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together with condition 3" of the Theorem leads to

(13) lllx,,, u*; Plll < 3Kr I lllx*, xo',Plll : M'

which means that the linear rnapping 1x,,,'tt,,;P] is bounded'
nV Q), using (13) we can writ

llP(x,)ll : ll fxn, un iPl(x, t, - x^)ll < Mllx,+' - x ll,

which lor n --+ oo gives

lirn llP(r,,)ll : llP(ø*)ll :0.

so P(ø*) :0, rvhich shorvs that x* is a solution of eqüatiou (1).

Exent'þte. I,et's co:nsid.er the equation [4]

(14) P(*) : x - <Þ(x): vB -2x - 5: x, - (-x'13ø f 5) :0'
If xo:2,1, then P(*o) :0,061, %o 

= PVo) :-2,039 and. llloll < 0,093'

Ttrui l1-e(ø.)ll :0,061'.: ïlo, llf'll < 0,093: Bo and r -2Bo\o * Io:
: 2 ' 0,093 

" 
0,061 + 0,061 : 0,072346. We have

lx', x"; P): x', I x'x" + x"2 - 2anð'lr',x",x"';Pf - x' I x" 1- x"'

So strp {lllx',x",x"';l']ll : x',x",x"' '= 12,027654,2'172346]} < 6,517038'

tt,o: 3,v(1 + ro.; ro ( 0,0e3 ' 6,s2(r,334 -l- 0,186) 0,061 :

:0,0562216992 < +'
The cond.itions of the 'l'heorem being satisfied. the ecluation {1_a) !ç

" solirtion in 12,027654; 2,1723461, to wÉictt the sequence defined ttv Q)
convefges.
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l. Introtluction

. rn the papers d.eali'g r'vith the rnathematical programming problem
in compiex space this is formulated as a' optimiâatiõn problãm of the
form:

Miuimize Re/(a) subject to g(z) <= g,

where f :C" --t C, g:C'--+ C" a¡d S ç C,,,, S +Ø.
. _Given the object function f and the.feasible set Y : {z e C"lg@) e g¡
in the preseirt pap_er ,soûre 'clv optirntzatiott problems iì-r 

"omfË"' rp""é
are forrnulated, and then relatiolrs airrorlg thc -^solution:; of these^ probiems
are established.

2. Nod,¿rtÍ¡¡¡rs

Dcnotc l-iy C"(R") z-climcnsiou
: (r) e C' is a vector, thcri z?', ;
conjugate and conjugate transpose,
number, then Iìe b,Inb, arg Ò ánd 

I

arguurent, and. modulus of ó, respe

3. Forrnulatiorr r¡f ¡lroblerns
I,et Y be a nonernpty set in C" and. lct f :y --t Ç.

. rn the papers d.ealing with the mathematical programming problem
in complex space this is formulated as an optimization ptît t"t" of"the fornr :

(PR) Ifinimize Re/(e) subjcct to z e Jl.

ll-J,)irllt{l)NCrlS
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ff )z: {x e}d¡"lg(x) < 0, h(*):0}, where g:R".--+ R^, h, iR" -+ RÞ,

anð. f :Y --> R, then i'ioblem (PR) is that of real mathematical program-
ming with m ineqlualibies and 1 equalities.-Of 

"outs", 
given the feasible set Y c C", Y + Ø and' the ftrnction

f :Y --, C, we can also formulate an optimization problem of the form :

(PI) Minimize Irnf (x) subject to z eY.
al| z e Y, it follorvs that Problem
(PR).

roblerns (PR) and (PI) are not iden-

part of the frrnction / is not

[' ji,i;,'"'i',: ":l"f"/r::i:
lems in which both the real and the imaginary part of / are simultaneously
consid.ered.. The solutions of these problems will make a compfomise bet-
ween the solutions of Problems (Pn) and (PI), minimizing simultaneously
both the function Re / and the function Im/ on Y.

A problem in whi-ch one takes into account simultaneously both the
real anã the imaginary part of / is the following :

(P¡,) Minim'íze Re Lrf(z) subjact to z e Y,

where À:Àrliì,re C(lr,Àr=Il), is a fixed complex nurnber'
If À : 1; then-Problem (P1) turns into Problem (PR), rvhile if À : i,

then Problem (P¡) red.uces to Problem (PI).
Of course, Problem (P¡) is of the type of (PR).
Another exarnple in'which both the real and the imagiüary part of

/ are simultaneously taken iirto consideration is the followilg :

(PM) Minitnizc lf (z)l subject to z e Y '

'lhe problem

(Pnrinmax) Minimizc [max {Re /(z), rm f þ)\l subjcct to z e Y ,

is again a problem in which one has to nininize on Y simultaneously
both the reãl and the imaginary part of /.

Naturally, the problemt (p^), (f'U¡, lnrniurnax) can be consid'ered as

particular cases of the problem:

(PF) Minimize ne Fff(z)) subject to z e Y,

f ullctiou.
) is of the type of (PR).
'clealing u,ith the problem of minimizing-simul-
the imaginary part of / on Y, might be the

{ollorving : a point zo e Y should be a solution if
z eY

Re/(z) q Re/(ao)

ON SOME TYPES OF OPTIMIZATION PROBLEMS IN COMPLEX SPACE 13

aud

t^.f@i 2{,^¡1,9f =' n"¡1'¡ > Re/(zo)'

We give in this sense the following
DEFrNrrroN. LetY .be.a nonemþty set-in C" and let f :y --+ C. A þointzo e Y is cølled ø u-minimum þoint uith resþect to f on y if there äxists

no þoànt z eY suck thøt

Re/(e) ( Re/(zo)
I^f(z) ( rm/(zo)

f(r) +f(z').
The-prob_1_em..9f determining all v-minimum points z ey with res-

pect to f ot Y will be denoted by
(PV) a-Minimize f(z) subject to z ey.

ct to f on Y will also be called, a

r all z € C, let y : {z e C/largzl (
- 2a - uu f.ot all a e C, and let

zr : ll2, Problem (PI) has the
solution z, : (l + i)12, problem
1, Problem (Pminmax) has the

solution"z6 1-(1 * ll2--,!)lZ,,p_robtem (pF) has the sotutions z: (1 f
+ti)./? foi.1! t- = 1,, 1, ll, and Problem'(FV) has the v-minimu- pòirrts
z : (l + it)l2for all t = 10,11 and z : s * is for all 5 e [l/2, t].

2(l ¡ i)zz - 4z for all z e C, let

the solution 26 : zr and Problem (p

we shall new establish relations among the solutions of problems
(PR), (PI), (p^), (IML (pminmax), (pF) a"ã 1rv¡.

THEoR-EM l. Let Y be a. nonemþty set in'C" ønd, tet f :y --+ C. Let
F : C -. C be a function satisfying thi foltowing condition:

aru e c
Rezø ( Reø
Tmu {Imu

w+u

4. Results

+ Re F(ø) < Re F(ø)+ Illnf(z) 2 Trnr'f (2"), (1)
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If zo e C is c¿ solution of Problent, (PF), tken zo is ø a-m'inlmum

þoint for Probtrem (PY).- 
Proof . obviously, we have zo e Y. Assume that zo is not a v-minimum

point for- Problem (PV). Then there exists zr è Y such that

Re/(21) ( Re/(zo)
(2) ,Irtt,f("') <Re,/(zo)

f (z') + Í(z').
ollows that Re f (S'D < Re F(/(eo)), i.". z0 is not

a so (PF). But this s-a contradiction, therefore z0 is
a v- r Problem (PV).

Y bet a nonòmþty set itt' C", lcl f :Y --' C and' l,et

I : Àr * i\, e C witk Àr, Àz > 0 be fixed.
IÍ zo =t" it a sotutiòn õf Probtem (P^), then zo is a a-m'in'imurn þoint

for Problem (PY).
Proof . Apply Theorem l for the funcbion F : C -> C d'efined. by the

formula F(u): )tw lot a7l ut e C.

conor,i¿nv 2. Let Y be ø nonentþty set in C", ønd' I'et f :Y --' C be ø

function uith I-:ef(z) > 0, Imf(z) | 0 for nll,z eY..
" 

ry zo e C',is"ø'solut'ion of-Pr'oblem (Pi:['{), then z0 'is a a-min'imum þoint
for Problem (PY).

Proof . Apply 'Iheorem 1 for the functio[ F : C --' C defined' by the
formula F(*) : lwl lor all ut '= C.

rtttro*ion 2. Let Y be ø nonemþty set in C" ønd' Ict f :Y --' C' Let
F : C --, C be a function søtisfying tke follouing condition:

b oN So\48 TypES oF opTtMlzATloN PRoDLEMS rN coMpLEX SpAcE 1b

5. Let Y..o"| f be ry in Coroiløry 4. If probtem (pI) høsø u n zo e C", th,en z9 is a.a_minirñum trbint for lnfi¡.'y Corollary 3 with ). : i.
coRor.rrAl{v 6. Let Y be a nonemþtjt ser 'ín .c" ønd let f :y -- c. IfProblem (Pminmax) .!øs.ø unique sotut,ioí zo e Cn,'1nri-ii ¡r" ä'r_*¿"íir"rL

þoint for Problem (py).

^ P.rool-. Apply Theorcm 2 for tne function F : C -, C dcfined by theformula F(u) : max {Re u, Imu) for all w e C.
îr{EoREM 3. +rt_Y,ç c", Y +Ø g?d. I,et f :y --+ c. IÍ zo e cn is acomtnon solution of Problem (PF.) ønd (pI), then zo is ø ,_k;";*"* jo*rt

for Problenø (PV)."
Proof. obviously, we have zo ey. Assume that zo is not a v-mi.i-mtrnr point for Problem (pv), i.e. there exists zL e y such that 1z¡ norãs.
.If .Re/(e1)_<_8"/(r.! and Irr-f (zr) g Im/(20), it follows that z0 is 'ota solution of Problem (pR), which'ij a contràdiction.

.If .Re/(21) <_}"/(ql ar'dJ:mf(zr) < Im/(20), it follows that z0 is nota sol'tion of problem (pI), which iì ã conträài"iio", toì.
Therefore, zo is a v-minimum
TnÞolì-11ìr 4. Let Y be ø none

F: C.-, C,be ø function satisfying
solution of Problems ptl) ønã-pt),

Proof . I,et zo be a common soiu
Re./(20) < Re/(z) and. frn /(zo) < Im iF satisfies Condition (?), it fgttows"th.at*.ReF(/(20)) < ReF(/(e)) for allz c= Y, i.e. zo is a solution of p¡oblem (pF).

coRorrrraltrz 7.!r!Y çC", Y LØ. ønd. tet f :y -C.ry zo eC" is
6r corrulnon solution of Problem (pI.) ørod (pr), then"zo is ø sotoítion o¡ Þrol"_lem (Pminmax).

^, .Proof. Aqply Theorem 4 lot the function F:C --+ C defined byF(zu) : max {Re ut, Imw} for all zø e C.
coRor,r,r\Rrr B. Let Y ç C", Y + If zo e= C" isû. colnnton solution of 

-Problem,s .(pR) "ø solut,ion ofProblern (P¡) for ønj X: À1 + i;, ¿
Proof . Apply Theo¡em 4Jor thõ fu ed by F(w) : .

: ì,u lor all u e C.

w,uÚeC
Rezø ( Reø
Ima { Itn u
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=> Rc F(,ø) < Re F(ø)

4

(3)

ì

t

I
If Problem (PÊ) køs ø un'ique solution zo = Cn, then zo 'is ø a-minimum

þoint for Probl'ern (PY).
P zo e Y. Assume tlrat zo is not a v-mini-

mum i.e. there exists zL e Y with z1 * z0 such
that ( ) it follows that Re f.(/(21)) _< |.: ,F.Ugl),
which' zo is the unique solution of Problem (PF).

coRoLrrARY 3. Let Y be a. none set in C" and' let f :Y --+ C. Let
ì,: ìr *i),reC uitk 

^1,^z>O 
b ed'. If Problem (P¡) kas a' unique

sol,ution zo ¿ C', tken zo i,s a. a-rnin'i þoint for Probl'em (PY).

Proof . Apply Theorem 2 for the function F: C '- C defined by
F(*) :-),w lor all u e C.

coRorrlAp-v 4. I,et Y be ø nonem,þty set 'in C' and, let f :Y --' C. If
Problem (PR) åøs ø un'ique solution zo € C", then zo is a u-minimum þoint
for Probl.ern (PV).

Proof. Apply Corollray 3 with À : 1.
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by
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Let (X, ll.ll"), (Y, ll.ll") b" two real normed linear spaces such that
Y C X and let I > 1. We assign to each nonempty set M Cy aset Ml,x C X
inthefollowing way x = Mf;,x if thereexists no y ey, y * ø such that

lly - mll" < Àllø - mllx for each m e M.

For yo e Y and r )- 0 we d.eltote

Br(!r, r) : {y e Y : lly -}ollv ( 2}.

Then obviously # = MI,* if and only if the set

ß*u"(*,t,llx-rnll*)
is either empty or {x}.

When Y - X, lløll": lrll* for each ø e X and I: 1, then for
ry Ç-X, the set Mtx,x 1s fhe set of minimøt þoints uith resþect to M stt-
tlied try rì. TJEAUzATvry and n. MAúREv in [1], 12) anð, derioted there by
minM. Whe¡r Y CX, Ilyllr: llyll" for eaõhy-ey and À:1, then for
y CY-, the set Mf,,¡ was introd,uced and studied in t3l and deinoted
there by- My,*. When llyllv : ll1ll, for each y e y aiá ). 2 l, some
results of this paper have been announced, without proofs, in [4].

rn the next remark we extenð, lor Mf;,y some elementary properties
of mjg M -given iy H (see.arso.[B] for the case llyllr: llyl¡* to? eacny e Y and À : 1), the proofs being- similar antl simpiä.

2 - L'ancllsc mrnérique ot l¡ théorlc de l'rpprøieation Toã¡€ lO. n¡, t, legl


