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1. The mathematical literature is quite rich in papers which treat
problems of the following type: for two sets of sequences, K’ and K’
construct a transformation A with the property that A(K') € K". Usualy,
such a transformation is given by a triangular matrix :

Hpmill, © =1, coomfor m=1,2 ..

ie, to the sequence g — (@m)m-1 is attached A(a) = (A4,,(@))2_, where :

i3

Am(fl) G l?‘;r?m'k L Gy

Many references to papers concerned to transformations that preserve
the n-convexity may be found in [3]. A characterization of such transfor-
mations is contained in [2], while [1] presents a characterization of the
transformations which map the set of p-monotone sequences in that of
g-monotone sequences.

Our aim is to construct a transformation of the set of #n-positive
sequences, R, = {(¢,)n_,:a, > 0 for m - #}, in the set K, of n-convex
Sequences. In fact, the transformation is a bijection, so that it gives a
Tepresentation of #-convex Sequences by means of #-positive sequences.

2. Let us to specify some notations and definitions used in what
follows. ; -

For a real sequence (@n)m=1, the n-th order difference is defined by :

(1) A°a, = a,, A, — Ar—1 Cmi1 — An—1q,,
DEFINITION 1. A sequence (@n)im=1 15 said to be comvex of order n (or
w-convex) if Aa, > 0 for all m.
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The set of all: #-convex sequences is denoted by K,,.
L DRRINEION 2 A sequence, (o) 35 said o be.m-positive. if Gy, 0
for m>m. . oy Bl st
3. Before giving the main result, which we have already announced,
let us state some auxiliary lemmas, interesting by themselves. _Although
they are simple enough, we do not find them in the specialized literature.

1EMMA 1. If
a, = 9 b; for all m, then
i=1

(2) Aa,, = A*=1 b, for any m and any n > 1.

. The: proof is: easy to.’do by induction. As a direct ‘consequence we
have:
LEMMA 2. The sequence (a,)m—1 15 n-convex, if and only if there is a
sequence (by,)m—_1 with the property that (b,,),_2 is convex of order w — 1 and
such that ;

™

(3) Dt Ca,=.b, for all m > 1.
i i=1

Because O-convexity means positivity, we will prove by induction
1EMMA 3. The sequetice (a,)y.—1 s n-convex if and omly if there is a
n-positive sequence (C,)m—1 Such that:

4) 4 o I a, = gdi,m © Ch
where the coefficients d; ,, do not depend on the two sequences.

Proof. By the lemma 2, a sequence (a,l,,);‘,‘izl is l-convex, if agd only
if there is a 1-positive sequence (c,)n_., such that :

vl 2e%k : o
(5) ’ Ay = Ec,. for m > 1.

) i=1 :
Then, by the same lemma, the sequence (aﬁ,);‘j:'l is 2-conyex if and only if:
- 1 ! y i . -
CH | SR A

; ) il - , B, - 1
whete (a,);m_; is 1-convex. So, there is a l-positive sequence (¢m)m=1_such
that :

(7) o a,’,.ﬂ.':: ‘;lc,l fo_r'm:‘>,"ll.
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Let us to denote al = 4cl-j-allnd~c} = ¢;y1 Tor # > .1. Then, the sequence (cm)f,‘:':]'
is 2-positive and (7) becomes :

(7') 4y =D ¢, for m > 2
=2
and, by (6), we hx;\.re 'ﬂ)r m > 2;

m mn i 3 w' g
2 1 E 1 .
am:al_’_ a-i:Cl+§;§;Cj:CI+
=2 i=2 §=2

-

n
¢,
§=2 i—=j

or .

Jcl for m = 1,

l

Now supposé that a sequence is #-convex, if and only if there is a
#-positive sequence (c,,)s._., such that: -

2y ) "
(8) Ay = 01+2(M—j+1)cj ~ for m > 2.
itz B )

"
2 Phme, for m < n,
=1
(9) (l::, s :t~1 "
2 Fiom €+ Do vimc, for m > »,
i=1 i=n ¥ P
where the coefficients bim Giw and 7}, are independent on the two
sequences.
By the lemma 2, the sequence (a),"")2_, is convex of order » + 1 if
and only if there is a sequence (a,,)m_, such that (@n)m—s is m-convex and :

H

(10) =5 al for any m > 1,

i=1

But then, as in (9), we must have a n-positive sequence (c,)m_, such that,
for m > 1:

m ¥i
2 Pimc o for m < m,
[ =1
(11) A1 = #—1 "
' qim€i Er.':.,. ci for m > n.
i=1 1 t—n
If we denote:
a7 =c¢, and ¢ — en for 7 » 1

the selquence (Cw)m=1 15 u -+ I-positive.  Moreover, if we replace 7 |- 1



116 - ~GH. TOADER 4

by ¢ and, after that, m 4 1 by #;from (11) we get for m > 2:
EP?—lm—nC' for m — 1 < n,
(12)  an=1'7

EQ»mlC—i-E'.l.,.lc for m — 1 2 n

=2 i=p41
From (10) and (12) we have:
a) for m = 1:

w41 " n .
<2 =& = ¢,

b) for 1 <m <n+1:

" " ¢
1
ant! = a} + _2242‘ = ¢ + 2 2?}'4,@—10; =
=

§=2 =2

Lid

—01+22Pa =16

=

n+1
fm Lio

)

c) for m >n + 1:

n-H—a +E“» EI _014—22]‘)],,16,

t=2 =2

1 g
Zq;"—nwlcf-{-.z"]1»101]—014-2_21’; lllcj
f j=nt

i=ntl|j=2
" " "
" n+1 ni1
+E 2 GGri1 i+ 25 I rnicig = 2%'" ¢+ 2 Yim 01
=2 t=n+1 J=n+-1 i==j i=

This complets the induction and, moreover, gives us the following recurrence
relations :

(13) =1, pia Zp,l,.forz jsm<mn-+1;

(14) @il=1, gt = ZHUH1+§:%%FJMZ<j<M

m .
(15) i = Z";"—l,i—l for j > n -+ 1.
=y

Using these relations, we .may prove the followipg:

THEOREM 1. A sequence (a,,)m—, 45 n-comvex
n-positive Sequence (c,)m—,, such that:
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wm— 1
¢—1)C'

S I (A

]
(16) 2y = 1
Proof. Let:

(17) $of

m) =m, s;(m) =

From (13) we have successively :

p?,m e pl,m = 1;

"
Dom = 2 B33
i=2

?am—zﬁza 1 —Pam—zs 1 — 2) = sy(m — 2).

li—1 =

1

k2

Now suppose that for any # and m:

(18)

Again by (13

Pim = Djym = Sj_a(m — j + 1).

) we have then:

W "

Phom= 2 phili= 27 sia(i —1—j 4 1)

i=7+1 $=7-+1

m—j

_‘LSJ 3(s

that is (18) is true for any j > 2.
Similarly, from (14) we have:

Supposing :
(19)

”
q2,m

e si*~1(m = ]):

g?,m = G1,m = 1= le,

m

for m < m,

for m 2 n

_};Pl,i—l 0 P2,m =m— 1= so'(m — 1),

== pj+1,m -~

=£=22,1‘5'1’,-‘ 1+ Z 911 1—-21’11 1= Dome

"
im

= Djm»

117

, if and omly if there is a
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from (14) and ‘(13) we have: At A

n—1 I

n—1 " "’ "

17 n—1 n—1

Titim = PE o dht = D0 brict 20 Piiet = Divim
i=f+1 t=n i=j+1 =

that is (19) holds.
As we saw in (8):

‘7?,»:=m—j+1=s0(m—j+1) for 2 <3

< m.
From (15) we have for j > 3:
" m m—74-1
7’?,1,; = 2 7’]?—1, i—1 = 230(7: — i+ = -~ So(t) = sy(m — 7+ 1.
1=j g==j . §=
Let us suppose that :
20) ¥im = Su_a(m — j + 1).
Then
" oo o
Vil = 21—t i1 = 2 Swali —j + 1) = El Sn—2(4),
=7 = . =

that is, by induction for #, the assumption (20) is proved.
To finish the proof of the theorem, it is enough to determine the

coefficients s, (m). We have: )
. " . m . 1 w + 1
$y(m) = Z So(?) = Z’IIIM:( b )
1=1 i=1 2
Let us suppose that: .
m -+ k
@) saom = (s 1)
Then :

3

Spy1(m) = sp(1) = i(;@ —l—i——]i) = (m :—I]i _QI— 1)l

i=1 =1

From (9), (18), (19) and (21) we have (16).
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