - 2) : sr(m - 2)

Now suppose that for any n and, ,in:

(lB) þT,,,: þi,,,: s¡-z(r/t - j + l).
Again by (13) we have then:

fr h1

øi,+' : øi +Døi + D a'l : ct+ DD þi-t,;-t c¡ *
i-z i-i1-i ö:2 l:2

+ D
,rfr-lnt

Dq?-r,;-tci * D rî-r,,-r ttl : ct tD D þi-t,;-tc¡ i
¡:z j-ø+t j:2 i:i

tÐ til
frmilmflrl

+D D qî-',¡-tci1- D DtÏ-',¿-tci:Dqi,L",+ \.'ii,"¡'
F-z ¡l+t-- i-n{-t ¿ :j i:t |-n+r

þI+t,,,: Di-i*r þi,,:,:
,n-t

,:pr,'r-, (i - r- i + r) : þi+t,,n :

This cornplets the ind,uction and, rnoreover, gives us the following fectlrfence
relations :

:psi-r(i):s¡-r(w-i),

that is (18) is t¡ue for any j > 2.
Similarly, from (14) we have:

Ti,,n:|t,u:l:þr,^,

rT,- : äur,,-, * ,å, QT,¡-, : irl,,,n-, : þ2,*.

Supposing:

(1e) Ç1,,, : þj,,,,

(13)
ñ

þiI,' : l, þi,It :D,þ,\
l:t

1, l- for2<j<m1n{l;

n

(14) qîl':r,qî,];':Dþl-,,¿-,+ D r'i-t,¿-t for 2 ( i <n;
i:i ¿:,1+l

(15) ri,lt:Dri-t,;-rfori>n+1.
t:t

Using these relations, we may prpve the following:
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{rom (14) and (13) ¡¡'e have :
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8l+r,,,: D Pi,;],+Dqi:i +t i:¡t

1

¡t-l
\-\
¿J

fr
nl
i,i-r : þ¡,¿-t i Dþt,,-r: þi+t,,,,

that is (19) holds.
As we sarv in (B) :

''2rí,,n:m- j+ 1 : so(m -j + I) for 2 <j <m
Frone (15) we have lor j > 3:

Ër,(¿ - j+t) :"Ë'so(i) : st(m- j+r)
¿:j itl

3
f j,,u Ð T¡-t, t-r :

Let us suppose that:
20) rJo,*:sn-z(rn - j +ll.
Then

r'jl,,' :f. ri-r,o-' : É s,-,(i - j + l):'tt so-zþ),
' l"tt - ?n i-i .. d;l

that is, by ind.uctiort lot n, the assumption (20) is proved.
To finish the proof of the theorem, it is enough to determine the

APPROXIMATION PAR DES FRACTIONS RATIONNELLES
EN NORME L2

(APPLICATION AU FILTRAGE NUMÉRIQUE)
par

JAQUES worrF
(Greuoble)

coefficients so (m). We have:

sr(m):Drr(t) :É
i:l i:t

Let us suppose that:

. vn(m I 1\

2
(*

+1
2 me CLr. l- l, +ll), ltèrieure_g: ;,',fåiå"uå',:ii ffé.,"#lJ:cL vement m et n, que:

llg* - "fllp : min llg - fll,
8'vm

On pose :

F : {f ,/f (r)>0 V;ve [--1, +1], f = LiL_r, +11, V/ + Ø a [_t, +l]

(2r)

Then

so( tn ffïï)
sn+t(m): Ë so(i) : r(: : 1l :li-t -r\h+ll \

mIh*l
h+2

From (9), (18), (19) and. (21) we have (16). f(x) + 0 sur 1)
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*.r*) o, vr e l-1, +11, å ., **ui: rl

1. Existence drun meilleur approximant,

Soit c' : løtlbtf : lao, ..., arlbu, ..., bn,l =pt,+n+2.
Chercher g'r = V'l revient à cherchcr - s,il existe _ c* e &raß.1gtel que


